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The main goal of this thesis is to study the convergences and types of
convergences of the type s-convergence and st-convergence in the
Banach algebra space on a large scale and the dual theory in the Banach
algebra space and Definition of the Banach fuzzy algebra space over the
fuzzy number, the Banach fuzzy algebra space, and Fuzzy soft unit space
and some applications of fuzzy soft sets in Banach algebra. These results
are presented in four axes, firstly, defining fuzzy sets, fuzzy numbers, and
fuzzy soft sets and defining Banach’s fuzzy soft algebra. Secondly,
Banach’s fuzzy soft algebra was defined for a study on fuzzy soft
numbers, convergences, and types of convergences such as s-convergence
and st-convergence, Third, the fuzzy soft Banach algebra space is defined
by defining a fuzzy soft base on (real numbers) which is called the fuzzy
soft algebra Banach real space. Using this standard space, we defined the
fuzzy soft linear function and studied some of its properties. We
presented the fuzzy soft double space and the fuzzy soft double operator
and studied their properties. State and prove the theorem about
representing a fuzzy soft linear function by the inner product in fuzzy soft
Hilbert spaces. Fourth, some applications of Banach algebra fuzzy soft
were presented, such as fuzzy soft linear space and some definitions and
examples, fuzzy soft balanced sets and some of their properties, and

fuzzy soft convex set.
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1 ntroduction

Functional analysis is one of the branches of mathematics that is
concerned with the study of the spaces of functions. The roots of
functional analysis lie in the study of transformations, such as the Fourier
transform, and in the study of differential and integral equations. The
concept of fuzzy sets was introduced by Zadeh [31] in 1965 and
thereafter several authors applied it to different branches of pure and

applied mathematics.

In 1975, Kramosil and Michalek introduced the fuzzy metric space as a
generalization of a metric space. In 1994, George and Veeramani
modified the notion of fuzzy metric space with the help of continuous t-
norm and It has several unequal definitions and many applications, then
presented the definition of fuzzy normed space by cheng and mordeson in
1994,

In 2005 Saadati and Vaezpour [23] proved some results on complete
fuzzy normed spaces. Sadeqi and Amiripour in 2007 [24] introduced the
definition of "fuzzy Banach algebra™ and proved some results of this
space. In 2009 Sadeqi and Kia studied fuzzy normed linear space and its
topological structure. In 2010 Si, and ef al. studied continuity in an
intuitionistic fuzzy normed space. Dinda et al. in 2010 introduced some
"properties of intuitionistic fuzzy complete fuzzy normed algebra”. In
2015 Nadaban studied the properties of fuzzy continuous mapping on
fuzzy normed linear spaces. A condition for "continuous product in a
fuzzy normed algebra™ is introduced in 2016 by Binzar et al. also proved

some "properties of fuzzy Banach algebra™

In 1999, Molodtsov [18] addressed this problem and initiated the theory
of soft sets by introducing a concept of the parametrized family of sets.



Thus, P.K. Maji et al [14, 15] defined and studied several basic notions of
soft set theory. In 2011, Shabir and Naz introduced soft topological
spaces. Later Hazra et al [9], and Gagman et al also studied soft topology

in different ways. This thesis consists of four chapters.

The first chapter consists of several sections, including the definition of
the fuzzy set, the soft set, and fuzzy soft sets. The second chapter consists
of the definitions of fuzzy soft sets. We created a fuzzy soft Banach
algebra space, studied convergence, and obtained the types of
convergences, s-convergence and st-convergence. In the third chapter, we
studied the fuzzy soft Banach algebra space, presented some properties of
Banach algebra, and introduced the fuzzy soft dual space. Fuzziness and
the fuzzy soft double operator and a study of their properties. We stated
and proved the theorem about representing a fuzzy soft linear function by
the inner product in fuzzy soft Hilbert spaces. In the fourth chapter, we
presented some applications of Banach fuzzy soft algebra, such as fuzzy

soft linear space, balanced fuzzy soft sets, and fuzzy soft convex sets.



Chapter One

Fundamental Concepts



Chapter One Fundamental Concepts

Chapter One

Fundamental Concepts

1.1 Introduction:

This chapter. It consists of important definitions and basic concepts. It
consists of five sections. The first three section deal with the concepts of
fuzzy sets, fuzzy numbers, and fuzzy soft sets and some of their
properties. Section four discusses the concept of Banach algebra space

and some properties.
1.2 Fuzzy Sets
We start this section by the following definition .

Definition (1.2.1)[28]: Let X be a non-empty set, and I denote for the

closed interval [0,1] of real numbers, that is

[=[0,1] = {x € R:0 < x < 1} and I* denote all functions from X to1,

that is I* = {A: A is a function from X to I}

Definition (1.2.2) [28]: A fuzzy set A in X (or a fuzzy subset from X) is a
function from X into I, that is, A € IX. If A is a fuzzy set in X then A is
described as a characteristic function that connects every x € X by a real
number A(x) in the interval 1. A(x) is the grade of membership function

to X in A. A can be described completely as:

A={(xARX):xeX,0<A(X) <1}, where A(x) is called the

membership function for the fuzzy set A. The fuzzy set A may also be

termedas: A = {% 1 X E X}.
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Example (1.2.3)[3]: Let X = {a,b,c}, and let the function A: X = I
which is defined as: A (a) = % , A(b) = % , A(c) =§ represents a fuzzy
set inX, while the function B : X — R which is defined as: B (a) =§ ,

B (b) = S , B(c) =5 does not represent a fuzzy set in X because

B (b), B(c) > 1.

Definition (1.2.4)[9]:Let ® be a binary operation on the set that is ®:
IxI—1 is a function, then ® is said to be t-norm (triangular-norm) on the

set | if the following axioms are satisfied:
(1) a®1 =a foralla€el,
(2) * iscommutative (ie. a®b = b® a foralla,b €l).

(3) ® is monotone (i.e. if b,c €l suchthath <c,thena® b<a®

c foralla € I).

(4) ®isassociative (i.e.a ®(b®c)= (a@a®b)®c foralla,b,c €
D).

Theorem (1.2.5)[9]: Let ® be a t-norm on the set | , then

1) 1®1=1.
2 0®1=0.
B) 1®0=0.
4 0®0 =0.

(5) a® a < aforalla €1l.

6) Ifa < c,b < dthena® b < c® dforalla,b,c,d €l.
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Example (1.2.6)[9]: Let R be the set of real numbers, and A be a fuzzy

set in R. Then one can define the grade of membership function

mathematical as:

x—1

x> 1

0 ,x<1

A(x) =

Remark (1.2.7) [9]: If one wants to know the difference between fuzzy
sets and ordinary sets, one notes if A is an ordinary set, the definition of

the grade of membership takes only two valuables 0,1. that is

1 ,x€Ex
A(x)_{O ,X & X

Therefore A(x) € {0,1}. While if Ais a fuzzy setin X,then 0 < A(x) <
1 for all x € X, and thus the regular set becomes a special case for the

fuzzy sets.
Definition (1.2.8) [7]: Let A be a fuzzy set in X :

(1)The support of the fuzzy set A is denoted by A*or Supp(A4) and is

defined as:
A= Supp (A) = {x € X: A(x) > 0}.
(2)The point x € X is the crossover point for the fuzzy set A if A(x) = %

(3)A fuzzy set A is called normal if there exists x, € X such that A(x,) =
1,

thatis. {x € X: A(x) = 1} # @.
(4)The height of the fuzzy set A is denoted by ht(A) and defined as:

ht(A) =sup {A(x):x € X}.
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As a special case, if A is normal, then ht(A) = 1, and so A is said to be

finite if A* is a finite set, inverse that A is said to be infinite.

Example (1.2.9)[19]: Let X ={a,b,c} and let A be a fuzzy set in
X defined as:

A(a) = %,A(b) = %,A(c) =0, A*={x€eX:A(x) >0} ={a,b}.

The point a is a crossover point for the fuzzy set u because A4 (a) =%
and u is not normal because there is no element whose image equal to 1

and
ht (A) = sup {A(x):x € X} = Sup{%,g,O} = %

Definition (1.2.10)[7] : Let X be a non-empty set. A fuzzy set A: X = |
Is defined by A(x) = 0, for all x € X, is called an empty fuzzy set and is

denoted by @ or 0. The fuzzy set A: X — I is called a non-empty if there
exists at least x € X such that A(x) # 0.

Definition (1.2.11)[7] : A fuzzy set A: X — [ which is defined as A(x) =

1, for all x € X is called a universal fuzzy set and denoted by X or 1.

Definition (1.2.12) [19]: Let A, B be two fuzzy sets in X. They denote the
union of two sets A,B by AUB and defined as: (AUB)(x) =
max {A(x),B(x)} for all x € X, and so denote the intersection of two sets
A,B by A n B and defined as:

(AN B)(x) =min {A(x),B(x)}.

Remark (1.2.13)[28]: If A, B are two fuzzy sets in X, then AUB,ANB

are two fuzzy sets in X.

Example (1.2.14)[2]: Let X = {a,b,c} and A, B be two fuzzy sets in X
such that
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A(a):% ABD) == L A() =— B(a)=§ ,B(b)=% , B(c) =

2 10

1

é. Then: (AU B)(a) = max {A(a),B(a)} = max{%é} =2

1

(AU B)(b) = max {A(b), B(b)} = max{~,>} =~

2

1

(AU B)(c) = max {A(c),B(c)} = max{l—lo,g} =3

1

(AN B)(@) = min {A(a), B(a)} = min{~,~} =

1

(An B)(b) = min {A(b),B(b)} = min{%,;} =1

7

1 1

(AN B)(c) = min {A(c), B(c)} = min{—,=} = —.

1.3 Fuzzy Numbers
Definition (1.3.1)[11]:A fuzzy set A in R is called a fuzzy number if:
Aisnormal thatis. 3 x € R such that A(x) = 1.

1. Aisconvex, that is.
A(lyx + (1 —y)y) = min{A(x).A(y)} forall x,y € A.
0<y<1

2. A is upper semi-—continuous, that is. The {x € R:A(x) < y}is
closed in R for all y € R.
3. A*is compact in R, where A* =supp (4) = {x € X : A(x) > 0}.
Remark (1.3.2)[36,8]: The set of all fuzzy numbers is denoted by R(I)

and the set of all fuzzy numbers without zero is denoted by R*(1).

Definition (1.3.3)[4]: Let (G,.) be a group and A, B fuzzy set in G. for

all A,B € 16 define =: 16 x IG — 16 such that

(A * B)(x) = sup{min{A(y),B(z)}:x=y-z,y,z € G}
8
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x € Im(-) forall A,B € I©

Definition (1.3.4):[28]: Let A,B € I¥. Define A"l as A™1(x) = A(x™1).
Remark (1.3.5)[27]: Forall A« Band A~ are fuzzy setin G.

A*B,A"t €1%and A = B is called the beating process and A~ is called

inverse A.

Let A, B be fuzzy sets in a linear space X over [F and y € IF. we defined
A ®&B and

y ©® Aas:

1.A®B= F(A x B),where(AxB)(x,y)= min{A(X),B(y)} and F: XX X -
X is function defined by F(x,y)=x@®y for all x,ye X.

2.y ©A= g(A) where g: x = x is function defined by g(x) =y ©® X for all
X€E X.

Theorem (1.3.6)[11]: Let A, B be fuzzy sets in a linear space X over [F
and y € F. then:

1. (A®B)(z) = sup{min{A(y).B(z)}:x =y +z,x,y € X}.
2.(A®B)(z) = sup{min(u(x),v(z —x)) : x € X}

(A®B)(z) = Sup { min(u(z — x),v(x)) : x € X}.

A(%x) Yy # 0
3('}/@14)(96): 0 y=0x=0

sup{A(y):y €X}y=0,x=0
4. (y @ A)(x) > A(x) for all x eX.

5. A®B and y @ A are fuzzy sets in X..
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1.4 Fuzzy Soft Sets

This section introduce the concept of soft set and fuzzy soft set. The

basic definition and properties of fuzzy soft set discus.

Definition (1.4.1) [16]: A pair (F, E) is said to be a soft set over X, where
F is a function given by F : E — P(X).

Example (1.4.2) [13]: Suppose the following :

X is the set of houses

E is the set of parameters. Each parameter is a word or a sentence.

E = {expensive, beautifully, wooden, cheap, in the green surroundings}.
Then X={h; ,h,, hs, h,, hs,h;}andE={e;, e,,€e3,e,4, €}

Where

e, stands for the parameter ' expensive '

e, stands for the parameter ' beautiful '

e; stands for the parameter ' wooden '

e, Stands for the parameter ' cheap '

es stands for the parameter ' in the green surroundings '

Suppose that F(e;) ={h,, h,} , F(e;) ={hy, h3}, F(es3) ={hs, h, , hg},
F(es) ={hy, h3 , hg}

F(es) ={h,}.

Then the soft set (F, E) is a parameterized family of X and gives us a
collection of approximate descriptions of an object.

Thus , we can view the soft set as (F, E)={ {h,, h,},{h;, h3},{hs, h,
 hs}.{hy, hz, hs}{h,}}

Definition (1.4.3) [8]: A soft set (F, E) over X is said to be a null soft set

denoted by @, if for all e € E, F(e)= @.

10
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Definition (1.4.4) [8]: A soft set (F, E)over X is said to be an absolute
soft set denoted by X, if for all e € E, F(e)=X.

Definition (1.4.5)[8]:Let (F,A) and (G,B) be two soft sets
over universe X, we say (F,A) is a soft subset of (G,B) and denoted by
(F,A) € (G,B) if:

(i) AZB.

(ii) F(e) €G(e) ,forall €A .
also, one says that (F,A) and (G, B) are soft equal denoted by (F,A) =
(G,B),if (F,A) € (G,B)and (G,B) € (F,A).
Example (1.4.6) [13]: Suppose the following

Let A={e,,e3,ec}c EandB={e,, e,,e;,es}c E .Clearly Ac B.
Let (F,A) and (G,B) be two soft sets over the same universe X =
{ h1,h2, h3, hy, hs, he}
and E ={ e;, e,, e3, e4, e} such that .

G(e;) ={hz, hy}, G(ez) ={hy, hs}, G(ez) ={hs, h, , hs}, G(es) ={h,},
and

F(e1) ={h;, h,}, F(es) ={hs, hy , hs}, F(es) ={h;}.
Therefore, (F,A) € (G, B).

Definition (1.4.7) [5]: The soft complement of a soft set Fg over a
universe X is denoted by (Fg)¢and it is defined by (Fg)¢ = (FSE) ,
where F€ is function given by F¢E - P(X),F¢(e) = X\F(e), for all
e € E.
That is. (Fg )¢ = {(e,X\F(e)): V e € E }. It is clear that:

(i) 0.=Xg;Xg¢=0 .

(i) If X.; € Fg,then X, ¢ (Fp)°.

Remark (1.4.8) [8]: @ is a soft subset of any soft set F .

(i) any soft set Fg is a soft subset of X .

11
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Definition (1.3.9) [5]: The intersection of the two soft sets (F,A) and
(G, B) over the common universe X is the soft set (H,C), where C =
ANB and for all e€C, H(e) =F(e)nG(e). We write
(F,A) 0 (G,B) = (H,0).

1. The union of two soft sets (F,A) and (G,B) over the common

universe X is the soft set
(H,C), where C = AUB and foralle € C,

C = AUB and one writes Hc = F,UGg such that

F(e) , ife€A\B
H(e) =5 G(e) , if e € B\A
F(e)UG(e) ,if e € ANB

We express it as (F,A) U (G, B) = (H, C).

2.  The difference (H,E) of two soft sets (F,E) and (G,B) over X ,

denoted by
(F,A) \(G,B), Is defined by H(e) = F(e)\G(e), forall e€E .

Theorem (1.4.10) [5]: Let (F, E) be soft set then the following hold:

(i) (FE)XU(FE) =(XE).

(i) (F,E)N (F,E)¢ = @ .

(i) (F,E) n(XE) = (FE).

(iv) (F,E) A @y = 0y .

(v) (F,E) T g = (F,E).
Remark (1.4.11)[18]: 1. A soft set Fg for which F(e) is a singleton set,

forall e € E , is called singleton soft set.

2. Insense, when |E| = 1 a soft set Fg behaves similarly to a set. In this

case the soft set is the same as the set F(e), where E = {e} .

12
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Example(1.4.12)[15]: Let X ={1,2,3},E={e;,e,} then Fg=
{(e;,{1,2}),(e,,{2,3})} is not a singleton soft set. But Gg =
{(es, {1}), (e, { 2})} is a singleton soft set.

Definition (1.4.13) [5]: Let R be the set of real numbers, B(R) be the
collection of all non-empty bounded subsets of R and E taken as a set of
parameters. Then a function F: E — B(R) is called a soft real set .If a soft
real set is a singleton soft set, it will be said a soft real number and
denoted byt Soduce,t etc. Oand Iare the soft real numbers where
0(e)=0,1I(e)=1foralle €E.

Remark (1.4.14) [14]: The set of all soft real numbers is denoted by
R(E) and the set of all non-negative soft real numbers by R*(E) .
Definition (1.4.15) [5]: Let #,§ two soft real numbers, then ,the

following statements:

1. ¥ <5 if ¥(e) <3(e), foralle € E.
2. T=5iff(e) =5(e) ,foralle EE.
3. F<5if f(e) <3(e), foralle €E.

4. t>5 iff(e) >5(e) ,foralle €E.
Definition (1.4.16) [22]: The soft set Fg is said to be ( finite soft set) if

the set of parameters E is finite and F(e) is finiteset, Ve € E.

Remark (1.4.17) [25]: LetT,5,t € R(E). Then the soft addition F[=J5 of

F, § and soft scaler multiplication t [T of t and T are defined by:
(i) (F[F3)(e) =T(e)[F5(e),foralle EE.
(i) (TE3E) =te)=H),foralle €E.

(i) (Frgse) =t(e) se),foralle EE.
(iv) (¥/3)(e) =T(e)/3(e),and5(e) = 0 foralle EE.

13
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Remark (1.4.18)[14]: For two soft real numbers t, 5 , we have:

(i) If £ <5, thenTF[Ft < 3[HT; forallt € R(A).
(i) HFs,thenF TSt ;forallt € R(A)".
Theorem (1.4.19)[5]: Let Fg, Gg, Hg are soft sets in (F,E), X, # @. Then
the following hold:
(i) Ve€E(e0)EFg.
(i) X, E[FgUGng]iffX, €EFg¥YX, € Gg .
(iii) X, € [Fg 0 Gg] iff%, € FEA X, € G .
(iv) %, € [Fg\Gg] iff X, € FgAX. & Gg .
Definition (1.4.20) [6]: A soft point (F,E) over X is said to be a soft

point if there is exactly one e € E , such that

F(e)={x} for some xe X and F(e)=0 , foralle € E /{e} . It will be
denoted by X..

Theorem (1.4.21) [6]: Every soft set can be expressed as a union of all
soft points belonging to it. iff, any set of soft points can be considered a

soft set

Definition (1.4.22) [25]: Let (F, E) be a soft set over X. The set soft (F,
E) is said to be a soft vector and denoted by %, if there is exactly one

e € E. Such that F(e) = {x} for some x € X and F(ei) = @,

Ve € E\ {e}set. The set of all soft vector over X will be denoted by
SV(X).

Definition (1.4.23) [25]: The set SV(X) is called soft vector space.

Theorem (1.4.24)[6]: Every soft set can be expressed as union of all soft
points belonging to it. Conversely, any set of soft points can be
considering as a soft set.

14



Chapter One Fundamental Concepts
Definition (1.4.25): [14]: A pair (F ,E ) is called a fuzzy soft set over
(X,E), if F:E - I* is a function from E into I*. The collection of all

fuzzy soft sets over (X ,E ) isdenoted by F(X ,E).

Definition (1.4.26):[12]: A Fuzzy soft set (F,A) over (X, E) is said to be
an absolute fuzzy soft set, if for all e € E, F(e) is a fuzzy universal set

1 over X and is denoted by E.

Definition (1.4.27):[12] : A fuzzy soft set (F, E) over (X, E) is said to be
a null fuzzy soft set, if for all e € E, F(e) is the null fuzzy set 0 over X.

It is denoted by @.

Definition (1.4.28): [12]: For two fuzzy soft sets (F,A) and (G, B) in
F(X,E) we say that (F,A) &(G,B)if ASB and F(e)(x) < G(e)(x).

Definition (1.4.29): [12]: Two fuzzy soft sets (F,A) and
(G,B)InF(X,E) are equal if FZG and GZ F.

Definition (1.4.30) [12]: The different between two fuzzy soft sets (F, E)
and (G,E) in F(X,E) is a fuzzy soft set (F/G,E) (say) defined by (
F/G) (e)=F(e)/G(e) foreach e € E.

(F/6)(e):X > 1, (F/G)(e)(x) = F(e)(x) i (G(e)(x))* =
min{F(e)(x), G¢(e)(x)}for all x € X.

Definition (1.4.31) [12]: The complement of a fuzzy soft set (F ,E ) isa
fuzzy soft set( F¢, E) defined by F€(e)=1/F(e) for each e € E,

(Fc(e))(x) = 1=F(e)(x) for all x € X.

Definition (1.4.32):[10] : Let(F,A)and (G, B) betwo fuzzy soft sets
in F(X,E)wWithANB # @,

15



Chapter One Fundamental Concepts
a) An intersection ( FNG,C) is a fuzzy soft set , where C=ANB

and (FNG)(e)=F (e)NG(e) for each eeC, (FAG)(e)(x) =
min{(e, F,(x)), (e, Ge(x))

b)An union (F U G, C) is a fuzzy soft set , where
C=AUBand (FUG)e =F(e) UG(e)foreache € C
(FU G)(e)(x) = max{F(e)(x), G(e)(x)}.

1.5 Banach algebra

A complete normed space is called a Banach space.

Definition(1.5.1): A complete normed algebra is called a Banach algebra.

That is. A nonempty set X is called a Banach algebra over a field if
1. X is an algebra

2. (X, |I.1D) is an algebra normon X

3. [lLx.yli<Il.xll-lllyll, x, y € x

4.if x has identity, then |le|| = 1
5. X is complete metric space induced by its norm .

Definition(1.5.2)[7] : A soft normed space (X, ||.||) is said that X is
complete if every Cauchy sequence {Xy} in X converges to a soft element

in X. A complete soft normed space is called a soft Banach space.

Definition (1.5.3): Let X by a vector space over a field K(K = R) and
the parameter set E be the real number set R . Let (F,E) be a soft set
over X . The soft set (F,E) is said to be a soft vector and denoted by X,
if there is exactly one e € E, such that F(e) = {x} for some x € X and
F(e')=¢,Ve' € E/{e}.

16



Chapter One Fundamental Concepts
The set of all soft Banach algebra over X will be denoted by SV (X).

The set SV (X) is called a soft Banach algebra.

Definition (1.5.4)[7]: Let SV (X) be a soft Vector space.

The mapping |I. |I: SV(X) - R*(E) u {0}

is called a soft norm (X), if it satisfies the following conditions
(i) 1%l = Oforall X, € SV(x)and [|X.]| = 0 < X.= ;.

i) | 7. %= | 7| |I%c |l for all %, € SV(X) for every soft scalar ¥.
i) [1%e + Fell < lI%ell + || Fell for all Z¢, 7 € SV(X).

The soft vector space %, € SV (X) with a soft norm ||. || on X is said to

be a soft normed linear space and is denoted by (X, || ID.

Definition(1.5.5)[27] : (X, N,*) is called fuzzy Banach algebra space if
satisfies:

(i) X is an algebra.
(if) (X, N,*) is fuzzy linear space.

(iii) N(ab, tk) > N(a, t) = N(b, k), forall a, b € X and t, k > 0. If (X, N, %)

is fuzzy complete space, then
(X, N, *) is fuzzy Banach algebra.

Definition (1.5.6): Let X be an algebra over F, I’y on X is called Fuzzy
Soft Banach Algebra if satisfies that:

(i) Fuzzy soft Banach space.

(if) Fuzzy soft algebra.

17



Chapter One Fundamental Concepts
(iii) N(a.b, t . k) > min{N( a, t), N(b, k)} for all a, b€ FS, forall t, k €R [
E’] ™ (E).

(iv) Ife €T, then N(e, t) = 1.

Definition (1.5.7): Let X be an absolute soft Banach algebra over the
scalar field K . Suppose = is a continuous t-norm, R(A") is the set of
all non-negative soft real numbers and SSP(X) denote the set of all
soft points on X. A fuzzy subset T on SSP(X) x R(A*) is called a

fuzzy soft norm X on if and only if for %,,%: € SSP(X) and k € K

(where k is a soft scalar) the following conditions hold

1) T'(%,©) =0, witht < 0.

2) T'(%, ) = 1,vt € R(A* and only if %, = 8,.

3) [(k%,, ) = F(f(e,%) if k = 0 Vi € R(AY).

AR DY, ,t ®3F) >T (%, ) *I'(Fo,5),VE, § € R(A*), e, V. € SSP(X).

5) I'(X.,.) is a continuous non decreasing function of R(A")
and limI'(X,, ©) = 1.
X—00

The triple (X, 7;*) will be referred to as a fuzzy soft Banach algebra.

Definition (1.5.8)[17]: Let SV(X) be a soft Vector space.

The mapping ||. ||: SV(X) = R (E)
is called a soft norm (X), if it satisfies the following conditions
(i) |||l = 0 forall %, € SV(x) and ||Z]| = 0 < X.= B,.

W

i) I 7. XcI=| ] 1%l for all %, € SV(X) for every soft scalar .
18



Chapter One Fundamental Concepts
iii) [1%e + Fell < lIRell + 11 el for all %, 7 € SV(X).

The soft vector space ¥, € SV(X) with a soft norm ||.|| on X is said to
be a soft normed linear space and is denoted by (X, || |D.
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Chapter T'wo

On Convergences In Fuzzy Soft Banach algebra
2.1 Introduction:

In this chapter, we presented the definition of the soft fuzzy set and some
of its properties, and we defined the soft fuzzy Banach algebra, and we
studied the convergence in the soft fuzzy Banach algebra and some types of
convergences in this space, such as s-convergence and st-convergence, and

results appeared in the convergence.
2.2 Fuzzy Soft Banach algebra

Definition (2.2.1): Let X by a Banach algebra over a field K(K = R)
and the parameter set E be the real number set R . Let (F,E) be a soft set
over X . The soft set (F,E) is said to be a soft vector and denoted by X, if
there is exactly one e € E, such that F(e) = {x} for some x € X and
F(e') = @, Ve' € E/{e}.

The set of all soft Banach algebra over X will be denoted by SV (X).
The set SV (X) is called a soft Banach algebra.

Definition (2.2.2): Let X be Vector space over a field F(F = R or C). LetN
be a fuzzy subset of X x R. Then N is called a fuzzy norm on X if for all

x,yE€X and c € F,

(N1)forall t < O,N(x.t) =0,
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Chapter Two On Convergences In Fuzzy Soft Banach algebra
(N2) forallt > 0,N(x.t) =1 ifand only if x=0

(N3)forallt > Oandk # 0, N(kx,t) = N(x,7)

(N4) forallt,s e R,N(x +y,s+t) =2 min{N(x,s),N (y,t)},

(N5) N(x,t) is a non-decreasing function of R such that lim;_,., N(x,t) =
1

The pair (X, N, min ) will be referred to as a fuzzy Banach algebra.
(N6) If N(x,0) >0forallt > 0,thenx = 0.

For a fuzzy Banach algebra (X, N ) with (N6), define a function ||.||, on X
by

Ixlle = A{t: N(x,t) = a}

for « € (0,1). Then ||.]|, is @ norm on X [1]. We call these norms as a-
norms on X corresponding to the fuzzy norm N on X.

(N7) For a € (0,1). Then ||.||, is a continuous function of R and strictly
increasingon {t:0 < N(x,t) < 1}. t €R.

2.3 Relations of Convergences in Fuzzy Soft Banach algebra Introduced
by Bag and Samanta

In Definition 2.2.2, it is stated that N(x,.) is non-decreasing on R. But the
following inequality from (N4) shows that N(x,.) is non-decreasing:

N(x,s) >min {N(0,s—t),N(x,t)} =min {1,N(x,t)} = N(x,t), for
s >t.

We now introduce the following definitions:
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Chapter Two On Convergences In Fuzzy Soft Banach algebra

Definition (2.3.1): Let {x,} be a sequence in a fuzzy soft Banach algebra
(X,T,*) and x € X. Then

(1) {x,} is said to be convergent to x if, forall € € (0,1) and t > 0, there
exists n., € N depending on ¢ and ¢, such that N(x, —x,t) > 1 —¢, for
n=mng;.

(2) {x,} is said to be s-convergent to x if, for all £ € (0,1), there exists
n, € N such that N (|xn - x%D >1—¢, forn > n,.

(3) {x,} is said to be st-convergent to x if, for all ¢ € (0,1), there exists
n, € Nsuchthat N(|x,, —x,t|]) > 1 —¢,forn >n,,and forall t > 0.

We now investigate relations of convergence, s-convergence and st-
convergence in a fuzzy soft Banach algebra introduced by Bag and Samanta.

Proposition (2.3.2): Let (X, T',*) be a fuzzy soft Banach algebra. Then
(1) st-convergence in (X, IT',x) implies s-convergence.

(2) s-convergence in (X, T,*) implies convergence.

Proof. It is easy to prove (1).

(2) Suppose that {x,} is s-convergent sequence to x in (X, T,*). Let ¢ €

(0,1) and t > 0. Then there exists n, € N such that if n > n,, N( Xp —

x%D > 1 — ¢, Choose n; € - such that ni < t. Let n; = max{n;, n.}. Then
t

if n >ny, N(|x, — x,t|) > N(|xn _x'%

)>1—e,sincen2n12n£.

The converses of Proposition 2.3.2 do not hold. The following example is
the norm form of [Previous Example].

Example (2.3.3): Let X = R and we define a fuzzy soft Banach algebra
N(x,t) on X by
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Chapter Two On Convergences In Fuzzy Soft Banach algebra

ift>0

N(x,t) = t + |x|

0 ift <0.

It is easy to see that (X, T,*) is a fuzzy soft Banach algebra

Letx, = % Then

S|
| —

1
X"ED - — 2

v

This implies that {x,,} is not s-convergent to 0. We now show that {x,,} is a
convergent sequence in (X, 7;%). Let £ € (0,1) and t > 0. Then there exists

ne. € N suchthatn,, >%. Ifn>n., N(x,t) =L2ﬁ> 1—ce¢.

Sl
+
S|

Mgt

This means that {x,} is convergent to 0. Therefore, {x,} is a convergent
and non-s-convergent sequence in a fuzzy soft Banach algebra.

The converse of (2) in Proposition 2. 3.2 does not hold.

Lety, = n—lz Then

1 l 1
— = n =
(=) T, 1,1
n  n2 n

This implies that {y,,} is s-convergent to 0. We now show that {y,,} is not st-
convergent. Suppose that {y,} is st-convergent. Let € € (0,1). Then there

exists n, € -such thatifn > n,, N (|yn%|) = _>1—¢forallt > 0.

1
t+—

This implies that forallt > 0,t >

&n

"% We get the contradiction.

Therefore, {y,} is the s-convergent sequence which is not st-convergent.

The converses of (1) in Proposition 3.2 do not hold.
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Chapter Two On Convergences In Fuzzy Soft Banach algebra

By Proposition 2.3.2 and Example 2.3.3, we get the following strict
implications in the fuzzy soft Banach algebra introduced by Bag and
Samanta:

St -convergence = S -convergence = convergence.

2.4 Convergences in Fuzzy Soft Banach algebra and Convergences with

Respect to their Corresponding a-norms

In [27], the authors showed that in a fuzzy soft Banach algebra satisfying
(N6) and (N7), every sequence is convergent if and only if it is convergent
with respect to its corresponding a -norms (0 < a < 1). We now show
that in a fuzzy soft Banach algebra satisfying (N6), every sequence is
convergent if and only if it is convergent with respect to its corresponding o

-norms (0 < o < 1).

Proposition (2.4.1): Let {x,,} be a sequence in a fuzzy soft Banach algebra
(X, I*) satisfying (N6) and let x € X. {x,,} converges to x if and only if for
all «€(0,1) and €€ (0,1) there exists n,. € N such that n > n,,

lIxn — xllq <

Proof. Suppose that x € X. {x,,} converges to x. Let a« € (0,1). Then there

exists 6 € (0, 1) such that a = 1 — §. Since {x,} converges to x, for € > 0,
there exists n, . € -, such that if n > ngy ., N (|xn — x§|) >1—38=a.This

implies that ||x,, — x||, < % < eforn=ng,.

Conversely, let « € (0,1) and € > 0. Then there exists n, . € -, such that

n=nge, l[x, — xl|lq < e This implies that N(x, —x,¢) = o for n = n,,
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since N(x,) is non-decreasing. Since a € (0,1) is arbitrary, x,, converges
to x (X,T,%).

We now consider the representation of st-convergence in fuzzy soft Banach

algebra in terms of convergence with respect to its corresponding o -norms.

Theorem (2.4.2): Let {x,} be a sequence in a fuzzy soft Banach algebra
(X,T %) satisfying (N6) and x € X. {x,} st-converges to x if and only if for
all a€ (0,1) there exists n, € N such that € >0, ||x,, —x]||, < & for

n=ng,, e, x, = xforn = n,.

Proof. Suppose that {x,,} st-converges to x. Let a € (0, 1) Then there exists
8§ € (0,1) such that a =1 — &. Since {x,} st-converges to x, there exists

ng € N such that if n > ng, N(x,, —x,t) >1 -8 =« for all t> 0. Let
e > 0. Then N (|x, — x,%|) > a for n > ng. This implies that [lx;, — x|, <

&
E<ef0rn2n5.

The converse is clear.

We now investigate the representation of s-convergence in fuzzy soft
Banach algebra in terms of convergence with respect to its corresponding a -

norms.

Theorem (2.4.3): Let {x,} be a sequence in a fuzzy soft Banach algebra

(X, I*) satisfying (N6) and let x € X. {x,,} s-converges to x if and only if

forall « € (0, 1) there exists n, € N suchthatifn > ng, |[x, — x|l < %
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Proof. Suppose that x € X. {x,,} s-converges to x. Let a € (0,1). Then

there exists n, € Nsuchthatn >n,, N (|xn - x%D > a. This implies that

Ixy, — xllg < ~forn = ng..

Conversely, let 0 <e<1. Then 0 <a=1-¢e<1 and so there exists

n. € N such that if n > n,, ||x, — xll, <= This implies that N(|xn -

x%D >a =1— ¢, forn = n,. This means that {x,,} s-converges to x.

2.5 Relations of Convergences in Fuzzy Soft Banach algebra Introduced
by Felbin

We now introduce the following definitions:

Definition (2.5.1): Let {x,,} be a sequence in a fuzzy soft Banach algebra

(X, I;*) introduced by Felbin and x € X. Then

(1) {x,} is said to be convergent to x if, for all e > 0 and o € (0, 1], there
exists n,. € N depending on & and «a, such that ||x, —x||5 <e, for

n=mnge.

(2) {x,,} is said to be s-convergent to x if, for all € > 0, there exists n, € N

such that ||x, — x||Z < &, for n > n,.

n

(3) {x,,} is said to be st-convergent to x if, for all ¢ > 0, there exists n, € N

such that ||x, — x||4 < ¢, forn = n,, and for all a € (0, 1].

We finally investigate relations of convergence, s-convergence and st-

convergence in a fuzzy soft Banach algebra introduced by Felbin.
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Proposition (2.5.2): Let (X,T',*) be a fuzzy soft Banach algebra introduced
by Felbin. Then

(1) st-convergence in (X, I;*) implies s-convergence.
(2) s-convergence in (X, 7;*) implies convergence.
Proof. It is easy to prove (1).

(2) Suppose that {x,} is an s-convergent sequence to x in (X, I',*). Let

€ > 0. Then there exists n, € N such that if n > n,, ||x,, — xlli < e&. Let

n

a € (0,1]. Then there exists n, € N such that a>—. Let Neg =

Ng

max{ng, ny}. Thenifn > n_,,

2 2
I, — xllE < Il — xlI% < lxn, —xll1 <,
Ny n

Since n > n,, a > n,. This means that (x) converges to x in (X, T',*) .
The converses of Proposition 2.5.2 do not hold. The following example is 2

Example (2.5.3): Let X = R and we define a fuzzy soft norm ||-|| on X by

(x| .
T if |X| <tx=+0,
x|l =<
Il 1 if t=|x|=0,
\ 0 otherwise

It is easy to see that (X,I',x) is a fuzzy soft Banach algebra and a-level set

of is (X,T',*) given by
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Let x,, = % Let e >0 and a € (0,1]. Then there exists n, . € - such that

2
1 1 1 1
Nge > —. Ifn=ng 2,112 = ||;||a =—< < €.

na - nNge@

This means that {x,,} is convergent in (X, T",*). We now show that {x,,} is not

s-convergent in (X,T',*). Since ||xn||f=1, {x,} is not s-convergent

n

in (X [,%).

Lety, = . Let £ > 0. Then there exists n, € - such that l<elfn> n,,
n nz

Ne
2 12 1 _ 1 : :
e lls = ”—” =-<—<e¢ This means that (y,) is s-convergent
nil g n - ng
in (X,I,*). We now show that (y,,) is not st-convergent in (X, T',*). Suppose
that (y,,) is st-convergent in (X, T,*).
Let £ > 0. Then there exists n, € - such that if n > n, ||y,ll3 = nTloc < ¢ for
all o€ (0,1]. This implies that o >— for all @ € (0,1]. We get the
contradiction. Therefore, {y,} is the s-convergent sequence which is not st-

convergent in (X, T',*). The converses of Proposition 2.5.2 do not hold.

By Proposition 2.5.2, and Example 2.5.3, we get the following strict
implication in the fuzzy soft Banach algebra introduced by Felbin:

St -convergence = S -convergence = convergence.
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p—
Chapter UI'hree

On fuzzy Soft Dual Space of fuzzy
Soft Banach algebra

3.1 Introduction:

In this chapter, the fuzzy soft set was introduced and we presented the
definition of the fuzzy soft Banach algebra and the metric space and some
of its properties. We introduced the fuzzy soft double space and the fuzzy
soft double operator and studied their properties. We stated and proved the
theorem about representing a fuzzy soft linear function by the inner product
in fuzzy soft Hilbert spaces.

3.2 Properties fuzzy soft Banach algebra
Let X be a vector space over a field F (F = R) and the parameter set E be

the real number set R.

Proposition (3.2.1) Every fuzzy soft set can be expressed as a union of all
fuzzy soft points belonging to it. Conversely, any set of fuzzy soft points can

be considered as a fuzzy soft set.

Let SSP(X) be the collection of all fuzzy soft points of X and R(A4)*

denote the set of all non-negative fuzzy soft real numbers.

Definition (3.2.2) A mapping d: SSP(X) x SSP(X) — R(A)" is said to be a
fuzzy soft metric on the fuzzy soft set X if d satisfies the following
conditions:
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(M1) d (%1, V.2 ) = 0 forall %,q, Jep € X,

(M2) d(%,1, V., ) = 0 ifand only if %,; = J,., € X,

(M3) d (o1, Fez ) = d(Fez, Xer ) for all %4, 3o, € X,

(M4) For all Ze1, Jez, Zes € X, d (o1, Zez ) S d(Xer, Fer ) + d(Fe Zes ).

The fuzyy soft set X with a fuzzy soft metric d is called a fuzzy soft metric

space and denoted by (X,d, ).

Proposition (3.2.3) The set SSV(X) is a vector space according to the

following operations;

(1) Re + For = (X + Y)e 4 ory forevery ., 5, € SV(X;

(2) 7.X, = (X)) for every X, € SV(X) and for every fuzzy soft real

number 7.

Definition (3.2.4) Let SSV(X) be a fuzzy soft Banach algebra and M c
SSV (X) be a subset. If M is a fuzzy soft Banach algebra, then M is said to
be a fuzzy soft Banach algebra subspace of SV(X) and denoted by
SSV (M) & SsV(X).

Definition (3.2.5) A sequence of fuzzy soft Banach algebra {X¢ } in (X, T,%)
is said to be convergent to %9 , if lim,,_,.|| %%, — %2 || = 0 and denoted by

M 5% asn - oo,
en Ao
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Definition (3.2.6) A sequence of fuzzy soft Banach algebra {¥¢ } in (X, T,*)

is said to be a fuzzy soft Cauchy sequence if corresponding to every § S 0,

Im € N such that

Proposition (3.2.7) Every fuzzy soft convergent sequence is a fuzzy soft

#,-% | 2avij =z mhatis ||% -2 || > 0asij > .

Cauchy sequence.

Definition (3.2.8) Let (X, I',*) be a fuzzy soft Banach algebra. Then (X,T,*)
is said to be complete if every fuzzy soft Cauchy sequence in X converges to

a soft vector of X.

Definition (3.2.9) Every fuzzy soft complete fuzzy soft normed linear space

Is called a fuzzy soft Banach algebra.

Proposition (3.2.10) Every fuzzy soft normed space is a fuzzy soft metric

space.

Definition (3.2.11) Let T : SSV(X) — SSV(Y) be a fuzzy soft mapping.

Then T is said to be fuzzy soft linear operator if

(L1). T is additive, that is T (X.,¥.)) =T (X.) + T (J,r) for every
%o, Vor E SSV(X).

(L2). T is homogeneous, that is, for every fuzzy soft scalar #, T (¥%,) =
#.T (%,) forevery %, € SSV(X).
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Definition (3.2.12) The fuzzy soft operator T : SSV(X) — SSV(Y) is said to
be fuzzy soft continuous at %, € SSV(X) if for every fuzzy soft sequence
{x¢ } of fuzzy soft vectors of X with Xe, — 9?20 as n — oo, we have
T(xe) » T (9?20) as n — oo, If T is soft continuous at each fuzzy soft

Banach algebra of SSV(X), then T is said to be fuzzy soft continuous

operator.

Definition (3.2.13) The fuzzy soft operator T : SSV(X) — SSV(Y) is said to

be fuzzy soft bounded, if there exists a fuzzy soft real number M such that
I T (&) < M||%,]|, forall X, € SSV(X).

Theorem (3.2.14) The fuzzy soft operator T : SSV(X) — SSV(Y) is fuzzy

soft continuous if and only if it is fuzzy soft bounded.

Definition (3.2.15) Let T : SSV(X) - SSV(Y) be a fuzzy soft continuous

operator .
I Tl = inf{M: T Z)II £ M||Z,l}
Is said to be anorm of T.

It is obvious that [|T ()| < ITIIIIZ.]I.

Theorem (3.2.16) Let T : SSV(X) —» SSV(Y) be a fuzzy soft operator.
Then,

IT (Z)l 5
IT|l = sup “— = sup [IT (%)l

2,20, |I%ell I1Z.lIZ1
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Theorem (3.2.17) Let T : SSV(X) — SSV(Y) be a fuzzy soft operator then

||T| is a fuzzy soft norm.

Theorem (3.2.18) Let T : SSV(X) —» SSV(Y)and S : SSV (¥) — SSV (2)
be two soft operators. Then
a) [ISoT|| < IISIHITI,
b) If T : SSV(X) - SSV (V) is a fuzzy soft operator, then
T < IIT1™

Is satisfied.

Definition (3.2.19) Let SSV(X) be a fuzzy soft Banach algebra. The
mapping

<> :5SV(X) - SSV (V) » R(4)
(is called a fuzzy soft inner product on SSV (X) iff it satisfies the following
conditions, for every %,,7,:,Z,n € SSV(X) and for every fuzzy soft real
number @ where R(A) is the fuzzy soft real number set:
I1.< %,,% >=>0and < %,,%, >= 0 © %, = 0,,
12. < Zp, Por >< For, X >,
13. < @ %o, Jor >=< X, @1 >= @ < X, Jor >,
14. < Rg + For , 2o >=< Xy, Zont > + < Gyt , Zorr >,

The triple (SSV(X), <.>,T,) is called fuzzy soft inner product space.
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Proposition (3.2.20) (Parallelogram Law) Let (SSV(X), <.>,T,) be a fuzzy

soft inner product space. For every %,, ¥,/ € SSV(X)
1% + Ferll? + 11X — FerlI? = 2% + [T 112).
Is satisfied.

Theorem (3.2.21) Let (SSV(X),<.>,T,) be a fuzzy soft inner product

space. For every %, 7,» € SSV(X)

|< %o, Tor > S N|Zell |7
is hold.

Proposition (3.2.22) A fuzzy soft inner product function is continuous in a

fuzzy soft inner product space. In other words, If {¥¢ } - X, and {372,1} -

V., then < fgln,y;‘;l > Xy Vor >.

Proposition (3.2.23) Let (SSV(X),<.>,T,) be a fuzzy soft inner product

space and {x¢, }, {)7;‘1,1} be fuzzy soft Cauchy sequences in this space. In this

case, < Xg, , 372,1 > is also a fuzzy soft Cauchy sequence.

Definition (3.2.24) Let (SSV(X),<.>,T,) be a fuzzy soft inner product
space If this space is complete according to the induced norm by the fuzzy
soft inner product then (SSV(X),<.>,T,) is said to be a fuzzy soft Hilbert

space.
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3.3 Fuzzy Soft Dual Spaces

Proposition (3.3.1): Given the fuzzy soft Banach algebra SSV(R) =
{Z;x €R,e €R} and for every %7, € SSV(X), let us define the
mapping <.>:SSV(R) x SSV(R) - R(4) (A = R) as follows

< X, Yo >= x.y + e.e’
In this case the mapping <. > is an inner product on SSV(]R).

Proof. I1. For every %, € SSV(R),
< X, % >=xx +ee=x*>+e23>0
< FF>=0 X, =0
e =0andx =06
e % =6,
12. For every %, 7,/ € SSV(R),
< X, Vo >= x.y + ece' =y.x + e.e’ =< y,,%, >.

13. For every @ € R(A4) and V%,, 7, € SSV(R),

< AXp, P >=ax.y +d@e.e’ =dy.x + e.(@e') =< X, ay, >.
14. For every %,,7,1, Z,n € SSV(R),
< Bt TunTen >=< GF) ety Zar >
=(x+y).z+ (e +e')e”
=xz +e'.e"+ y.z+e'.e"
=< Xg,Zoit > + < Yo1,Z,m >

Thus, (SSV(R), <.>,T,) is a fuzzy soft inner product space.
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Remark (3.4.2): The induced norm from the fuzzy soft inner product

defined in the preceding proposition is

[Zell = Vx?* + €2
where || .|| : SSV (R) x SSV (R) > R*(4)(A = R).

Also, the induced fuzzy soft metric from the fuzzy soft norm is

d(%e,Jor) =/ (x —¥)2 + (e — e')?
where d : SSV (R) x SSV (R) - R*(A)(A = R).

Proposition (3.3.3): The fuzzy soft inner product space (SSV(R),<.>
,A)(A = R) is a fuzzy soft Euclidean space.

Proof. Let us take a fuzzy soft Cauchy sequence {Xg } in the fuzzy soft
metric space (SSV(R),d). In this case, for every fuzzy soft reel number

& = 0 there exists an, € N such that for vm,n > n,

d(x2, %) < (x" — x™)2 + (e, — e)? < &.

Thus for vm,n > n, we have |x"—x™|?+ |e, —e,,|* < &2. Since
|x™ —x™| < £and |e, — e,,| < € {x"} and {e,,} are Cauchy sequence in R.
Since R is a complete space there exist real numbers x and e such that
{x,} = xand{e,} — x.If we take the real number e as a parameter of the
real number x then we have the fuzzy soft sequence X, and we obtain

{1} - X,. Finally, since x e R and e € R we have %, € SSV (R).
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Since the fuzzy soft Cauchy sequence {Xg } is arbitary the fuzzy soft space

SSV (R) is a fuzzy soft Eucllidean space.

Definition (3.3.4): Let (SSV (X),II.1,T) be a fuzzy soft Banach algebra,
X, €SSV (X),f: X > R be a linear functional and ¢ : R > R be a

function. The mapping
(f, @) : SSV (X) —» SSV (R)

which is defined as follows

(£ @) (Xe) = (g
Is called a fuzzy soft functional.

Proposition (3.3.5): The fuzzy soft functional (f, @) : SSV (X) — SSV (R)

is linear if and only if the function ¢: R — R is linear.

Proof. Let %,, 7,/ € SSV (X) and A € R. In this case (f, @) is linear if and
only if

(fr (,0)(/1 (fe) + }7@’) = (f' (p)((ﬂ)le + ye') = (fr (p)((/lﬁy)le+e’)
= f(AECTY)<p(/1e+e') = (f(/lx)T}E(y))(p()le)+<p(e’)

= f)pe) + FWgeery = A (F() o, + (FD))

p(e) p(e”)
wherep : R = R is linear.

Proposition (3.3.6): The space of fuzzy soft linear functionals is a fuzzy soft

Banach algebra.
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Proof. Let (f,¢):SSV (X) - SSV (R), (g,9):SSV (X) — SSV (R)
be fuzzy soft functionals where f: X - R, g: X - R and &, € SSV (X),

A € R. Then we have
(@) + @& = ((F+ 8), (9 + ) (Xe)

= (f+ 2 ® o+ p)e) = &) + 86N+ vie)

since X is a Banach algebra for the functionals f: X - R, g: X - Rwe

have f(x) + g(x) € R and for the function @: R = R we have @(e) +
P(e) ER which means that (f(x) + £(X))ge)+ wee) € SSV (R) and
consequently we have (f, @)o(g, ) : SSV (X) - SSV (R).

On the other hand,
X(A: @) (%) = (XA; Xq)) (Xe) = (WX)A¢(e)-

Definition (3.3.7): The fuzzy soft norm of the fuzzy soft linear functional

(f, @) is defined as follows

(£ @)l = inf{M: [| (£ @) (Rl £ MlI%e ]I}
is said to be a norm of (f, ¢) where M is a fuzzy soft real number.
It is obvious that ||(f, @) Ze) Il < I(f @) [llIZell-

Remark (3.3.8): Let (SSV(X),<.>,4)(A = R) be a fuzzy soft inner
product space. For the parameter e = 0 the soft vector space SSV()?) IS

equal to the vector space X and we have the inner product space (X,<.>
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0) = SSV (X,) which is a subspace of (SSV(X), <.>,4). Here, the Banach

space X may not be a inner product space.

Proposition (3.3.9): Let (SSV(X),<.>,4)(A = R) be a fuzzy soft inner
product space. For every %, € SSV(X) the operator I : SSV(X) — X where
I (%) = x € X . The restriction of the operator | to SSV (X,) denoted by
1/SSV (X,):—> X where 1(%,) = x is a bijection and consequently
SSV (Xp) -~ X.

Remark (3.3.10): For the parameter e = 0 the fuzzy soft Banach algebra
X, is equal to the vector space X and thus for every x,y € X and

Xo, Vo € X, We can write < x,y >=< x,, Vo >.

Theorem (3.3.11): Let (SSV(X),<.>,A4)(4 = R) be a fuzzy soft inner
product space and (f, ¢) : SSV (X) — SSV (R) be a fuzzy soft functional.
In this case we can state the term (£, @)(Xe) = (F(x))(e) interms of fuzzy

soft inner paroduct as given below

Fe)Re) =< x,u ><ev>

where f(x) =< x,u >and ¢(e) =< e,v >.Moreover,

Il = lull, llell = lvll.

Proof. For (f,¢) : SSV (X) — SSV (R) we have the functions f : X —» R
and@: R > R.If f: X — Rthen for every x, € X, there exist a vector

uy, € X, such that

f(Xo) =< Xg, Ug >
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Since for the parameter e = 0 we have < x,y >=<Xx,,uy > then

f(x) =< x,u>

Similarly If @ : R — R then for every parameter e € R there exist a real

number v € R such that
@(e) =<e,v>.
Consequently, we have
(f,0) &) =< XU >ops- (3.1)

From the equation (3.1) we can write

I, @) EDN = [|< 2,0 > |

=\/< x,u>i4< e, v >2

On the other hand

ICF, @) @I = || (FGO)

p(e)

= VF?(@) + ¢*(e)

< VIFINxIZ + llpl2]le]?

<JIfIZ+1ell2  (33)
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from the inequalities (3.2) and (3.3) we have [|f|| = |[u]| and ||| = ||VI|

Conclusion (3.3.12): Let (f¢):SSV(X) — SSV(R) be a fuzzy soft
functional. for every %, € SSV (X) there exist u € X and v € R such that

Il = llull and [l]l = [lvl and consequently [|(f, @)I| = [luy|l

Definition (3.3.13): The fuzzy soft Banach algebra of fuzzy soft linear
functionals is called the fuzzy soft dual space of the fuzzy soft Banach
algebra SSV(X) and denoted by SSV(X)*

Definition (3.3.14): Let (SSV(X), |I.11,4) , (SSV(!),|I.Il,A)(A =R) be
fuzzy soft Banach algebra,
(A4,9) : SSV(X) = SSV(Y),(4,P)*:SSV(V)* - SSV(X)* be fuzzy soft
linear operators where A: X - Y, Y:R - R, A":Y* - X*, " :
R* —» R* %, ESSV(X) and (f,¢) : SSV(Y) - SSV(R) be a fuzzy soft
linear functional. In this case we have
AP (£ @) = (£ @)o(A W)

Proposition (3.3.15):Let (4,y): SSV(X) — SSV(Y) be a fuzzy soft
operator. Then (A, )*: SSV(Y)* — SSV(X)* is a fuzzy soft linear operator.

Proof. Let (f,),(g,P) ESSVX)* and A€ R. In this case, since
(A1), (f, @) and (g, ) are linear we have

AP (AT @) + (W) = (A, @) + (g, 1))o(A V)
= A(f, @)o(A V) + (g, Y)o(A )

=AW (A, 0) + AW ((g.¥)
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Theorem (3.3.16): If the fuzzy soft linear operator (4,1) : SSV(X) —
SSV(Y) is continuous then (A, {)*: SSV(Y)* — SSV(X)* is continuous.

Proof. Let %, € SSV(X) be any fuzzy soft Banach algebra.

1(A W) (F, @) (Xl = [I(F, @) (A, W) (X))
< I, ellliCA ¥ (X
< 1A WIS @llll Zll - (34

from the Inequality 3.4 we have

1A W), @)l < 1AW, @)l

and consequently,

1A W)l < [[A Wl

since (A, ) is continuous it is bounded according to the Theorem 3.2.16
Since (A,y) is bounded then (A,{y)* is bounded and as a result it is

continuous.
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Chapter four

Applications of fuzzy soft in Banach
algebra

4.1 Introduction:

In this chapter, we presented some applications of fuzzy soft Banach
algebra, we studied the fuzzy soft linear space and some definitions and
examples of it, and we introduced the balanced fuzzy soft and Absorbing
fuzzy soft and fuzzy soft convexity.
4.Further properties of Fuzzy Soft Linear Space
Recall that: Let X be an universe set, A € E;, where E; and E, are sets of

parameters.
and let f: E; — E, be a function

1. Let T'y be a fuzzy soft set over X . The image, f(T'), of T, under f is
defined by

Ta(x), f'=0
fTDQ) =1 xef1)

P, o) =0

Forall y € E,, Where f~1(y) = {x € E;: f(x) = y}.
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2. Let (T'p) be a fuzzy soft set over X. The inverse image, f~1(I'p),of I'p
under f is defined by f~*(I's)(x) = I'5(fy) = (/) (x) Forall x € E;.

Obviously f(T,) is a fuzzy soft set over x, E,and f~1(I'p) is a fuzzy soft set
over (X, E,).

Definition (4.2.1): Let X be an initial universe set and E be the set of
parameters. P(X) denote the power set of X and A.B € E. Let ', and I'g be
two fuzzy soft sets over X. The product of I'y and (I'g) is the fuzzy soft set
over X , denoted by I'y x I'gand it is defined by (I'y X I'g)(es, e;) =
I'(A) nT'(B) forall (e, e,) € AXB.

Example (4.2.2): Let X ={a,b,c,d,e},E = {ej,e;,e5,€4,€5},A =
{e;,e;} and B = {e,,e;,e,}. Also let 'y and I's be two soft sets over X
defined by

r'd) ={a,b,c},IT(4) ={d,e}andI'(B) = {b,d,e},T'(B) = {a, b},
['(ey) = {c,d, e}. Then

(T4 xTp)(er, e) =T(A)NT(B) ={a,b,c}n{b,d e} = {b}

(T4 X Tp)(er, e3) =T(A) NT(B) ={a,b,c}n{a, b} = {a,b}

(T4 xTp)(er, e4) =T(A) NT(B) ={a b,c}n{c,d e} ={c}

(Ta X Tp)(ez €5) = T(A) NT(B) = {d, e} N {b,d, e} = {d, e}

(T4 X Tp)(ez e5) = T(A) NT(B) = {d, e} n {a,b} = @

(Ta X Tp)(ez e4) = T(A) NT(B) = {d, e} n{c,d, e} = {d, e}

l—‘A X l—‘B = {Qr {b}, {C}, {a, b}, {d' e}}
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Definition (4.2.3): Let X be an universe set , E be a linear space over a field
® and Ty, I'g € S(X). We define 'y +T'g: Ty +'g = f(I'y X I'g), where
(Fy XxTg)(eq,e,) =T(e;) NT(e,) forall (eq,e,) EAXBandf:EXE - E
is a function defined by f(x,y) =x+y for all x,y € E. i.e. for each
e €E,(TyxTg)(e) =

U(el,ez)ef—l(e)(FA X FB)(el' ez) = U(el,ez)ef—l(e) F(el) N F(ez)

Example (4.2.4): Let X=R% E =R,A ={1,2,3},B=1{3,4}and I',,I'g be

two fuzzy soft sets over X defined by

I'(e) ={(xy) ER*:2x+3y=¢} for all e€A and T ={(xy) €
R2:4x + 7y = e} for all e € B.

Now 1+3=41+4+4=5,2+3=524+4=63+3=6,3+4=
7. Then
Ty +Tp)(4) = 9 ['(e;) NTp(e) =T(1)NT(3) ={(—1,1)}

(e1.e2)€f ~1H(4)

(T4 +TB)(5) = v I'(e;) NTg(ey)
(e1,e2)Ef~1(5)

=T()NT@) v (r2)nrQ))

~{-z2)0G)

C+t@® = | ] TennTse
(e1,e2)€f~1(6)

= [T@) NnTE)HUTB)INT(3)) = {(1,0), (6,-3)}
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M= | rennrae) =@ nrw ={(,-2)]

(e1,e2)Ef~1(7)

O T ) - oy B

Definition (4.2.5): Let X be an universe set , E be a linear space over a field
Fand 'y € S(X),A € F. We define AI'y as: AI'y = g(I's), where g:E — E is
a function defined by g(x) = Ax for all x € E. i.e. for each e € E,

arDE =gr@= | ] re
x€g(e)
Theorem (4.2.6): Let X be an universe set , E be a linear space over a field

FandT', € S(X),A € I'. Then

( r(A"te),A =0
(O} A=0, e#0foralle e E

AT (e) =
(ALa)(e) Ur(x),x=o, e=0

XEE

Proof : Lete € E

1.if A # 0,then (AT'y)(e) =

['(x) = U ['(x) = [(A~te)

x€g1(e) X €A le

2.if A = 0 and e # 0, then there exists no element x such that e = g(x) = 0

Hence

['(X) = @, since (AT)(e) = U ['(x), then (ATy)(e) = ®

x€g~1(e) xeg~1(e)
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3.ifA=0ande =0,then (AI'y)(e) =

I'(x)

xeg~1(e)

Let
x € E.-Then0x = 0,i.e.g(x) =0orx € g71(0) = g7 1(e).Thus g~ 1(e) =
E.So (A'y)(e)

- U ).

Example (4.2.7): Let X = Z,E = R, A = R? and I', be a fuzzy soft set over
(U,E) defined by F(e) = {Je|,|e| + 1,]e] +2,...} for all e € A and A € R.
Then

1. IfA # 0,then (AT'y)(e) = F(A7te) = {|A"te|, A" te| + 1, A7 te| + 2,...}
2.1fA=0ande # 0,then (AT'y)(e) = @4

3.IfA=0ande = 0,then (AT',)(e)

= Jroo={Jroo=n

X€E XEA

Theorem (4.2.8): Suppose E; and E, are linear spaces over the same field F

and f: E; — E, is linear function .

Then for any fuzzy soft sets ', and I'y over (U, E,) and for the scalar A;
1. f(Ty + Tg) = f(Ty) + f(Tp);

2. f(AT) = Af(T ).

Proof. Let the range of fbe M, i.e. M = f(E;) = {f(x):x € E;}
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1. Let y €Y. Put P = f(T + I's)(y), Q = (f(T'a) + f(T's))(y). We want to
prove that P = Q

Assume firstthaty ¢ M = f~1(y) = {X € E;: f(x) =y} =d = P=¢

Also, if y;,y, € Y With y; +y, =y, then at least one of the y;,y, is not in
M and thus , either

r@=porf o= = r@=

e€f~1(y1)

F =
FTDOL) Ueef_l(yl)
00 FTDY) = Uyeygy, T = 9

= 0= T+ = | ] FToo0nfr0)|=0

y=y1ty2
Hence, in this case, P = Q

Assume next that y € M, and z € P, then z € Ueef_l(z)(FA +T'g)(e),i.e.z €
(To +Tg)(e) forsomee € f71(y),ie.z €

U (T(es) N T(ey)).
e=e;=e,

Thus there exists e,,e, € E with e = e; + e, such that z € I'(e;) N T'(e,).

On one hand, Q = (f(I'a) + fTe)M) = U, ,,. (T2 1) N f(Te)(¥2))

Since f is linear function, then y = f(e) = f(e; + e,) = f(e;) + f(e,), we

have
f(TaCe;) NTe(ez)) € Q

Then, {Ur,er1(e) T} N {Ur,er1ce,) T(r2)} € Q
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Thus T'(e;)'I'(e,) € Q,i.e.z€ Q.So P € Q.
For the reverse, we take we Q. Then we Uy=y1+y2(f(FA)(Y1) N

f(Te) (y2))-

Thus, there exist y;,y, € M with y = y; + y, such that

wefTHO) TN =1 ] reotnd | re
e1€f 71 (1) e26f71(y2)

So, there exist e; € f~1(y;) and e, € f~1(y,) such that w € I'(e;) N
[g(e;), wherey =y, +y, = f(e;) + f(e;) = f(e; + e;)

Now P= f(FA + FB)(Y) = UeEf_l(y)(FA + FB)(E) S|nce y= f(el +
e;),(Ta+Tg)(e; +€;) Sp,ie

I['(e;) NT(e,) € P. Thenw € P. Thus Q € P. So P = Q. This completes the
proof of (1).

2. Let ye Y.Put P =f(Al'4)(y), Q = Af(I'y)(y). We want to prove that
P=0Q

Assume firstthaty ¢ M = f~1(y) = {x € E;: f(x) =y} = ¢.

Thus  for A #0,Q = AT (y) = fT)A"ly) = U ['(e) =
eef~1(d~1y)

Usep-1¢5y [ () = @ (as £ () = @)

Also Q = @, when A = 0. So, ify ¢ M, then Q = ¢.

Now p = FATA) (1) = U ey AT(&) = dlas f1(y) = )

Hence P = Q, fory ¢ M.
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Assume next that y € M, and A # 0, then
Q=2t» =feman= || re= |] re
eef~1(A71y) fe)=y

= U Ie)
Af(e)=y

And

P=fArD) = U,epoay M@ = Uy, TG = U, TCO),
where A"z = e

Thus P = Q, fory € M, and A # 0.

Ify =0,y € M,and A = 0, then
0=0f@= | J rre= | |J ren=|]ren
e,€E, e,€E; e;€f1(ey) e1€E,

And P = f(0T4)(0) = |J or'(e) = 0T(0)

eef~1(0)

Since if e#0 and e€ef 1(0), then 0f(T,)(e) =@. Hence P =

Thus P=Q fory =0,y €M, and A = 0. This completes the proof of part
().

Theorem (4.2.9): If S is an ordinary subset of a linear space E over F, T, is

a fuzzy soft set over X and x € E, then

1. x+D)(e)=T(e—x) forallxy€ E where x+I means I, +TI and

IX(e) :{X,ezx

be+x
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2. x + ' = T, (T) for the translation mapping T,: E — E defined by T, (e) =
x +eforalle € E.

3.5+r=, @+

Proof.

Lo+D@ = | e nrie) =

e=e1+e2

{conTre-0} U, ,ldnTe—e)}=T(e-x)Ud=T(e—x

2. T,(D(e) = UyeTgl(e)F(y) =T(e—yx). Thus, by (1), we get x+T =

T, ().

B64D© = Uyge, Ioe) 0T} = | ] 0@ T
)} U, As@re-a}={  Te-ayuo=  Tl-a)=
U, @+ D(e)

Theorem (4.2.10): Let X be an universe set, E be a linear space over a field
F, o, € Kand T, T'g,Tc € S(X).

Then the following are equivalent :

1. o'y +BI'g € I'¢

2.Tc(ax+By) 2Ty nTgforallx,y € E
Proof :

(1) = (2)
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Moo+ By) 2 (@l + B+ By) = || (a0 00) n (Brn))

ax+ By

2 (al(e)) N (BT(By)) 2 TGO NT(y)
2)= (1)

LetTc(ax+ By) 2T'(x) NnT'(y) forall x,y € E

TF+p0@ = | (areo)n (Bre))

Z=x+y

= U (T 4)) n (T(B~1y)) < U [(aa™ x + BBYY)

z=x+Y Z=X+y

Since

U I'x+y) =T(2)

Z=X+y

Theorem (4.2.11): Let U be an universe set, E be a linear space over a field
Fand 'y, 'y € S(X). Then

1.1Ty + 0Tz STy
2.1T4 + 0T = T iff |J__ T(e) € U, T(e) forxy €E
Proof :

1. Let e;, e, € E. Then I'(1e; + O0e,) =T'(e;) 2 T'(e;) NT'(e,). Thus, by

previous theorem, we have
1Ty + 0T S Ty,

2. Let UeEEF(e) c UeEE I'(e) and e € E. Then

55



Chapter Four Applications of fuzzy soft in Banach algebra

(1T + 00 (e)

= U {1T(e,) N OT(e,)} = 1T(e) N OT(0)

e:e1+e2

=@ n {U roo}

X€EE

Since rce) € U, . T0O, thenT(e) N {Uer ()} =T(e).So (1T +
0N (e) =T(e)

Thus 1Ty + 0Ty =Ty

Conversely, suppose that 1I'y + 0I'g =T’ and x € UeEE I'(e)
Thenx € I'(e) = (1T + I')(e) forsomee € Ee 2 E.

Thus x € Ue=e1+e2{1r(e1) N O0r(e,)}

Sox € 1T(e) N OI'(e),i.e.,x € 1T (e) N OT'(e) = UeEE T'(e).

Hence U N I'(e) UeEE I'(e).

4.3 Balanced fuzzy soft sets

Balanced soft sets are a mathematical framework used for dealing
with uncertainty and imprecision in decision-making processes. They extend
classical set theory by incorporating the notion of degree of membership,
allowing elements to belong to a set with varying degrees of certainty. The
balance concept in balanced soft sets provides a mechanism to handle
conflicting information or preferences, making them useful in various fields

such as decision analysis, pattern recognition, and artificial intelligence.
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Definition (4.3.1): Let X be an universe set, E be a linear space over a field
F. A soft set 'y over X is said to be balanced fuzzy soft set if AI'y € I’ for
all A € T'with || < 1.

Theorem (4.3.2): Let X be an universe set , E be a linear space over a field

F.If T, is a soft set over X , then | AT, is a balanced fuzzy soft set.

N
Proof : Let |a] < 1ande € E.
Casel:0< |a] < 1.

“ (U|A|51’1FA) () = (U|A|s1’1FA) (% e) = Uy AT G e) -
U|A|s1 aAl4(e) € U|,1|51’1FA (e)since|a| <1land 2| <1, |ad| <1
Case2:a=0.

Subcase 1. If e = 0, then

0 U/H‘A (0)

[Al=1
= iU s Joop =3 | ama | oo b = toraon
X€EE [A]=1 X€EE [A]=1

ol | o

x(#0)EE
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U{ | moo}}
x=E \0<|A|=1
= {0r,(0)} v U{ U Q(%X)} ,as U 0Ta( =@

X€EE \0<]|A|=1 X(#0)€E

V)

0 U AT, | (0) = 0T, (0)

[Al=1
Again’(U|/’l|s1 /U_‘A)(O) = U1 AF4(0) = {Uo<|/1|s1 /IFA(O)} U {0F,(0)} =
{Uocqai=1 T4(0)} U {0T,4(0)} = 0T,,(0)

Thus, 0(Uj<1AT2)(0) = (Upy<1 A2 )(0). Hence, Ujyj<1 AT, s a balanced

fuzzy soft set.

Theorem (4.3.3): Let X be an universe set, E be a linear space over a field

F . Let ', be a balanced fuzzy soft set over X.
1.Ifa,B€land |a| < |B|, then al'y S Iy
2.a€land |a| = 1,thenal'y =Ty

Proof :

1.Casel.a=0.

Subcase 1. If $ = 0, then clearly, al’y, = BT4.

Subcase 2. If B # 0, then for any non-zero e € E , al'(e) = ¢ < BI'(e) and

for zero element of E , we have al',(0) =0, (0) €T(0)asTis a
balanced fuzzy soft set. That is,al’,(0) € Ty (% 0) = BI'4(0). Therefore in
this case al'y € BT,.
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CaseIl. a # 0. Since|§| <1,we have%FA C T,

Let e€E and e=e;. Now since %FAQFA, then

%I‘(el) c I'(ey) or, T (g e1) crl'(e)orT (5%91) cT (% e1) or,T (iel) C

r (é e1) or,al'(e) € BI'(e) thatis,al’, S Bl,.

2. Let |of < 1.Thenal, €T, Again let |of > 1.Then |5 <1 which

implies thatiFA C I,.

So as the procedure of case II for proof (1), we get 'y € al',. Thus,
Theorem (4.3.4):Let X be an universe set , E be a linear space over a field F

. If {T'sq: a € A}is a collection of balanced fuzzy soft sets over X , then

Naen laq 1S balanced.

Proof :

Let {['4,:a € A} be a collection of balanced fuzzy soft sets over X and
Ia = Naealaa:

Also let |t| < 1and e €.

Casel.t=0.

Subcase 1. Ife= 0 ,thentl’ (e) = @.Sotl'4 €S [y.

Also let [t| < 1and e € E.

Case1.t=0.

Subcase 1. Ife =0, thentl'(e) = ¢.So tl', € T,.

Subcase 2. If e=0, then

59



Chapter Four Applications of fuzzy soft in Banach algebra

tr'(e) = 0r'(0) = UpeE IF'(P)(NaeaTaa(P))
S Naea(UperTaa(P)) Naea 0Taq(0) S Ngea Taa(0) = T(0).
Case 2.t # 0.

tr(e) = F(t_le) = (naEA FAa)(t_le) = Naeal'aa (t_le) =
Noertlaq () € Ngealaa (e) =T'(e)

Hence T, is also a balanced fuzzy soft set.

Theorem( 4.3.5): Let X be an universe set , E be a linear space over a field
F . If {Iy,:a € A}is a collection of balanced fuzzy soft sets over X , then
Uaea Taq 1S balanced.

Proof :

Let Fp,: 0 € Abe a collection of balanced fuzzy soft sets over X and
Ia = Ugealaa

Also let [t| < 1and e € E.

Casel.t=0.

Subcase 1. If e =0, then tI'(e) = @.So tI'y, € T',.

Subcase 2. If e =0, then

re) = or) = | Jran =| | (U w) @ = J{|re®

PEE PEE \a€A PEE \a€eA
a€A \pEE

= UaeA OFAa(O) < UaEA FAa (0) = F(O)

Case 2.t#0.
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th(e) =T(t7'e) = (UaeaTa)t77€) = UgeaTaa (t7'e) =
UaeatTaq (€) € UgepaTaq () =T'(e) (as each 'y, is balanced)

Hence T is also a balanced fuzzy soft set.

Theorem(4.3.6): Let X be an universe set , E be a linear space over a field F

.IfA € Fand I'y is balanced fuzzy soft set over X, then AT'5 is balanced.
Proof : Let |t| < 1; if A =0, there is nothing to prove. So we take, A #0 .
Case1l.t=0.

Subcase 1. If e =0, then tAI'(e) = 0I'(e) = ¢ S AT'(e).

Subcase 2. If e =0, then OAT'(0) = 0T'(0) € I'(0) = T'(A~10) = AT'(0).
Case 2. t = 0.

tAl(e) =T((tAD) te) =T(A 1t te) =T(t71A17te) = tT'(17te) c T (17 1e)
= A'(e)

Hence, AT, is balanced fuzzy soft set.

Theorem (4.3.7): Let X be an universe set , E be a linear space over a field
F . If Ty and T'g are balanced fuzzy soft sets over X and a, 3 € ', then

al 4 + BI'p is balanced fuzzy soft set.

Proof : Since I'y and 'y are balanced fuzzy soft sets, al', and BI'g are

balanced fuzzy soft sets.
Let |t] < 1.
Case1.t=0.

Subcase 1. Ife = 0, then t(al'y + BI'g)(e) = @ < (al'y + BI'g)(e).
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Subcase 2. If e =0, then

0(aly + BTE)(0) = Ueep(aly + BTp)(e) = UeeE{Ue:el,ez(aFA(el) N
,BFB(ez))}

= Uel,eZEE(aFA(el) N ,BFB(ez)) c {UeleE(aFA(el))} N {UeZEE ,BFB(ez)}
= 0al,(0) N 0BT(0) € aT4(0) € Ueep(ala(e) N BTx(e))

= Ug=e+(-e)(al4(e) N pTg)(—e) = (aly N BT5)(0)

Case 2.t # 0.

t(al, + BTp)(e) = (al, + BTp)(t7re) = Ut—1e=e1+e2(“FA(91) N
:BFB(eZ))

= Ue=te1+te2(a’FA(e1) N ,BFB(ez)) = Ue=x1+x2,x1=tel,x2=te2(aFA(t_lxl) N
.BFB(t_lxz))

= Ue:x1+x2(taFA(X1) N tBFB(XZ)) c Ue:x1+x2,(“FA(X1) N .BFB(XZ)) =
(al4 + BTg)(e)

This completes the proof of the theorem.

Definition (4.3.8):Let X be an universe set , E be a linear space over a field

F . LetI', be a fuzzy soft set over X ..

1. The intersection of all balanced fuzzy soft sets over X , each containing

' , is called the balanced hull of T, .

2. The union of all balanced fuzzy soft sets over X , each contained in 'y ,

is called the balanced core of T'y.
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Theorem (4.3.9): Let X be an universe set , E be a linear space over a field
F . Let H and C respectively denotes the balanced hull and the balanced core

of a fuzzy soft set I', over X . Then

1. H=U{ATy:|A| <1}
2.C=N{ATx: |A| = 1}if T[4 (0) = 0I'4(0).
Proof :

1. Let B =U {AT'4: |A] < 1}. Then B is a balanced fuzzy soft set by theorem
(4.3.2).

Also clearly, T, € B. Then by definition of H, H € B. Again 'y € H. Then
AI'y € AH € H for

|A] < 1,as His balanced. So B =U {AI',: |A| < 1} € H. Hence H =B.
2. Let Gp be a fuzzy soft set such that Gp < C..

Then we have aGp € aC € Cforall |a|] < 1,as C is balanced

1
= aGp €T, forall |a| < 1,= Gp QaFA forall0 < |a] <1

— Gp C AT, forall [A] =1 = Gp C ﬂ AT,
[A]=1

Therefore for any fuzzy soft subset G, of C we have G S N;»1 AT 4. Since
C is also a fuzzy soft subset of C,

Gp € Nay=1AT4. Again let, Gp<cAry for all [A|=21= %GD c
[y forall|a] =1

= aGp ET, forall0 < |a| <1 = Ugcgc1®Gp ET4 =

U o<jaj<1 @Gp E Ty, a3 0Gp(0) € 0T 4 (0) =T 4(0).

Again U o<|q)<1 @Gp is balanced by last theorem, So U g<jq<1 @Gp € C.
Then G < C.
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Therefore for any fuzzy soft subset Gp of N;»1 Ay we have G, S C. So,
Nia214AT4 € C.

Hence C =n {Al'4: |4]| = 1}.

Example (4.3.10): Let X=N,E=Rand A=E . Let ', be a fyuzzy soft set
defined by T,() = {llxID [lxI1+ 1, MlxI]+2,...} for y e Aand x +
0,thenl,(x) =1{2,3,4,..... }for x = 0,where[|yx|] is the greatest
integer less than equal to |y]|.

Let D = [2,0) U (—o0,—2] and T4 be a fuzzy soft set defined by I',(x) =
F'a( forall x € D.

Fa(x) =1{2.3.4,...} for y e A|D = (—2,2)

Itiseasytoseethat T 4(y) S T4(x) if x,y € Awith |x| < |y|

We now show that I'4 is a balanced fuzzy soft set. Let y € A.

1 1
If 0 < |4] < 1, then AT, (x) = T4 (3x) S Ta(). as x| < |7 x|
IfA = 0, then
Case 1. for x =0, we have OT'4(x) = ¢ S T4, ().

Case 2. for x =0, we have

or,(0) = | Jrae ={U rm}u L) ra@

ecE eeD ecA|D

= {U FA(e)}U{2,3,4,...} = (2,3,4,...}

eeD
=T,4(0)
Thus, T'4 is a balanced fuzzy soft set.

We now show that I', is the greatest balanced fuzzy soft set contained in I'y
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Let I'p be any balanced fuzzy soft set contained in 'y . Then obviously,
P C A

Let x € P . Then either y € Dor y € A|D.If x € D,thenT,(x) S
a0 =Ta0).

Again U,epTp(e) =0Tp(0) S Tp(0) S T4(0) =1{2,3,4,...}.

So, if y€AlD, then T,(x) €{2,3,4,...} =T4(x).Thus,I'p(x) S
F4(x) forall y € Pand so,T',

Is the greatest balanced fuzzy soft set contained inT', . Therefore the
balanced core of T'y is ['y.

Remark (4.3.11): In the above example the balanced core T4, #nN
{AT 4:|A| = 1}. Infact, if y = 1, then

A1) ={2,3,4,...} and (N 21 AT4) (D) = (N1 Ta) (3) =
{0,1,2,3,4,...}

Again

004(0) = UperTa(e) ={0,1,2,3,4,...} # [4(0). So,if OT,(0) #
I'4,(0), then the balanced core of I'y may not be equal to N {AT',: |A| = 1}.
Theorem (4.3.13): Let X be an universe set , E; and E, be linear spaces
overafield F,A <€ E;,B S E,and f: X — Y be a linear function.

1.1f T4 is a balanced fuzzy soft set over (X, E;), then f(I',) is a balanced
fuzzy soft set over (X, E,).

2.1f T'p is a balanced fuzzy soft set over (X, E,), then f~1(I'p)is also a
balanced fuzzy soft set over (X, E,).

Proof :

1. Let A € I'suchthat |A] < 1. We now verify that Af(I'4) S f(T'4).
2.Lety € E,.

Case 1. A=0.
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Subcase 1. If y =0, then

oft@ = | Jren@=z¢E, | ] ro=|Jr.w

z€E; xXef~1(2) XEX
—or,@cr@c | ] rae = oo
ecf~1(0)
Subcase 2. If y 20, then of (T))(y0 = ¢ S F(T))).
Case 2.4 =0.
HTIO == | mw= ] naw
x€f~1@1y) wef~1(y)
= |J wmome | rwm=reom.
wef~1(y) wef~1(y)

Where Ay =w,i.e.y = A" lw

Thus, from case 1 and case 2, we have Af(T'y)(e) € f(I'y)(e) for every
|A| < 1andy € E,.

Hence, Af(I'y) € f(I'y) for all |A| < 1. This completes the proof.

2. Let A € I'such that |[A] < 1. We now verify that Af~1(T'p) € f~1(T'p).
Let y € E;.

Casel1 1=0.

Subcase 1. If x = 0, then

0f TR0 = z€ Eyf @ = | | r(F@) € | J 15

z€Eq y€EE,
= 0l'g(0) € T(0)

=Tp(f(0)) = f1(Tp(0))
Subcase 2. If x 20, then 0f 1 (Tp) () = ¢ < fF1(TE) ).
Case2.1#0,6 = 0.
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AT = FAIRA ) =T (FA20)) = Tp (17 ()
= }‘FB(f(X)) - FB(f(X))
=T
Thus, from case 1 and case 2, we get Af~1(T'p) (x) € f~1(I'g) (x) for every
|A| <1and y € X.
Hence, Af~1(I'g) € f~1(T'p) for all || < 1. This completes the proof.

4.4 Absorbing fuzzy soft sets

Absorbing fuzzy soft sets are a further extension of soft set theory,
where the focus is on the absorptive nature of elements within sets. In this
framework, elements can absorb other elements, leading to a hierarchical
structure within the set. This absorption mechanism allows for the
representation of complex relationships and dependencies between elements,
making absorbing fuzzy soft sets particularly useful in modeling systems
where elements interact and influence each other's behavior.
Definition (4.4.1): Let X be an universe set , E be a linear space over a field
F . A fuzzy soft set I'y over X is called an absorbing fuzzy soft set if
Uiso A4 = A, where I'(e) = X for all e € A.
Example (4.4.2): Let X=RE=Rand 0€ACE such that AN
(—1,1)|{0} # ¢ and for e € A, soft set defined by
IF'(e) ={[lell + 1,Mlell + 2,[lel] + 3,...},where [|e|] is the greatest
integer less than equal to |e|.
Then obviously U,-q A’y = 4 and so T, is an absorbing fuzzy soft set.
Example (4.4.3): Let Y =N, E =R . Let B be an unbounded (both below
and above) subset of E containing 0 and 'y be a fuzzy soft set defined by
I'(e) ={0,1,2,...,[|e|l} for e(#+0) € BandT(0) =Y,where [|e|] is
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the greatest integer less than equal to |e|. Then obviously U;sqAl'g =
B and so T’y is an absorbing fuzzy soft set.
Remark (4.4.4): Consider the absorbing fuzzy soft set F, of the example
2.27 and the absorbing fuzzy soft set I'y of the example 2.28. If AN B =
{03}, then obviously Ty NTg =X. Againif {0} cAnB,lete(+0) € AN
B.
Then ('nT)(e) =T(e) nT'(e) = ¢. Hence, Ty N T is not an absorbing
fuzzy soft set. Thus, intersection of two absorbing fuzzy soft sets may or
may not be an absorbing fuzzy soft set.
Theorem (4.4.5): Union of two absorbing fuzzy soft sets is an absorbing
fuzzy soft set.
Example (4.4.6): Consider the fuzzy soft set I'y as defined in example
(8.25) and we takeA = E. Here it is obvious that OI'4(0) = I'4(0).
Therefore the balanced core of I'y is N1 AT 4. Let e € E. Now
412 1ar@) = (| @@ = (| r@te) = 1al
1221 14121

> 1{[|ate|] + 1, [|Ate|] + 2, [|A~e|] + 3....}
= {llell + 1,Tlell +2,[lel] +3,...} =T(e)
Since T4 is absorbing fuzzy soft set, N;>1 A4 is absorbing fuzzy soft set.
Example(4.4.7): Consider the fuzzy soft setl’ g as defined in example
(8.26). Here it is obvious that OT'4(0) = I',(0). Therefore the balanced core
of I'g is Njpj>1 Al'g. Let e € E. If e # 0, then

ﬂ AT(e) = ﬂmxe) = ﬂ r(te) = ﬂ{o, 1,2,....[|a""e[]}

[A]z1 [A]z1 [A]=1 [A]=1

= {0}
Ife = 0, then
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ﬂ AT(0) = ﬂ (AT)(0) = ﬂ r) =Y

[A]21 [A]21 [A]21

So, it is clear that balanced core of I'g is not an absorbing fuzzy soft set.
Remark

Balanced core of an absorbing fuzzy soft set may or may not be an
absorbing fuzzy soft set.

Theorem (4.4.8): Let X be an universe set, E; and E, be linear spaces over
afieldF,AC E;,BCE,andf:X — Y be a linear function.

1.1f T4 is an absorbing fuzzy soft set over(X, E;),then f(I'y) is an absorbing
fuzzy soft set over (X, E,).

2.1f Ty is an absorbing fuzzy soft set over (X, E,),then f~1(I'p)is also an
absorbing fuzzy soft set over (X, E,).

Proof :

1. Lety € E, . Now

(U mm) o = Jareo)m = | Jranaty

1>0 1>0 1>0
- U mw=lJ | no=] |J nea,
2>0 yef-1(a-1y) >0 Axef-1(y) >0 zef~1(y)

where Ax = z

(Uaso Af(Ta))(¥) 2 UpsoTa(A712) = UpsoAla(z) =X,  for  some
z € f~1(y), as ', is an absorbing fuzzy soft set.

Therefore, U,-9 Af(T4) = X. Hence, f(T',) ) is an absorbing fuzzy soft set.
2. Letx € E{. Now

(U Af*(n;)) w=]@re)w=Jrenatn

1>0 A>0 A1>0
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= U g (A‘lf(x)) = UAFB(f(X)) =X

>0 >0
as I'g is an absorbing fuzzy soft set.

Thus, U0 Af "1(I'g) = 1. Hence, f~1(T'p) is an absorbing fuzzy soft set.
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