Republic of Iraq

k‘{gﬂ'ﬂgm‘:‘;g‘
Ministry of Higher S

Education and Scientific Research
University of Al-Qadisiyah
College of Sciences

Department of Mathematics

On Geometric Function Theory using Differential
Subordinations and Quasi-Subordinations

A Thesis

Submitted to Council of the College of Science, University of Al-
Qadisiyah as a partial Fulfillment of the Requirements for the Degree of
Master of Science in Mathematics

By
Maitham Alwan Huneidi
Supewised by

Prof. Dr. Waggas Galib Atshan

2024 A.C. 1446 A.H



Bl

0y @

ol 6 gl ke
g b ol s

mu\gu\méw
5 A:\/OM\SM




DEDICATON

T would (ike to dedicate this thesis to

my dear mother and dear father, to my dear
brothers and sisters, to my dear wife, and to my
SUpervisor

(Prof. Dv. Waggas Galib Atshan)
For his enthusiasm and inspirvation.
to my dear friends, to everyone who spared

effort in helping me, and to everyone who
contributed to receiving me, even with a letter,
in my academic life.

ﬂzzitﬁ arnm




ACKNOWLEDGEMENTS

First and foremost, thanks to Allah for
everything I would like to express my

sincere appreciation to my supervisor,
(Prof. Dr. Waggas Galib Atshan),

for giving me the major steps to go on
exploring the subject, and sharing me the
ideas related to my work. I also would (ike

to express my deep thanks to all the members
of staff of mathematics at
Al-Qadisiyah University for their help.

tﬂzjlitﬁ arnm




e
Contents

Subject

Supervisor Certification

Page

Language Expert

II

Examination Committee Certification

M1

List of Publications vV
List of Symbols \
Abstract VI
Introduction 1-3
Chapter One: Basic Definitions and Fundamental Results 4
Introduction 4
1.1 Basic Definitions 4-12
1.2 Fundamental Results 12-14
Chapter Two: New Results on Sandwich Theorems using
Differential Subordination and superordination for 15
Subclasses of Analytic Univalent and Meromorphic
Multivalent Functions

Introduction 15-16
2.1 New Results On Differential Subordinations and
Superordinations for Analytic Univalent Functions Defined by a| 16-29
Differential Operator

2.2 On Differential Sandwich Results for Analytic Meromorphic 99-45
Multivalent Functions Defined by a Linear Operator

Chapter Three: New Results and Applications on Coefficients 16

Estimates for Subclasses of Bi-Univalent Functions




Introduction

3.1 Coefficient Bounds and Fekete-Szeg0 Problem of Subclasses
of Bi-Univalent Functions

3.2 Results on New Subclasses for Bi-Univalent Functions Using
Quasi-Subordination

3.3 Coefficient Bounds of Subclass of Bi-Univalent Functions
Associated with Horadam Polynomials

References

46-47

47-60

60-72

73-80
81-86



Supervisor Certification

| certify that the preparation for this thesis, entitled " On Geometric
Function Theory using Differential Subordinations and Quasi-
Subordinations " was prepared by " Maitham Alwan Huneidi
under my Supervision at the Mathematics Department, College of
Science, Al-Qadisiyah University, in partial fulfillment of the
requirements for the degree of Master of Science in Mathematics

Supervisor

Signature:

Date: [/ /2024

Name: Prof. Dr. Waggas Galib Atshan
Dept. of Mathematics - College of Science

In view of the available recommendation, we forward this thesis for
debate by the examining committee.

Head of the Mathematics Department
Signature:

Date: / /2024

Name: Prof. Dr. Waggas Galib Atshan

Dept. of Mathematics - College of Science.



Language Expert

This is to certify that the thesis entitled " On Geometric

Function Theory using Differential Subordinations and

Quasi-Subordinations " by " Maitham Alwan Huneidi " was

edited by me, therefore the thesis is qualified for debate.

Signature:
Name:

Date: [/ /2024



Examination Committee Certification
We certify that we have read this thesis " On Geometric Function

Theory wusing Differential

Subordinations and Quasi-

Subordinations "and as an examining committee, we examined the
study in its content with, and that in our opinion it meets the standards of
a thesis for the degree of Master of Science in Mathematics.

Signature:
Assist. Prof. Dr.
The Title:

Date: [/ /2024.

(Chairman)

Signature:
Assist. Prof. Dr.
The Title:

Date: [/ /2024.
(Member)

Signature:
Assist. Prof. Dr.
The Title:

Date: [/ /2024.

(Member)

Signature:

Prof. Dr. Waggas Galib Atshan
The Title: College of Science /
University of Al-Qadisiyah.
Date: [/ /2024,

(Member and supervisor)

Approved by the university committee on graduate

Signature:

Prof. Dr. Mohammed Abdalwahab AL-Askeri

Dean of College of Science -University of Al-Qadisiyah.

Date: / 12024.

The Council of the college of Science met ..... in its session [/ /
/ 2024 and decided to grant it a master’s degree in Mathematics

sciences / complex analysis.



List of Publications

1) Results on New Subclasses for Bi-Univalent Functions Using Quasi-
Subordination, Journal of Al-Qadisiyah for Computer Science and
Mathematics, 16(2) (2024), PP. Math 70-77.

2) Coefficient Bounds and Fekete-Szeg6 problem of Subclasses of Bi-
Univalent  Functions, AIP  Conference proceedings (Scopus:
CiteScore2023: 0.5) (2" The National University of Science and
Technology, International Conference for Engineering Sciences
(NUSTPAS-2024), (2024), (Accepted for publication).

3) New Results on Differential Subordinations and Superordinations for
Analytic Univalent Functions Defined by a Differential Operator,
Nonlinear  Functional  Analysis and  Applications, (Scopus:
CiteScore2023: 1.9) (2024), (Submitted for publication).

4) On Differential Sandwich Results for Analytic Meromorphic
Multivalent Functions Defined by a Linear Operator, Communications on
Applied Nonlinear Analysis, (Scopus: CiteScore2023: 0.3) (2024)
(Submitted for publication).



List of Symbols

Symbol  Description

C Complex plane

U Open unit disk {z:z € C: |z| < 1}.

u* Open punctured unit disk {z € C: 0 < |z| < 1}

U UUdU ={z:z€ C:|z| < 1}.

au The boundary of unit disk U, {z € C: |z| = 1}

N Set of natural numbers.

N, NU{0}.

R Set of all real numbers.

Re The real part of a complex number.
f*xg Hadamard product (or convolution) of functions f and g.
C(B) The class of all convex functions of order 8 in U.
S*(B) The class of all starlike functions of order g in U.

H = H(U) | Class of analytic functions in U.

Class of analytic functions in U of the form:
f(z) =a+a,z"+ a,4q12

w(z) Schwarz function.

f<g f is subordinate to g.

Class of all normalized analytic functions in U of the form f(z) = z +

H[a”n] n+1 + -

A

Yin=2nZ"
S Class of all normalized univalent functions in U
z Class of bi-univalent functions in U.
P The family of all functions h which analytic in U and Re(h(z)) > 0.
M Class of Meromorphic p-valent functions in U* of the form: f(z) =
P z7 P+ Y panz”.
3¢ Majorization
f<q9 f quasi-subordinate to g
Y5(6,7; a)
DZ (6, T, ﬁ)

New classes of bi-univalent functions in U.
Ms.(B,p,4)

qu (Tr ,Ll, 77» ¢)







The purpose of this thesis is discussing geometric function theory using
differential subordinations and quasi-subordinations. It is study of new
results of differential subordinations and superordinations for analytic
univalent functions defined by a differential operator. We obtain some
sandwich theorems for a subclass of univalent functions defined by the
differential operator ;% f(z). Also, differential sandwich results for
meromorphic multivalent functions defined by a linear operator are
studied. We introduced sandwich results for meromorphic p-valent
functions using differential subordination and superordination results

defined by the linear operator wg',l/?,l;a,nf(z)' Our thesis discussed

coefficient bounds and Fekete-Szeg6 problem of subclasses of bi-
univalent functions and this study focuses on two kinds of bi-univalent
functions ¥s(8,7;a) and Dy(6,7;8). We obtain estimates for the

Taylor-Maclaurin coefficients |a,| and |as| for functions in these
subclasses, in addition, we provide a solution to the Fekete-Szegd
problem for functions in these specific classes. Also, our thesis dealt with
results on new subclasses for bi-univalent functions using quasi-
subordination and the present study introduced two specific subclasses
My.(8,p,2) and Wy'(z, 1,1, ¢) of bi-univalent functions that are defined

by quasi-subordination, we obtain estimates for the Taylor-Maclaurin
coefficients |a,| and |as| for functions within these subclasses. We
derived coefficients bounds of subclass of bi-univalent functions
associated with Horadam polynomials. Here, we used the Horadam
polynomials to introduce a new class of analytic and bi-univalent
functions defined in the open unit disk U and establish upper bounds for
the second and third coefficients of functions belonging to this new
subclass.
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Introduction

Geometric Function Theory is a fairly old branch of mathematics,
specifically complex analysis catch the attention of several
mathematicians and researchers for its geometrical aspects and abundant
avenues for research work. The study of univalent and multivalent
functions is one of the major branches of Geometric Function Theory and
aids in developing complex analysis. One of the essential dilemmas in the
study of univalent functions is whether there exists an univalent mapping
from a simply connected domain onto a given simply connected domain.
However, in view of Riemann Mapping Theorem [31] above simply

connected domain such as, starlike, convex and close-to-convex etc.

Let A refers to the class of all analytic functions on the open unit disk
U={z€C:|z| <1} normalized by the conditions f(0)=0 and
f'(0) = 1, also let S stand for subclass of A consisting of univalent
functions. In 1916, Bieberbach [31] studied the second coefficient a, of a
function f € S. He demonstrated that |a,| < 2, with equality if and only
if f is rotation of the Koebe function and he also stated " |a,| < n is
generally valid . This statement is known as the Bieberbach conjecture.
This conjecture was a challenge to several mathematicians for many
years; it motivated them to develop a variety of new methods in the
complex analysis. In 1923, Léwner [46] proved Bieberbach conjecture
for n = 3, many investigation have been made regards the Bieberbach
conjecture for specific values of n. Eventually, the conjecture was
established by de Branges [23] in the Summer of 1985 subordination
between analytic functions initiated by Littlewood [44,45], where
Rogosinski [59,60] introduced the term and established the basic results
involving subordination. Lately, investigations to a variety of interesting

properties of the generalized hypergeometric function were made by



Srivastava and Owa [69] via applying the concept of subordination.
Research scholars and mathematicians, internationally recognized, like,
Ruscheweyh, Srivastava, Miller, Mocanu, Duren, Silverman, Owa,
Jahangiri et al., have opened new avenues in the field of Complex

Analysis, specifically in geometric function theory.

The current work unveils differential subordination and
superordination, differential sandwich theorems, new subclasses of bi-
univalent functions defined by subordination and quasi-subordination to

obtain coefficients estimates, Fekete-Szegd problem.

The first chapter introduces a list of all relevant definitions of analytic,
univalent, multivalent (p-valent) and bi-univalent functions, other
definitions, some examples, applications of conformal mapping and basic

results which are needed during chapters for research.

Chapter two is devoted for the study of new results on sandwich
theorems using differential subordination and superordination for
subclasses of analytic univalent and meromorphic multivalent functions.
This chapter is divided into two sections. The first section deals with new
results of differential subordinations and superordinations for analytic
univalent functions defined by a differential operator. We obtain some
sandwich theorems for a subclass of univalent functions defined by the
differential operator N,',f(z). Section two is concerned with the
differential sandwich results for meromorphic multivalent functions
defined by a linear operator. We introduced sandwich results for

meromorphic p-valent functions using differential subordination and

superordination results defined by the linear operator mt’;:'[‘;g'n f(2).

Chapter three deals with new results and applications on coefficients

estimates for subclasses of bi-univalent functions. This chapter is divided
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into three sections. The first section discussed coefficient bounds and
Fekete-Szeg0 problem of subclasses of bi-univalent functions. This study
focuses on two kinds of bi-univalent functions ¥y (6,7;a) and
Ds(6,7; ). We obtain estimates for the Taylor-Maclaurin coefficients
la,| and |as| for functions in these subclasses. In addition, we provide a
solution to the Fekete-Szegd problem for functions in these specific
classes. Section two deals with results on new subclasses for bi-univalent
functions using quasi-subordination. The present study introduces two
specific subclasses My(B,p,4) and Wg'(z,u,m,¢) of bi-univalent

functions that are defined by quasi-subordination. We obtain estimates for
the Taylor-Maclaurin coefficients |a,| and |as| for functions within these
subclasses. Section three deals with coefficients bounds of subclass of bi-
univalent functions associated with Horadam polynomials. Here, we use
the Horadam polynomials to introduce a new class of analytic and bi-
univalent functions defined in the open unit disk U and establish upper
bounds for the second and third coefficients of functions belonging to this

new subclass.
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Chapter One Basic Definitions and Fundamental Results

Chapter One

Basic Definitions and Fundamental Results

Introduction

This chapter includes two sections, the first section, deals with general
notations that we need later, some fundamental definitions of analytic
functions, univalent, bi-univalent and meromorphic functions which are
needed in subsequent chapters for research. In section two, basic lemmas
and theorems, have been mentioned. The detailed proof and complete
discussions may be found in standard texts such as Goodman [34] Miller
and Mocanu [51,52,53], Duren [31] and other references.

1.1 Basic Definitions

In this section, states some fundamental definitions that are stated in
classical studies of complex analysis. Also, some principle notions are
introduced in univalent function theory. This section starts by recalling
the following definitions.

Definition (1.1.1) [31]: Suppose that U = {z: z € C: |z| < 1} denotes
the open unit disk in the complex plane C. A function f of a complex
variable is said to be analytic at a point z, if its derivatives exist not only
at z, but at each point z in some neighborhoods of z,. It is analytic in the
unit disk U if it is analytic at every point in U. We say that f is entire
function if it is analytic at every point in the complex plane C.

Definition (1.1.2) [31]: Let w = f(z) be a mapping defined in a
domain D < C and let z, € D. This mapping is said to be conformal at z,
If it is one-to-one in a neighborhood of the point z, and for every pair of
smooth paths y; and y, in D intersecting at z, the angle between y, and
Y, at z, is equal to the angle between the image paths f(y;) and f(y,) at
f(z,) in magnitude and sense. A function w = f(z) is said to be
conformal in the domain D < C if it is conformal at each point of the
domain.



Chapter One Basic Definitions and Fundamental Results

Definition (1.1.3) [31]: A function f analytic in domain U is said to be
univalent there, if it does not take the same value twice, that is f(z;) #
f(z,) for all pairs ot distinct points z; and z, in U. In other words, f is
one - to -one (or injective) mapping of U onto another domain.

As examples, the function f(z) = zis univalent in U while f(z) = z? is
not univalent in U.

A univalent function map U conformally onto a domain in the w-plane
and known as conformal mapping. But the converse is not always true,
for example for the function f(z) = e?™%, f'(z) # 0in |z| < 1.

Example (1.1.1) [34]: The function f(z) =z + 326 IS univalent
function in unit disk U (see Figure. (1.1.1)).

Figure (1.1.1)

Example (1.1.2) [34]: The function f(z) = z?2 +§z6 is non-univalent
function in unit disk U (see Figure. (1.1.2)).

Figure (1.1.2)
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Chapter One Basic Definitions and Fundamental Results

We also deal with the functions which are meromorphic multivalent in
the punctured unit disk U* ={z € C:0 < |z| < 1}. f(z) is said to be
meromorphic if it is analytic at every point in U except finite elements in
U.

Definition (1.1.4) [31]: A function f is said to be locally univalent at a
point z, € Cif it is univalent in some neighborhood of z,.

For analytic function f, the condition f'(z,) # 0 is equivalent to local
univalence at z,. f is locally univalent throughout a region D if f is
locally univalent at every z € D. In other words, the locally univalent
function is also namely as conformal mapping because of its angle and
Sense preserving property.

Note that f(z) = z? is not locally univalent at z = 0 since f(z) = f(—z2)
for all z. However, f is locally univalent at all points z # 0.

Definition (1.1.5) [34]: The functions f of the form:

f(z)=z+ ) a,z", neN (1.1)

are said to be in the subclass S of class A if it is analytic and univalent in
the open unit disk U, where A is a class of all analytic functions of the
form (1.1).

Definition (1.1.6) [31]: Let M,, denote the class of functions f of the

form:

NgE

1
f(z) = pr + a,z", (zeU"), (1.2)

n=1-p

which are meromorphic multivalent in the punctured unit disk U* = {z €
C:0 < |z| < 1}
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Definition (1.1.7) [34]: We say that f € A is normalized if f satisfies
the conditions f(0) = 0 and f'(0) = 1.

Geometrically, the normalization f(0) = 0 amounts to only a translation
of the image domain and f'(0) =1 corresponds to rotation and
stretching or shrinking of the image domain.

Definition (1.1.8) [31]: If functions f and g belonging to the class A,
given by

f(z) = z+Zajzj, g(z) =z +zbjzj
j=2 j=2

then the Hadamard product or (convolution) of functions f and g denoted
by f = g is defined by

(f )@ =72+ ) bzl = (g )2, (z€V,j N,
j=2

Definition (1.1.9) [34]: Aset E < C is said to be starlike with respect
to w, € E if the linear segment joining w, to every other point w € E
lies entirely in E. In a more picturesque language, the requirement is that
every point of E be visible from w, . The set E is said to be convex if it is
starlike with respect to each of its points, that is, if the linear segment
joining any two points of E lies entirely in E.

Definition (1.1.10) [31]: A function f € A is said to be starlike
function of order g if

Re (Zf,(z)> >B,(z eU;0<pB<1). (1.3)
f(@) ’ T

Denotes the class of all starlike functions of order g in U by S*(B) and S*

the class of all starlike functions of order 0, S*(0) = S*. Geometrically,

we can say that a starlike function is conformal mapping of the unit disk

onto a starlike domain with respect to the origin. For example, the

function
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f2) =

VA
(1 — 2)20-P),

Is starlike function of order £3.

Definition (1.1.11) [31]: A function f € A is said to be convex
function of order g if

Zf”(Z)
f'(2)
Denotes the class of all convex functions of order g in U by C(f) and C

for the convex functions of order 0 by C (0) = C.

Re <1+ >>B,(0Sﬂ<1,zeU). (1.4)

We note that C(B) < S*(B).

Definition (1.1.12) [34]: A Mdbius transformation, or called a bilinear
az+b
cz+d'’

transformation, is a rational function f: C — C of the form: f(z) =

where a, b, c,d € C are fixed and ad — bc # 0. This transformation can
be considered as a combination of the transformations of translation,
rotation, stretching and inversion.

Example (1.1.3) [34]: Perhaps the most important member of S is the
Koebe function which is given by

_ Z
K(Z) —-EE—ZTESE.

We can compute the Maclaurin series for k by differential the series for
1
(1-2)?

and then multiplying by z.

(00]

anz =z4+2z>+323+ -,

n=1

—_— Z —
K@) =G5~

and maps the unit disk to the complement of the ray (—oo, —ﬂ. This can

be verified by writing

K()_1(1+Z)2 1
=3\1=7) " w

8



Chapter One Basic Definitions and Fundamental Results

Note that for this function a,, = n for all n. We will show that the image
of U under k is a slit domain that is a domain consisting of the entire
complex plane except that a slit is cut out of it. To determine k(U),
consider the next sequence of functions:

1+2z
1—2z2’ uy(2) = —ul(z) us(2) = uy(2) — =

uy(z) =

where noting thatg maps the unit disk conformally onto the right half-

plane {Re{z} > 0} (see Figure. (1.1.3)).

Figure (1.1.3): The Koebe function maps U conformally onto
1

e\ (—e0 =3

2
1/1+z 1 z
o o = —-\|\— —_— -
NOwW u3 o u, o u,(2) 4(1_2) piairemer?

Note that u, is the Mdbius transformation that functions maps U onto the

right half-plane whose boundary is the imaging axis. Also, u, is the
squaring function, while u5 translates the image one space to the left and

then multiplies it by a factor of i.

Example (1.1.4) [34]: The special function L,(z) = g IS a convex
function because it maps U onto a half-plane. The Koebe function,

Z
k(Z) = m =z+ 2Z2 + 3Z3 +--nz + Yy
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Is a starlike function. In fact the domain k(U) is starlike with respect to

1
each w, > — "

Definition (1.1.13) [31]: Let f: R — C be a function. We call f a
Schwarz function, if for all ¢ € R, n € NU{0}, then |[f™(x)|=
0(]z|¢), where "capital " O " is defined as follows:

let {a,,} and {b,} be any two sequences and b,, = 0 for all n. If there
exists a fixed number n > 0 such that a,, < nb,, (for all n), then we write
a, = 0(by).

Definition (1.1.14) [51]: If f and g are two analytic functions in U, we
say that f is subordinate to g or g is said to be superordinate to f, written
symbolically as follows :

f<g or f(z)< g2, (z € U),

if there exists a Schwarz function w(z), with w(0) =0 and |w(2)| <
1(z € U),suchthat f(z) = gw(2)),(z € U).

If the function g is univalent in U, we have the following equivalence

f(2) < g2 < f(0) = g(0)and f(U) < g(U).

°g(0) = f(0)

fU)

f
Figure (1.1.4): Subordination

Definition(1.1.15) [51]: Let ¢:C3 x U — C and h(z) be univalent in
U. If p(z) is analytic in U and satisfies the second-order differential
subordination:

B(p(2),zp'(2),2%p" (2); 2) < h(2), (1.5)
then p(z) is called a solution of the differential subordination (1.5), and
the univalent function q(z) is called a dominant of the solutions of the
differential subordination (1.5) or more simply dominant if p(z) < q(2)

10
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for all p(z) satisfying (1.5). A univalent dominant G(z) that satisfies
d(z) < q(z) for all dominant q(z) of (1.5) is said to be the best dominant
IS unique up to a relation of U.

Definition(1.1.16) [51]: Let p,h € A and O(r,s,t;2):C3 x U - C . If
p and @(p(2),zp'(2),z*p" (2); z) are univalent functions in U and if p
satisfies the second-order differential superordination:

h(z) < 8(p(2),zp'(2),z°p" (2); 2), (1.6)

then p is called a solution of the differential superordination (1.6). An
analytic function q(z) which is called a subordinant of the solutions of
the differential superordination (1.6), or more simply a subordinant if
q < p for all the functions p satisfying (1.6). A univalent subordinant §
that satisfies g < ¢ for all the subordinants g of (1.6) is said to be the best
subordinant.

Definition (1.1.17) [51]: Denote by Q the set of all functions f that are
analytic and injective on U \ E(f), where U = UU{z € aU} ={z €
C:|z| < 1}, and

E(f) = {( € 0U:lim £(2) = oo} (1.7)

and are such that f'({) # 0 for { € AU\E(f). Further, let the subclass of
Q for which f(0) = a be denoted by Q(a), Q(0) = Q,and Q(1) =
Q: =1{f €Q:f(0) =1}

Definition (1.1.18) [52]: An analytic function f is quasi- subordination
to analytic function G in the open unit disk U is written

f(2) <q G(2),

if there exist analytic functions ¢ and w, with |¢(2)| < 1,w(0) = 0 and
lw (z) | < 1lsuchthat f(z) = ¢(2)G(w(2)), forall z € U.

Note that, when ¢(z) = 1, then f(z) = G(w(z)) so that f(z) < G(z) in
U.

11



Chapter One Basic Definitions and Fundamental Results

Furthermore if w(z) =z, then f(2) = ¢(2)G(z) and this case f is
majorized by G, written f(z) « G(z) in U. Therefore, it is obvious that
quasi - subordination is a generalization of subordination as well as of
majorization.

Definition (1.1.19) [31]: An analytic function f is said to be bi-
univalent in a domain U, if f and its inverse £~ are both univalent in U.
The class of all bi-univalent analytic functions f in U is denoted by X.
As examples, the functions f(z) = i,f(z) = log ﬁ,f(z) = log /E
are bi-univalent in U while the familiar Koebe function is not bi-univalent
in U. Other common examples of functions in U such as

2Z— V4

> and f(z) = —

f(z) =
1.2 Fundamental Results

The following lemmas and theorems are essential and has been used of
the our principal results in the next chapters

Lemma (1.2.1) [27]: Let g be a convex univalent function in U and let
a € C, B € C\{0} with g(0) = 1 and suppose that

zq''(2)
q'(z)

Re {1 + } > max {O, —Re(%)}.

If p is analytic in U and

ap(z) + Bzp'(z) < aq(z) + Bzq'(2), (1.8)
then p < g and q is the best dominant of (1.8).

Lemma (1.2.2) [51]: Let g be univalent in the unit disk U and let 8 and
¢ be analytic in a domain D containing q(U) with ¢(w) # 0,when

w € q(U). Set Q(2) = zq'(2)¢(q(2)) and h(z) = 6(q(2)) + Q(2).
Suppose that

I. Q(z) is starlike univalent in U,

zh!(2)
Q(2)

If p is analytic in U, with p(0) = q(0), p(U) < D and

i Re{ }>0forzeU.

12



Chapter One Basic Definitions and Fundamental Results
0(p(2) + zp' (2 p(p(2)) < 6(q(2)) + 2¢' (@D P(q(2)), (1.9)
then p < g and q is the best dominant of (1.9).

Lemma (1.2.3) [53]: Let g be a convex univalent in U and q(0) = 1.
Let B € C, that Re(B) > 0. If p € H[q(0),1] n Q and p(2) + Bzp'(z) is
univalent in U, then

q(2) + Bzq'(z) < p(2) + Bzp'(2), (1.10)
which implies that g < p and q is the best subordinant of (1.10).

Lemma (1.2.4) [27]: Let g be a convex univalent function in the unit
disk U and let & and ¢ be analytic in a domain D containing q(U).
Suppose that

) 6’(q(z))}
I. Re {—¢(q(z)) >0forz e U,

ii. Q(z) = zq' (z)p(q(2)) is starlike univalent in U.

If peH[q(0),1]nQwith p(U)cD, 6(p(2))+2p'(Dp(p(2) is
univalent in U and

0(q(2) +2q9'@DP(q(2)) < 6(p(2) + zp' @D P(p(2)),  (1.11)
then g < p and q is the best subordinant of (1.11).

Lemma (1.2.5) [31]: If P be the class of analytic functions p
normalized by p(z) = 1 + X7, c,z¥ and Re(p(2)) > 0, (z € U), then
|Ck| < Z;k = 1.

Lemma (1.2.6) [41]: Let w be analytic function in U, with w(0) =
0,lw(2)| <1and w(z) = wyz + wpz? + w3z3 + ---. Then

wy — pw?| < max{1,|ul}, pecC
The result is sharp for the functions given by w(z) = z or w(z) = z2.
Lemma (1.2.7) [31]: (Schwarz Lemma)

Let f be analytic in U with f(0) = 0,and |f(z)| < 1in U. Then [f'(0)]
< 1land|f(z)] <|z| in U. Strict inequality holds in both estimates unless
£ is a rotation of the disk f(z) = ez, (0 < 0 < 2m) .

13



Chapter One Basic Definitions and Fundamental Results
Theorem (1.2.8) [31]: (Alexander's Theorem)

Let f be an analytic function in U with f(0) = f'(0) — 1= 0. Then
fecifandonlyif zf' € S*.

Theorem (1.2.9) [31]: (Bieberbach Conjecture)

The coefficients of each f € A satisfy |a,| <n for n =2,3,---. The
strict inequality holds for all n unless f is the Koebe function or one of its
rotation.

Theorem (1.2.10)[31]: (Maximum Modulus Theorem)

Suppose that a function f is continuous on boundary of U (U any disk or
region). Then, the maximum value of |f(z)|, which is always reached ,
occurs somewhere on the boundary of U and never in the interior.

Theorem(1.2.11)[45]: (Littlewood’s Theorem)

For the constant e, the coefficients of each function f € A satisfy
la,| < enfor n=2,3,...

14
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Chapter Two

New Results on Sandwich Theorems using
Differential Subordination and
superordination for Subclasses of Analytic
Univalent and Meromorphic Multivalent
Functions

Introduction:

In [51] Miller and Mocanu extended the study of differential inequalities
of real-valued functions to complex-valued functions defined in the open
unit disk U. The developed a new method in geometric function theory
known as the method of differential subordination or the method of
admissible functions. This method is very effective to obtain new results.
Following Miller and Mocanu [52,53], Bulboaca [25] and others [11,55,57]
studied different classes of analytic functions, by means of differential
subordination and superordination. In this chapter, the focus primarily on the
applications of differential subordination and superordination to univalent

and meromorphic multivalent functions with sandwich theorems.

This chapter consists of two sections. The first section is concerned with
the new results of differential subordinations and superordinations for
analytic univalent functions defined by a differential operator. Here, we
derived sandwich theorems for analytic univalent functions using differential

subordination and superordination results defined by the differential operator
Nar,l}{f(z)-

15



Chapter Two New Results on Sandwich Theorems using Differential ...

Section two deals with the differential sandwich results for analytic
meromorphic multivalent functions defined by a linear operator. We
introduced sandwich results for meromorphic multivalent functions using

differential subordination and superordination theorems defined by linear

K,
operator M} B.lzl?.n f(2).

2.1 New Results On Differential Subordinations and
Superordinations for Analytic Univalent Functions Defined
by a Differential Operator

Let H = H(U) be the class of analytic functions in the open unit disk
U={z€C:|z|<1}. Forn €N and a € C. Let H[a,n] be the subclass of
H of the form:

f(z) =a+ayz"+ ay 12"+ (a € Q).
Let A denote the subclass of H of functions f of the form:
f(z)=z+ Z a,z", (z e U), (2.1)

n=2

which are analytic in the open unit disk U = {z € C: |z| < 1}. We define the

Hadamared product (or convolution) of

f(2) :z+Zakzk and g(z) =Z+Zakzk

as (fr@) =7+ ) achs* =g+ )@, e
k=2

16



Chapter Two New Results on Sandwich Theorems using Differential ...

Let f and g are analytic functions in H, f is said to be subordinate to g, or g
Is said to be superordinate to f in U and write f < g, if there exists a
Schwarz function K in U, such that K(0) =0, and |[K(2)| <1, (z € U),
where f(z) = g(K(z)). In such a case we write f < g or f(z) < g(2)
(z € U). If g is univalent in U, then f < g if and only if f(0) = g(0) and
f) < g(U). ([52,53)).

Several authors [1,2,16,52,65] obtained sufficient conditions on the

functions h, p and @ for which the following implication holds:

h(z) < 8(p(2),zp'(2), z°p" (2); 2),

then

q(z) < p(2). (2.2)

Using the results (see [3,4,6,12,13, 26,53]) to obtain sufficient conditions for
normalized analytic functions to satisfy:

!

q1(2) < fo(—EZ)) < qz(2),

where g, and g, are given univalent functions in U and q,(0) = q,(0) = 1.
Also, several authors (see[1,3,12,13,15,17]) derived some differential

subordination and superordination results with some sandwich theorems.

For f €A ,aeNy 1> 0,n € Ny, (Ny =NuU{0}). Darus and Al-Shagsi
proposed the differential operator in [48], Ry ;: A — A defined by

R f(2) = 2+ 2[1 4 Ak — DI"C(a, K)ay 2% (z € U, f € A), (2.3)
k=2

17



Chapter Two New Results on Sandwich Theorems using Difterential ...

where
Cla k)= ("), (zew). (2.4)

By generalizing Séldgean operator, Al-Oboudi [5] introduced the following

operator . D}}: A — A defined by
Df(z) =z + Z[l + Ak — D]"a, z*. (2.5)
k=2

The differential operators Ry, and D;' were used to generate another
convoluted differential operators in [47]. Both of them have a convoluted

form as follows :
Neaf(@): A — A, (2.6)
where

Naaf (2) = Ry 3f (2) * D f (2)

= (z + Z[l + Ak — D]"C(a, k)ay Zk) * <Z + Z[l + A(k — D]"ay Zk>

k=2 k=2

— 7+ 2[1 + Ak — D]*C(a, k)aZ 2% (2.7)
k=2

It is easily seen from (2.7) that

2(NZ2f @) = @+ DNRf (D) — aNsf D). (28)

The main object of the present investigation is to find sufficient conditions

for certan normalized analytic function f to satisfy:

18



Chapter Two New Results on Sandwich Theorems using Difterential ...

N Y
0:(2) < [L() < 42(2).

and

n Y
CI1(Z) < lNa+1,/1f(Z)

Nar'l/lf(z) < q> (Z);

where g, and g, are given univalent functions in U with g,(0) = g,(0) =1
andy > 0.

In this idea, we derive some sandwich theorems, involving the operator

Nar,lxlf(z)-

Theorem (2.2.1). Let q(z) be convex univalent function in U with

q(0) = 1,0 # § € C,y > 0 and suppose that g satisfies:

Re {1 + p Ié))} max {O, —Re (g)} (2.9)

If f € A satisfies the subordination condition :-

[Nnaf(z)] +8(a+ 1) [Nnaf(z)] (No:lu,/lf(z) — 1)

Nozl)f(z)
5
<q(2) + ;zq’(z), (2.10)
then
n Y
[N“Tf(z)] < q(2), (2.11)

and q(z) is the best dominant of (2.10).

19
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Proof. Define the function p by

(2.12)

*AQQAf(Z) v
— |

p(z) = l
then the function p(z) is analytic in U and p(0) =1, therefore,
differentiating (2.12) with respect to z and using the identity (2.8) in the

resulting equation, we obtain

Zp,(Z) B Z(]V‘ar’l/lf(Z)),
p@) | NA@

-1 |. (2.13)

Hence

') N f@ >]
o) _y[(aﬂ)(%’hf(z) Yl

Therefore,

Zp’(Z) _ Nar,llf(z)]y[ (Nan+1,zf(z) _ >]
P [ . (a+1) —Narf;lf(z) 1]].

The subordination (2.10) from the hypothesis becomes
6 ! 5 !/
p(z) + 7P (z) < q(2) + %4 (2).

By Lemma (1.2.1) with 1 = g and a = 1, we obtain (2.11).

1+Az
1+Bz

Putting q(z) = (

the following corollary:

),(—1 <B<A<1)in Theorem (2.1.1), we obtain

20
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Corollary (2.1.1). Let0 # 6 € C,y > 0 and

Re{r=2) > max{0, ~re ()}

If f € A satisfies the subordination condition :

N 14 NI Yoy -
[ a,,lf(z)] +8(a + 1)[ a,af(z)] ( aﬂﬁf(z)_l) < x4z 8 (A-B)z

z z N f (@) 1+Bz vy (1+Bz)?
then
N (1 + AZ)
—_— <
Z 1+ Bz
1+Az\ . .
and q(z) = (1+BZ) is the best dominant.

LetA =1and B = —1, incorollary (2.1.1), we obtain following result.

Corollary (2.1.2).If0 # § € C,y > 0 and

Re {1 + 12_22} > max {O, —Re (g)}

If f € A satisfies the subordination

0
@) NS @DV [Ny af @) 1-2z"+297
[ 2 ] +““+“[ ] (M&ﬂ@'_0< =27
then
NHfF@DT 1+z
[ z ] = (1 — Z)'

1+

and q(z) = (Tj) is the best dominant.

21
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Theorem (2.1.2). Assume that the function g(z) be convex univalent
function in U with q(0) = 1, q¢'(z) # 0 (z € U).

If g satisfy the condition :

a 2b 2 q'(2) q" (@)
Re{1+gq(z)+?(q(z)) —Z +Zq,(z)}> 0, (2.14)

where a,b € C,6§ e C\ {0} and z € U. Suppose that z‘;(—()) Is starlike

univalent in U and f € A satisfies

q'(2)
q(z)’

Yy(m,a,b,y,a,A,n6;z) <m+aq(z) + b(q(z))2 + 6z (2.15)

where,

_ J\fa+1lf(z)] ( I:Nc?+1lf(z):| )
Yy(m,a,b,y,a,A,nd;z) = m+[—af() +b N

Na+2,af(z) Ny a+1, 1f ()
oy [(0{ +1) (No?ﬂ,af(z) N F@) )], (2.16)

then

n Y
[—N““'J (2) < q(2) (2.17)

N, ar,l)tf (2)

and q(z) is the best dominant of (2.15).

Proof. Define the function p(z) by

[Na+1/1f(z)]

@) (2.18)

then the function p(z) is analytic in U and p(0) = 1. Differenitating (2.18)
with respect to z and using the identity (2.8), we get,

22
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Zp’(Z) [(CZ + 1) (Nan+2,/1f(z) Nan+1,/’1f(z)>].

p@ |

N S@D NERF(@)

By setting 8(w) = m + aw + bw? and ¢p(w) = %, w %= 0.

It is simple to see that 8(w) is analytic in C ,and ¢(w) are analytic in

C \ {0} and that p(w) # 0, w € C \ {0} Also, we get

q'(z)
q(z)

Q(2) =2q' (D p(q(2)) = 6z

and

h(z) = 0(q(2)) + Q(2) = m + aq(2) + b(q(2))* + &z

It is clear that Q(z) is starlike univalent in U,

zh'(z)
Re{ 0@

q'(z)

(
q(z)
Through simple calculation, we find that
Yy(m,a,b,y,a,A,nd;z) =

p'(2)

2b
} = Re {1 +%q(z) +?(q(z))2 —z——+

, q"(z)
q'(z)

pII(Z)

2b
m+5p() + 5 (p@) -2

where Y(m, a,b,y, a, A, n, §; z) is given by (2.16).
From (2.15) and (2.19), we have

p'(2)
p(2)

m+ ap(z) + b(p(2))? + 6z <

23

p(z) T

p'(z)’

q'(z
q(z)

)

>0

(2.19)
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) q'(z)
m+ aq(z) + b(q(2))” + 6z : (2.20)
q(z)
Therefore, by Lemma (1.2.2), we get p(z) < q(2).
Corollary (2.1.3). Let —1 < B < A < 1 and
a/l+Az\ 2b/1+Az\* 2Bz (A+ B)z
Rofo (Lt 20 1e eyt 2pe 0
6\1+ Bz 6 \1+ Bz 1+Bz (1+4+Bz)(1+ Az)

wherem,a,b € C,6 € C\ {0}and z € U, if f € A satisfies

Yy(m,a, b,y an;z)

1+ Az 1+ Az\* (A—B)z
+ ( )+

< 6 /]
m+a1+Bz 1+ Bz Z(1+Az)(1+Bz)

where is given Y(m, a, b,y, a, A, n, §; z) by (2.16), then

NRf@D] - (1 + AZ)
Ny f (2) 1+ Bz
and q(2) = (ig) is the best dominant.

Theorem (2.1.3). Assume that the function q(z) is convex univalent

function in U with g(0) = 1, A > 0 and Re{6} > 0. Let f € A satisfies
NYF(D]
llz—f()] € H[q(0),1]1n Q

and

n 14 n Y n
[Na,/lzf(z)] + 5(0( + 1) [Na,lf(z)] (Na+1,lf(z) . 1)

N, a?lf (2)

be univalent in U. If
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() + gzq%z) <

N f @D Nf @D (Naf (@)
[—z ] +6(a+1)! ] ( Nar,l/lf(z) —1>, (2.21)
then
Nan/lf(z) 4
q(z) < lT] (2.22)
and q(z) is the best subordinant of (2.21).
Proof. Define the function p(z) by
n 14
p(z) = [N“Tf(z)] : (2.23)
Differentiating (2.23) with respect to z, we get
zp'(z) Z(Na@tf(z)),
P& Vl Vi@ (224

After some computations and using (2.8), from (2.24), we obtain

[N;;f@r (Na"ﬂaf(z) ) 1)
N, ar,laf (2)

n Y
[N—a”lzf(Z)] +y(a+1)

)
=p(2) +—zp'(2).
Y
We will use Lemma (1.2.3), to prove our result. Therefore, we get p < g
and g is the best subordinat.

The proof is complete.
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Putting q(z) = ( ) in Theorem (2.1.3), we obtain the following corollary:

Corollary (2.1.4). Let A > 0 and Re{8} > 0. If f € A satisfies

Na"+uf(2)r
_— H[g(0),1] n
and

Af(Z) Af(Z) a+1, Af(Z)
P2 4 o+ 0 R (S 1)
be univalent in U. If

1-2+22\ [N f@] Af<z> @

— <= +ya+ e Vo, -1},
(1—2) Z a,Af(Z)

then

(1 + Z) - NLF@V
1-2z z ’
and q(z) = ( ) is the best subordinant.

Theorem (2.1.4). Assume that the function q(z) be a convex univalent
function in U with q(0) = 1,q9'(2) # 0 and %EZ)) is starlike univalent in . If

q(z) satisfy the next condition:

Re {@ (2bq(2) + a)q’ (z)} (2.25)

wherea,b € C,6 e C\ {0}and z € U.

Let f € A satisfies

26



Chapter Two New Results on Sandwich Theorems using Difterential ...

[N an+ 1,/'lf (Z )

Y
NG ] e H[q(0),11nQ,

and y(m,a,b,y,a,A,n,8;z) is univalent in U, where is given
Yy(m,a,b,y,a A n,o;z) by (2.16). If

q'(2)
q(2)

m+ aq(z) + b(q(2))? + 6z <y(mab,y,a,in,é;z), (2.26)

then

a(2) < [NZH,Af(Z) ’

Naaf (@)

and q(z) is the best subordinant of (2.26).

(2.27)

Proof. Define the function p(z) by

14

q(2) = [M . (2.28)

Noaf (2)

Differentiating (2.28) with respect to z, we get,

zp'(z)
p(2)

_ Nan+2,/‘lf(z) _ Nan+1,af(z)>]
-7 [(“ - (Nanﬂ,af(z) NEf@ )|
By setting 8(w) = m + aw + bw? and ¢p(w) = %, w # 0,

we see that 8(w) is analytic in C ,and ¢(w) are analytic in C \ {0} and that
¢(w) #=0,w € C\ {0}. Also, as well, if we get,

q'(z)
q(z)’

It is clear that Q(z) is starlike univalent in U. We get,

Q(2) =2zq'(D)Pp(q(2)) =6z

27
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0 (CI(Z))} {OI( z)
Re = Re 2bq(z) + a Z } > 0.
{¢<z) (2bq(2) +2)q'(2)
Through simple calculation, we find
) p'(2)
Yy(m,a,b,y,a,A,n,8;z) =m+ap(z) + b(p(z))* + 6z ") ,(2.29)
where Y(m, a,b,y, a, A,n, §; z) is given by (2.16).
From (2.26) and (2.29), we have
m+ aq(z) + b(q(2)? + 622 (( )) <m+ap(z) + b(p(2))?* + 5zp((z))

Therefore, by Lemma (1.2.4), we get q(z) < p(2).

Theorem (2.1.5). Assume that the function g,(z) and g,(z) be convex
univalent function in U with g¢;(0) = ¢,(0) =1,y > 0 and Re{6} > 0,6 €

C \ {0} and satisfies (2.9). Let f € A satisfies
n Y
[—N""{ (Z)] € H[1,1] N Q

and

[Nar,laf(z)]y 5t 1)[ a)lf(z)] ( ar1.1f (2) 1>
z A Ny f (2)

is univalentin U. If

1) / a)lf() a/lf(Z) +1,1f(Z)
ql(z) + ]/qu ( ) < [ ] + ( + 1)[ ] ( Nn/lf(z) 1) <

q,(z) + gzqz’(z). Then
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Nof/lf(z) 4
Z

q1(2) < < q(2),

and g, and g, are respectively the best subordinant and the best dominant.

Theorem (2.1.6). Suppose that g,(z) and q,(z) are convex univalent in
U with g;(0) = g,(0) = 1,and let q,(2) satisfies (2.25) and g, (z) satisfies
(2.14). Let f € A satisfies:

Nan+1/1f(z)]y

————| € H[1,1]n

[ j\c;ilj?(zz) [ ] C?

and Y(z)is univalent in U, where is given y(m,a,b,y,a,A,n,8;z) by
(2.16). If

q1 ( ) q2 (Z)

m+ aq,(z) + b(q,(2))? + 6z- 1:(2)’

<Y(2) < m+aq,(2) + b(q,(2)? + 6z2=

then

NGy
q1(2) < [ < 1}];(? < q(2)

and g, and g, are respectively the best subordinant and the best dominant.

2.2 On Differential Sandwich Results for Analytic
Meromorphic Multivalent Functions Defined by a Linear
Operator

Let M,, denote the class of functions of the form:

f(z)=z"P+ z a,z", (2.30)

n=1-=p

29



Chapter Two New Results on Sandwich Theorems using Differential ...
which are meromorphic multivalent in the punctured open unit disk U* =
{Z:Z eC0< |z| < 1} = U\{0}.

Many authors have studied meromorphic functions for another classes and

conditions, see [16, 17, 56, 63].

Let H be a class of all analytic functions in U. For a positive integer number

n and a € C, we define a subclass H[a, n] of a class H as follows:
Hla,n] = {f €H:f(2) = a + apz" + apy 2™ + -},

For two analytic function f, g € M,,, we say that f is subordinate to f in U
and write f (z) < g(z), if there exists a Schwarz function w, which is

analytic in U with w(0) =0 and |[w(z)| < 1,(z € U), such that f(z) =
g(w(2), (z€eU).

Furthermore, if the function g is univalent in U, we have the following

equivalence relationship ( cf. , e.g. [26,27,52,53] ):

f(2) < g(2)  f(0) = g(0) and f(U) < g(U),(z € V).

Mocanu and Miller [53] and other authors [1,2,3,6,12,13,15,16,17,26,35]
and also [39,50,61,62,63,72,73] discovered sufficient conditions of the

functions h, p, and @ for which the following implication holds:

h(z) < 8(p(2),zp'(2),z%*p"(2);2) = q(2) < p(2)(z € U). (2.31)

If f €M, isgiven by (2.30) and g € M,, given by

g(z) =z"P+ Z b,z"™.

n=1-p
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The convolution (or Hadamard product) of f and g is defined by

Fr@ =27+ ) apbpz™ = (g* ).

n=1-p

By using the results, (see [1,2,6,12,13,17,39,50,61,62,65,66,72,73]) to obtain
sufficient conditions for normalized analytic functions to satisfy :

!

q1(z) < Z < q2(2),

f(2)

where g, and g, are given univalent functions in U with g;(0) = g,(0) =
1.

Also, Shanmugam et al. [65][66], as well as Goyal et al. [35], sandwich
results for analytic function classes were recently acquired, (See also
[2,3,6,13,27]).

The Mittag-Leffler function [54] E,(a € C,Re(a) > 0), is defined by

S
Ea(Z) = ;mz . (232)

For a more generalization of the function E, (2) is Eq g(2z) was introduced in

[11] and given by:
(e 0] Zn
Ea’,[)’(z) = z m, (z € C). (2.33)
n=0
Srivastava and Tomovski [68] generalized Mittag-Leffler function in the
form:
EZ; (z) = Wiz ,(a,B,7,k € C,Re(a) > max{0, Re(k) — 1},Re(k) > 0).

P! F'(na + B)n!
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(2.34)
Now, by using (2.34) Mostafa and Aouf [56] defined the function K(}[’g (z)

by:

Ky 5p(@ = TRz PEL5(2)

(zeCp€eN), (235

o~ Tl@m+p) + 0@z
=7t me(n )+ L)+ p)

n=1-

and defined the operator

Klg f(2) = Klg (2) + f(2)

(2.36)

I S ((GESOLESOIN()
= p .
z7P + n;p Tla(n+p) + BIT)(n + p)! 7

For (a,B,v,k € C,Re(a) > max{0,Re(k) — 1},Re(k) > 0),n =0, and
m € N, = N U {0}.

The authors in [56] defined the operator

93&2’;}’;,77 f(2):M, - M, as follows:

k,0 k
g‘ng,ﬁ,p,nf(z) = Kgx/,ﬁ,pf(z)l

Myl (@) = (L= MKy, f(2) + 027?22 K g f(@)])
I'(k(n+p) +y)I(B)

S zlp T()T[an +p) + BI(n + p)!

[1+n(n+p)laz"
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Y.k,2 Y.k, 1 v.k,1
2mocﬁzonf( z) = g‘maﬁpn [Ema.ﬁ.p.nf(z)]

= (- M F(@) +nz7? 27 ()]

. I[k(n +p) +yIT(B)
=20 z TG)Ta(n +p) + Bl + p)!

[1+7n(®+p)*ayz"

and in general

K,
];B’;nf(z) =zP4

Z Fik(n+p) +IA) | n(n+ p)fa,z"  (2.37)
=1-

T(y)T[a(n +p) + B]l(n + p)!

n=1-p

For f € M,, it is easy to see that SIRZ"'E";’H f(z) achieve the following

relation :
e[, f] =S — (o) Bt @30

for (a,B,v,k € C,Re(a) > max{0,Re(k) > —1},Re(k) > 0),n > 0, and
u €N, =NuU {0

Remark (2.2.1)[56].
My 55 f (@) = f(@), (f € Mp);
My 59 f(2) = (p+ DF(@) + 2f'(2), (f € Mp);
Mo %S, f (@) = 2f(2) + 2f'(2), (f € My);

1
EDtl'l'O — ,—D,Z.
LLpn (Zp(l — Z)) —Z e
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1

1,1,0 _ 1,2,
REEEE <Z(1 — Z)) -z e

W3 1o () = 277 cosh(V2);
gl 1.0 (;) = 27" cosh(Vz);
2LIN\z(1 - 2) ’

1,1,0
9:RZ,Z,PJI

1 B sinh(\/E)_
(Zp(l — z))  zpz

o110 ( 1 )zsinh(ﬁ)
22L1\z(1 - z) N

The primary objective of this study is to establish sufficient conditions for a

specific normalized analytic function f to obtain the following criteria:

q1(z) < < q2(2),

k, k, L
((1 -~z f(2) + 2vzIy ﬁf;;l f(z)>
v+1

and

L
0.(2) < |28 F@D)] < g2,
whenever univalent functions g, (z) and q, (z) are given in U with
q1(0) = q,(0) =1,and £ € C\ {0}.
We present certain outcomes related to differential subordination through

the application of the operator Em’o’["';ffw f(2):
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Theorem (2.2.1). Assume that the function q(z) is convex univalent

function in open unit disk U with q(0) = 1 and q'(z) # 0, forall z € U. Let
5,L € C\{0},v € R*.

Suppose that g satisfies:

o~

Re {1 + Z;I,I;S)} > max {0, —Re (\gs)} (2.39)

If f € M, satisfies the subordination condition:

o
P(z) <q(z)+ qu’(z), (2.40)

where

a,Bnp a,pn.p
v+1

Y(z) =

[(1—v)z§my'k’” (@) +2vzam Skt f(z)r

n
6 )
(zmz;’;;‘,jff(z)+(1—v)(3+an—zmﬂng;’;;f;,;,lf(z)—(l—v)(pn—n+1>am”"'“ f(Z)>

a,pnp
(1—v)mt§";‘j1 ) F(@)+2vI? Kbt ey

a,B.np
v+1

L
1 ((1—v)zmt§";‘j1 ) F(2)+2vzmy okt f(z))
2tl X

a,pfnp
(2.41)
then

a;ﬁ;n;p a'ﬁ'n'p
v+1

[(1 —V)ZME F(2) + 2vzmy Rkt f(z)r
<q(2), (242

where q is the best dominant of (2.42).

Proof. Define the function J(z) by
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a,Bnp a,Bn,p
) 2.43
v+1 ( )

J(2) = l(l —VZMEE £ () 4 2va R )]

Then, the function J(z)is analytic in U, and J(0) =1. Thus, by
differentiating the expression obtained from (2.43) with respect to z and

utilizing identity (2.38), we have:

L
_ v.ku y.ku+1
lIJ(Z) _ (1 v)zSUta'B’n’p (Z)+2vinta’B’n’p f(@
v+1
[ vku vk u+1 L
1 (1_V)Z§ma,3,n,pf(z)+2VZEma,B,n,p f(2 »
6 n v+1

k, K, K,
<2th£',;f,‘,;,zf(z)+(1—v)(3+2pn—zmmtg,ﬁf,‘;;f(z)—(1—v)(pn—n+1)wag,ﬁf:,,pf<z)>

A-VIMEHE @)+ vl E L p(2)

a,pfnp a,pnp

Thus the subordination (2.40) is equivalent to
5 5
J(2) +72)'(2) < q(2) +;2q'(2).

By Lemma (1.2.1) with A = %and a = 1, we obtain (2.42).

1+Az
1+Bz

By putting q(2) =( ) in Theorem (2.2.1), we get the following

corollary:
Corollary (2.2.1). Let £,6 € C\{0},vER*and (-1<B<A<1)

Also

R {1+Bz 0 _R (L)
e 1_BZ}>max{, e 6}'

If f € M, satisfies the subordination
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1+AZ+6 (A—-B)z
1+Bz L 1+Bz’

When ¥(z) given by (2.41), then

K, Jut1 L
(A= VAW o f @) + 2vaeghy, FD] (1 + AZ)
v+1 1+ Bz)’

147 s the best dominant.
14+Bz

and

When we put A =1,B = —1, in the previous corollary (2.2.1), we obtain

the next result.

Corollary (2.2.2). Let £,6 € C\{0},v € R* and

22> mafo e ()

If f € M, satisfy the subordination condition:

o)
2
1+2z +2CZ

(1+2)?2 ’

Y(z) <

when ¥(z) given by (2.41),

then a.Bnp a.Bnp
v+1

(1—v)z§m%krﬂ f(z)+2vz§]3?y’k’“+1f(z)]L < (1+z)

1-z
and 1—3 is the best dominant.

Theorem(2.2.2). In open unit disk U, let q(z) be convex univalent

function in U with q(0) =1,4'(z) # 0 (z€ U) and z% is starlike

univalentin U .Let &, L € C\{0}, % € C and suppose that g satisfies :

37



Chapter Two New Results on Sandwich Theorems using Difterential ...

q'(2) q" (2)

Re {1 + g(q(z))” + %T_l(q(z))”‘1 —Z +z

If f € M, satisfies zI"'K £(z) # 0, and

a,Bnp
_ % q(2)
E@)<(1+q@)+ (q)" + 8z ,
q(2)
where,
L (x-1)
™ — ]/,k,ﬂ Y,k,[t
E(z) = [zﬂﬁ apnp f (z)] + [ZSJ? afap f (Z)] +
oL [Megnn 1@ gy
n Zﬂﬁgilzz,pf (@) ’

then

L
[meﬁ’,’fs’,’f;,p (Z)] < q(2)
and q is the best dominant of (2.45).

Proof. Define the function J(z) by

J(@) = [ ],

where J(z) is analytic in U and J(0) = 1.

q'(2)

}>0. (244

(2.45)

(2.46)

(2.47)

(2.48)

Differentiating (2.48) with respect to z, and using the identity (2.38), we get:

2J'(z) L [2WLEf(2)
=— |— s - -1 -1
J@) 7 [zm] i of (@

By setting 8(w) = (1 + w)* w and ¢p(w) = %, w # 0,
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reveals the 6(w) is analytic in C ,and ¢(w) are analytic in C\{0} ,p(w) #

0, we get

o, .92
Q(2) = zq'(2)¢(q(2)) = 6z D

and

@) = 0(0(2) + Q) = (1 + 4@ gy + 8512

It is clear the Q(z) is starlike univalent in U,

then, we obtain

zh'(@)) _ ” w o %1 -1 _ 4@ q" (@)
Re{ 2@ } = Re {1 + S(q(z)) += (q(2)) s +z q,(Z)} > 0.

By a simple calculation, we obtain

N — J' ()
E@)=1+]@)J@)* 1+ 5z](z) , (2.49)

where Z(z) is given by (2.46).
From (2.45) and (2.49), we have

J'(2)
J(2)

< (1+q@) (@) "+ 6z Z[((ZZ)) ,(2.50)

(1+J(2)J@)*t+6z

By Lemma(1.2.2), we get J(z) < q(z) and q is the best dominant.

Taking q(z) = (11:222) (-1 <n<m<1)in Theorem (2.2.2), we obtain
the next result.

Corollary (2.2.3). Let 0 # 6eC,x € C and
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b4 _ n—1 _
Re {1 +£(1+mz) %_1(1+mz) (m-n)z ZnZ}
6 \1+nz 6 \1+nz (14+nz)(1+mz) 1+nz
If f € M, and
1+ mz\ /1 +mz\"*? (m—n)z
5 < (1+ )( ) ,
1+nz/\1+nz (1 +nz)(1+ mz)

where Z(z) by (2.46), then

L 1+mz
V.k.u
[Zima,ﬁ,mpf (Z)] = (1 + nz)

1+mz
14+nz

and q(z) = ( ) is the best dominant.

Takingm = 1 and n = —1 in corollary (2.2.3), we get the next result.

Corollary (2.2.4). Let 0 = 6eC,x € Cand

wl+2n" w—1/1+2"1 272
efo () o ey

S\1—z § \1—-z 1—2z?
If f € M, and
H()<(1+1+2)(1+2)”_1+5 2z
e 1—-z/\1-z 1-2)(1+2)

where £ (z) by (2.46), then

L 1+2z
v.kou
[ZM“'ﬁ'"'pf(Z)] = (1 — Z)

and q(z) = (g) is the best dominant.
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Theorem (2.2.3). Suppose that q(z) is convex univalent function in U with

q(0) =1,L>0,v € R and Re{§} > 0. Let f € M,, such that

_ y.ku v.ku+1
(1 v)zEIRa'B'n’p(z)+2vz§]Jta’B’n’p f(2) 4

v+1

0,

L
(1- v)zwtg;’;;fjw f(2) + 2vz93tg"’;;f;,;1 f(2)
v+1
If W(z) by (2.41) be univalent in U, and holds
6 !
q(z) + ;Zq (z) < ¥(2),

then

aBnp
v+1

o) < ((1 — v)z‘imy'k'u f(z) + 2VZ9JEZ:];‘I:7;1 f (Z))L
q\z

and q(z) is the best subordinant of (2.51).

Proof. Express the function J(z) by

L
() = (1—v)z§]ﬁ£’,’;l’f7,p f(z)+2vz§])?7‘;’,’;?’,’f7;1 £(2)
o v+1 )

Differentiating (2.53) with respect to z, we get

,k, ! ,k, 14
26 _ (1—v)Z(§m£, - f(z)) +2vz(§m1/{, s f(z))

kK, K,
1(2) (1—v)Z§mZIﬁ,’f]’pf(z)+2vziml/{,ﬁ,’;7;1f(z)

+ 1{.

After some computations and using (2.38), from (2.54), we will get

41
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K, Ko p+1 L
(1- v)zﬂﬁg,ﬁf;,pf(z) + ZVZED?);'[;Z; f(2)
Y(z) = +
v+1
L
(1- v)inlZ"];Z’p f(2) + ZVZSIRZZ';; f(2) y
v+1
§| [2VIRE2£(2) + (1= v) (3 + 2pn — 2 MY EE L f (2)
n (=ML f(2) + 2viRl 8 (2)
(1 —-v)(pn —n+ DMYEh f(2) /
_ y!k!” y,k,[l+1
(1 v)ima,ﬁ’n,pf(z) + ZVEma.B.n.p f(2) |

)
=)@ + 57 @)
By using Lemma (1.2.3), we get p < g and q is the best subordinant.
1+z\ . .
By q(2) = (E) in Theorem (2.2.3), we obtain the next corollary:

Corollary (2.2.5). Let Re{6} > 0, 0 # L € C,v € R™, such that

v.ku+1l
a,fn,p

v.ku

@ fnp f(2) + 2vzIRM

1 € H[q(0),1] n Q.

((1 —v)zM f(Z)>L

If W(z) defined by (2.41) be univalentin U, and f € M, satisfies :

w(2) 1+2z N 27z
2 1-2 (1—2)%
then
1+2z Vo L
(1 — z) = [Zma.ﬁ.n.pf (Z)]
142\ - .
and (:) is the best subordinant.
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Theorem (2.2.4). Assume that g(z) be convex univalent function in U*,

with ¢(0) = 1,q'(2) # 0 and %S) is starlike univalent in U. If g satisfies:

b4 , n—1 -1,
Re{= @@ q @) + = (a@) "¢ @} >0, (255)
for 6 € C\{0},x € C and z € U", let f € M,, satisfies the next conditions:
L
(2 f(2)) € H[q(0),1] N Q, and 24 f(2) # 0.
If

q'(2)
q(2)

(1+9@)(q@))* !+ 6z < &(2), (2.56)

where £(z) is univalent and given by (2.46),

then

L
q(2) < |20 f ()] (2.57)
and q is the best dominant of (2.57).

Proof. Putting

L
J(2) = [z E f@)] . (2.58)
Differentiating (2.58) with respect to z, we obtain,

' L ZiUty’k'“Hf (2)
z]'(z) L a.Bn.p —nlp-1) -1}

J@ |z f(z)

By setting
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O(w) = (1 +w)*'wand p(w) ==, w # 0.

We see that 8(w) is analytic in C ,and ¢ (w) is analytic in C\{0}, ¢(w) # 0.

Also, we get Q(z) = zq'(2)p(q(2)) = 6z 2’((22)), such that Q(z) is starlike

univalent in U, we obtain

Re {Zg’g))i} = Re{5 (1"q' ) + 5 (a0) @)} > 0
Through simple calculation, we have
E(@2) = (1+J@)J@)* + 62]] ((ZZ)) , (2.59)
where (z) is given by (2.46).
From (2.56) and (2.59), we get
(1+ q(@)(q(2))*" + 62 CCI[((ZZ)) <(1+]/@)J@)* + 5211’((22)) .

By using Lemma (1.2.4), we getq < J.
and g is the best dominant.

Theorem (2.2.5). Let g; and g, be convex univalent function in U with
q,(0) = q,(0) = 1, Re{6} > 0,L > 0,veR* and g, satisfies (2.39).

If f €M, such that

a;ﬁ;n;p a'ﬁ'n'p
v+1

((1 — VD2 £(7) + 2vzmmY Rt f(z))I
€ H[1,1] n Q,

and ¥(z) given by (2.41) satisfies :
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5 )
q1(2) + qul’(Z) < ¥Y(2) < q2(2) +—=2q;'(2),

L
then
L
(1 = VzZMEHE £(2) + 2vzmM 1 £ ()
q:1(z) < ( “hmp —— L < q2(2),

where g, and g, are respectively the best subordinant and the best dominant.

Theorem (2.2.6). Let gq; and g, are convex univalent in U, with g,(0) =
q,(0) = 1. Assume that g, and g, satisfy the conditions (2.55) and (2.44)
respectively.

If f €M, satisfies

ke r@) e Hang

L
and [zim”’k’” f(z)] + 0,and Z(z) is univalent in U, given by (2.46).

a,p.np
then
(1+q:(2)) (@12t + 62 211 ((ZZ)) < E(2)
< (14 @) (@) + 822 -
implies

s < [ £ < (),

where the best subordinant and the best dominant are g, and g, respectively.
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Chapter Three

New Results and Applications on Coefficients
Estimates for Subclasses of Bi-Univalent
Functions

Introduction:
Several authors, such as, Lewin [43], introduced the class ) of bi-
univalent analytic functions. He demonstrated that |a,| < 1.51 for every

function f € ). Subsequently, Brannan and Clunie [24] conjecture that

la,| < V2. The best known estimate for functions in 3 has been gained in
1984 by Tan [71], that is, |a,| < 1.485. In the recent years, the study of bi-
univalent functions has gained momentum mainly due to the work of

Srivastava and Owa [70], which has clearly revived the subject.

Motivated by their work, many researchers ([8,58,74]) have lately
investigated several interesting subclasses of the bi-univalent function class
Y and found estimates the first two Taylor-Maclaurin coefficients for
functions in these subclasses. This chapter is divided into three sections. The
first section discussed coefficient bounds and Fekete-Szegod problem of
subclasses of bi-univalent functions. This study focuses on two kinds of bi-
univalent functions ¥y (4, 7; a) and Dy (6, 7; ). We obtain estimates for the
Taylor-Maclaurin coefficients |a,| and |az| for functions in these
subclasses. In addition, we provide a solution to the Fekete-Szegd problem
for functions in these specific classes. Second section deals with results on
new subclasses for bi-univalent functions using quasi-subordination. The
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present study introduces two specific subclasses M%(ﬁ,p,ﬂ) and
qu(r,,u,n,q.’)) of bi-univalent functions that are defined by quasi-

subordination. We obtain estimates for the Taylor-Maclaurin coefficients

la,| and |as| for functions within these subclasses.

Section three deals with coefficient bounds of subclass of bi-univalent
functions associated with Horadam polynomials. Here, we use the Horadam
polynomials to introduce a new class of analytic and bi-univalent functions
defined in the open unit disk U and establish upper bounds for the second

and third coefficients of functions belonging to this new subclass.

3.1 Coefficient Bounds and Fekete-Szeg6é Problem of

Subclasses of Bi-Univalent Functions

Consider A denote the class of all normalized analytic functions f within

an open unit disk U, defined as U = {z: z € C, |z| < 1}, and of the form:
f()=z+ Z a,z",  (z€U). (3.1)
n=2

A function f holds an inverse £~ if it fulfills the conditions f~*(f(2)) = z
forall zin U, with £(f~*(w)) = w, (Iwl < (), 7o(f) 25)

where

gw) = ftw) =w - a;w? + (2a — az)w® -

(5a3 — 5aya; + a,)w* + -, (w € U). (3.2)
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If both £, as well as £~ are functions that map a domain U to itself in a one-
to-one manner, then f is referred to as bi-univalent in U. The set of all bi-
univalent functions defined in U is denoted by the symbol ). (refer to
references [22,33,36,42]).

If £ and g are two analytic functions on the unit disc U, we define f as being
subordinate to g or g as being superordinate to f, denoted symbolically as
follows (see references [30,31,51]):

f<g or fz)<g(2, (z€U).

If there is a Schwarz function w(z) that satisfies the conditions w(0) = 0

such that |w(z)| < 1 for z in U, and if there exists a function f(z) with
f(z) = gw(2)),(z € U).

If g is univalent in U, we may establish the following equivalence:

f(2) < g(z) = f(0) = g(0)and f(U) < g(U).

Ma and Minda [49] introduced a category of starlike and convex functions
by employing the technique of subordination. They examined the classes
S*(¢) and G*(¢) defined by this way

S*(¢) = {f € A:Z;(S) < p(2),z € U},
and
G (¢p) = {f EA:1+ Z;,,;S) < ¢(2),z€ U}.

By Ss.(¢) with Gy.(¢), we refer to functions that are both bi-starlike as well
as bi-convex of Ma-Minda type [49].
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In the sequal, it assumed that ¢ of the form:
d(2) =1+ ciztcyz% + -, (3.3)
where $(0) = 1 and ¢'(0) > 0.
Nevertheless, the literature has a restricted number of articles that define

the precise boundaries of the overall coefficients |a,| and |as]
([8,7,9,20,21,14,18,29,32,64]) for analytic bi-univalent functions.

Lemma (3.1.1) [31]: If p € P jthenIp;| < 2 for each i, where P is the
class of all functions that are analytic in U and have a real part greater than 0

at every point in U, where
p(z) =1+ pz+p,z*+--,(z € U). (3.4)

Definition (3.1.1): A function f, which is a member of the class ) and
defined by equation (3.1), is said to belong to the class ¥y (6, 7; a) if it

satisfies the following criteria:

17 ! ! 21
L), 6(2}‘ (Z)>_Zf (2) + 12" (2)

+1)| <5
7 )\ 7@ %) 2

arg [(1 —-95) (1 +

(3.5)

and

Wg”(W)> (Wg’(w)> ~wgw) + wig” (w) . 1” _an
g'(w) g™ gw) 2’

arg l(l —9) (1 +

(3.6)

where (0<a<1,0<1t<1,0<6<1),zweUwith g = f1isgiven
by (3.2).
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Remark (3.1.1): A function f belonging to the class Y. is believed to be in
the class ¥5 (0, 7; a) if

2f"(2) _2f'(2) + TZZf”(Z)]
@) f@

arg [2 +

<a7‘c 3.7

and

wg"'(w) wgw) +1tw?g" (w) an
g g ” <z G

arg [2 +

where (0<t<1,0<a<1),zweUandg=f"1isgivenby (3.2).

Theorem (3.1.1): Consider the function f € ¥5(§,7;a) (0 <a <1,0 <
T < 1,0 <6 < 1)is defined by equation (3.1). Subsequently

2a
la,| < , 3.9
2 e —4t-0) —(a =D -2t = 0)7] 39
and
0yl < — 2% - 3.10
GO -6-202 2-20-30 (3.10)
Proof: If follows from the conditions (3.5) and (3.6) that
2f" (2) 2f' @\ zf'(@D) +2f @)
(=9 (1 YT ) ' 6<f’(z) ) T T k@)
(3.11)
and
wg" (w) wg' W)\ wgw) +Tw?g”"(w) .
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(3.12)
where g = f~1 and p, g in P that have the next series representations:
p(z) =1+ pz +pyz% +p3z3 + - (3.13)
and
qw) =1+ qw + guw? + gsw3 + . (3.14)

Comparing the corresponding coefficients of (3.11) and (3.12), we have

(1-6-21)a, = ap,, (3.15)
. ala—1) ,
2(2—-26 —31)a, — (3—36 —21)as = ap, + —  Pi, (3.16)
—(1-06-21)a, = aqq, (3.17)
and
ala —1) 5
51 -6 —21)a5 —2(2—26 —31)a; = aq, + — i (3.18)
By utilizing equations (3.15) and (3.17), we get
b1 =~ (3.19)
and
2(1 =6 —21)%a3 = a?(p? + ¢3). (3.20)
Also, from (3.16), (3.17) and (3.20), we find that
ala —1)
2(1 -6 —41)a3 = a(p, + q2) + ———— @ +q7)

2

B (a—1(A—-6-21)°
N a

as.
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Therefore, we have

, a®(p; + q2)
2T al—6—-40)—(a— D1 —-06—-20)2

(3.21)

By computing the magnitude of (3.21) and applying Lemma (3.1.1) to the

coefficients p, and gq,, we have

la,| < 2
JI2a(1 =6 —41) — (@ — 1)(1 — 6 — 21)?|

In order to find the bound on |a;|, by subtracting (3.18) from (3.16), we get

5 ala—1) 5
4(2—-26 —31)(az —a3) =alp, —qz2) + T(m — q1). (3.22)
It follows from (3.19), (3.20) and (3.22) that
a’(pi + qf) a(p2 — q2)

= A —6—207 42-256-3D (3.23)

Taking the absolute value of (3.23) and applying Lemma (3.1.1) once again

for the coefficients p4, q4, p, and g,, we obtain

4q? a
< + :
“(1-6-21)%2 (2-26-37)

las!

which completes the proof Theorem (3.1.1).
If we put § = 0, in the Theorem (3.1.1), we have the following corollary:

Corollary (3.1.1): Let f € ¥5(0,71;2) (0<7<1,0<a <1) be given
by (3.1). Then

2a
la,l < .
Gl = J12a( = 47) — (@ — (1 — 20)2] (3:24)
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and

I 8a? a
Gl T2 T 2 =30

(3.25)

Definition (3.1.2): A function f belonging to the class ), defined by
equation (3.1), is considered to be in the class Dy (8, ; ) if it satisfies the

following conditions:

Re{(1 ) (14 22) 5 (1) LD ) g

and

Re{(1-6) (1 +%2 ((V)”) + 6 (V;g(g;)) - Wg(w);::; W 41} > B,327)

where (0<<1,0<6<10<7<1),zweUand g=f"1is given

by (3.2).

Remark (3.1.2): A function f belonging to the class Y is believed to be in
the class Dy (0, 7; B) if:

zf"(z) zf'(2) + 12*f"(2)
Re {2 + 6 — 110 } > B (3.28)
and
wg"'(w) wgw) +tw?g"” (w)
Re {2 + 7w — 00) } > B, (3.29)

are satisfied, where (0<p<1,0<t<1),zweU and g=f~1
given by (3.2).
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Theorem (3.1.2): Let f € Dy(6,7; ) ,(0<f<1,0<7t<10=<6<1)
by given by (3.1). Then

2(1-p)
la,| S\/‘m (3.30)
and
— R)? —
lasl < 41— p) + L-F (3.31)

“(1-21-6)2 (2-26-37)

Proof: From the requirements (3.26) and (3.27), it can be shown that there

exist p and g, which are elements of P, such that

B 2" (2) 1@\ 2f @D+ @ L ~
(1 5)(1+—f,(z))+5(f(z)) -~ +1=8+1-B)p(2)

(3.32)

and

(1= 0) (1+2080) + 5 (ME0) - MHIEE D 1 = p o+ (1= P (w),

grw) gw) gw)

(3.33)
where p(z) and g(w) have the forms (3.13) and (3.14), respectively.
Equating coefficients (3.32) and (3.33) yields

1-6-20)a, =1 —-B)p,, (3.34)

2(2—-28 —31)az; — (3—36 — 21)a5 = (1 — B)py, (3.35)

—(1-6-21)a, = (1 - p)qq, (3.36)

and
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5(1—8—-21)a3 —2(2—-25-31)a; =1 —p)q,. (3.37)
From (3.34) and (3.36), we get
P =—q (3.38)
and
2(1-46-21)%a3 = (1 - B)*(pf + qi). (3:39)
Adding (3.35) and (3.37), we obtain
21 -6 —41)aj = (1 - B)(p; + q2). (3.40)

Therefore, we have

» (1 =PB)p2+q3)
as; = :
4(1 -6 —41)

Applying Lemma (3.1.1) for the coefficients p, and g,, we obtain

ol < J‘M

1-6—-21
In order to find the bound on |a;|, by subtracting (3.37) from (3.35) , we get

4(2—-26 =30)(az —a3) = (1 = B)(p; — q2),

or equivalently

_ 1-=B)(P2 —q2)
az = az + 4(2 — 26— 31)

(3.41)

Upon substituting the value of a3 from (3.39), it follows that

0 = (1=B)° +qi) (1=~ q)
3T 201 -6 —21)2 42 -286 -31)
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Applying Lemma (3.1.1) once again for the coefficients p,, g, p, and q,, we

obtain

L A-p  (-p)
B =1 _6_202 (2-26-310)

which completes the proof Theorem (3.1.2).
If we put § = 0, in the Theorem (3.1.2), we have the following corollary:

Corollary (3.1.2): Let f € Dy(0,7;8),(0 <8 <1,0 <7 <1) be given
by (3.1). Then

2(1-p)
la,| < ‘1_—21_ (3.42)
and
— )2 -
lasl < 41— p) 1-5 (3.43)

=202 T 230

In the next theorems, we present the “Fekete-Szegod inequality” for f €

Y5(8,7; @) and f € Dy (6, T; B) respectively.

Theorem (3.1.3): For (0<6<1, 0<7<1,0<a<1)and u €R, let
f € A be inthe class ¥5(8,7; a). Then
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laz — uaz| <

( lal

(lﬁ -1l = | 4a(2-26-37)

|2—26-37] ’

2a(1-86-41)—(a—-1)(1-6-21)2

),

4a?|u—1|

\ (lﬂ -1z | 4a(2-26-37)

[2a(1-8-41)—(a-1)(1-6—-2T)2| ;

2a(1-86-41)—(a—1)(1-6-21)2

)-

Proof: From (3.21) and (3.22), we get

az — paj =

2 a(p; —

qz) a?(py + q2)(1 = w)

42—-26—-317) 22(1—-6—-41)—(a—1)(1 -6 — 21)?

=« [(90(06, 6,7, 1) + m) p2 t+ (<p(a, 0,7, 1) — m) qz].

where

p(ad,t,u) =

a(l—p)
201 -6 —41) — (a —1)(A -8 —20)%

Applying Lemma (3.1.1), we find that

lag — paj|
( || . (0 < |lo(a,8,7,0)| < ! )
2 —25 -3¢’ O =42 - 25 - 30))
<
1
| 2lallo(a, 6,701 (|<P(“'5'T'“)| = 22-25- 3r))'

hence, after some calculations, gives
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las _Ha%|

g

|a] _
|2 — 26 — 37|’

(Iu— 1] <
4a?|u — 1|

20(1—=6—41) — (a — 1)(1 = § — 21)*
4a(2 — 26 —31)

).

—1| >
\<Iu |

2a(1-6—47) — (a - )(1 -6 - 20)?| '

201 =86 —41) — (a — 1)(1 — § — 21)?
4a(2 — 26 — 37)

)

By substituting § = 0 into Theorem (3.1.3), we derive the following

outcome:

Corollary (3.1.3): If f € A defined by (3.1) be in the class ¥y (6, 7; a),

then

lag — paz| <

(el
|2 — 37|’

<|.U—1| <

4a?|p — 1| _
2a(1 — 47) — (a — 1)(1 — 27)?|’

—1| >
L(IM I

2a0(1 —41) — (a — 1)(1 — 21)?
4a(2 — 37)

)

2a(1 — 47) — (a — 1)(1 — 27)2
4a(2 — 37)

)

Theorem (3.1.4): For (0<6 <1, 0<7t<1,0<pB<1)and u €R, let

f € A be in the class Dy.(6,7; B). Then
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las — paj]|
(1a-pl < | A==
12— 26— 31|’ K= =10 =25 -30|)
< A
2(1 - B)lu— 1] PR RCETET
" (1—-6—41) ' K== e -25-30|)

Proof: From (3.40) and (3.41), we get

— a2 = (1-B)(p2—q2) + (1—=PB)(p, +q)(1 — )
az —pa; = 4(2 — 26 — 31) 21 -6 —41)

=1-5 [(8(6 T H) +4(2 26— 3‘[)) (9(5 TH) — m) qz]’
where

1-w
2(1 =6 — 41)

06,7, u) =

Applying Lemma (3.1.1), we find that

|a3—,ua§|
C A=l 1
12— 26 — 31|’ (0 = 166,mml S4(2—25—31))'
<
. > 1
2a-ples ol (166502 7555 =5m):

hence, after some calculations, gives
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laz — pas|
(1a-pl PP RCE IR
12— 26— 31|’ K= =10 =25 -30|)
< A
2(1 - B)lu— 1] a1y |49
" (1—47-06) K== e -25-30|)

By substituting § = 0 into Theorem (3.1.4), we derive the following

outcome:

Corollary (3.1.4): If f € A defined by (3.1) be in the class ¥y (6, 7; a),

then
(1A-p)I (1 - 47)
2=l (1115 [ =55)
las — paz| <
20-Ple 11 (Iu—llz (1—_4r)>_
. (1 -—-47) 2(2 —31)

3.2 Results on New Subclasses for Bi-Univalent Functions
Using Quasi-Subordination

Letting A denote the class of all normalized analytic functions f in an

open unitdisk U = {z: z € C, |z| < 1} of the form:

f@)=2+22%ﬂﬂ (z € U). (3.44)

n=2
A function f has an inverse £~ is satisfying f~*(f(2)) = z,(z € U), and

FFw) =w, (Iwl <o) 2 5),
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where
gw) = f'w) =w — a;w? + (2a5 — az)w® -
(5a3 — 5aya; + a,))w* + -, (w € U). (3.45)

If £ and £~ are both univalent functions in the open unit disk U, then f is
said to be bi-univalent in U and the set of bi-univalent functions defined in U

is denoted by Y. Refer to reference [42].

Let f and g are analytic functions in A. Then f is said to be quasi-

subordinate to g in U and written as follows:
f(Z) <q g(z)r (Z € U))

if there exists 6(z) and w(z) be two analytic functions in U, with w(0) = 0
such that 16(2)| < 1,|lw(2)| <1 and f(z) = B(Z)g(w(z)). If 0(z) =1,
then f(z) = g(w(2)), so that f(2z) < g(z) in U. If w(z) = z, then f(z) =
0(z)g(z), and it is said that f is majorized by g and written f(z) «< g(2) in
U. (see [10], [58])).

Ma and Manda [49] introduced a category of starlike and convex functions
through the use of the subordination approach. They examined the classes
S*(¢) and G*(¢) defined by this method.

zf'(z)
f(2)

S*(¢) ={f€c/l: < ¢(2),z€ U},

and

Zf”(Z)
f'(2)

G*(¢) ={f€a‘l:1+ <¢(Z),ZEU}.
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By S5.(¢) and Gy (¢b), we denote to bi-starlike and bi-convex functions f is
bi-starlike and bi-convex of Ma-Minda type respectively [49].

In the sequal, it assumed that ¢ of the form:
¢(2) =1+ Ez+E,z% + -+, (3.46)

where ¢(0) = 1 and ¢'(0) > 0, also
0(z) =F, + Z Fz%, (3.47)
i=1

which are both analytical and bounded within the domain U. Nevertheless,
the literature has only a limited number of studies that establish the overall
coefficient bounds |a,| and |ag| for analytic bi-univalent functions. These
studies are referenced in [7,8,9,21,25,32,36] and [40], while further
references may be found in [21,25,29,30].

Definition (3.2.1). A function f, which is a member of the class ) and

defined by equation (3.44), is considered to be in the class M%([)’,p,/l) if it
satisfies the following quasi-subordination conditions:

1 KZf’(Z)> (1 N Zf”(Z)> N ( pz*f"(2) + zf'(2) >

B\ f(2) f'(@) pzf'(z) + (1 — p)f (2)

) <Zf’(z) + Asz”(z>> B
@

< @2 -1 (3.48)

and
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1 ng’(W)) (1 N Wg”(W)> N ( pw?g" (w) + wg'(w) >
B\ gw) g'w) pwg'(w) + (1 —p)g(w)
(wg’(W) + szg’(W))
— —1
gw)

<q @w)-1), (3.49)

where(0<A1<10<p<1),and B eC\{0}, zweU,andg=f"1
,and the functions g ,@ are given by (3.45) and (3.46) respectively.

By substituting A = 0 into Definition (3.2.1), we may deduce the following
Remark: M{.(8, p,0) = M3.(B, p, 1).

Remark (3.2.1). A function f € ', as defined by (3.44), is believed to be
in the class M%(B, p) if it fulfills the following conditions:

D02+ (5 - () -l ow-n o

and

SR (55 + o)~ () -1 s e -0 s

Theorem (3.2.1). Consider the function f defined by equation (3.44) to
belong to the class My.(8, p, 4). Thus

|BFoE | BEE,
la,| < mi , 3.52
=BT =22 5+ p2—p) - 62 (3:52)
and
. B*F3 Ef BFLEy BFyE, BFLEy
lazl < min {(3+p—2/1)2 + 8+4p—61 ' 5+p(2—p)—61 + 8+4p—6/1} -(3.53)
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Proof. Let f € L] v(B, 4, ¢) and g = f~1. Then, there are two analytic
functions u, v: U - U with v(0) = 0 and u(0) =0, |u(2)| < 1, lv(w)| < 1,
satisfying

i) 1+ T+ (i) - () -1 =

(0@ |[o(u@) -1]) (3.54)

and

[(Wg (W)) ( Wg"(W)) n ( pw?g" w)+wg' W) ) _ (Wg'(W)HWZg'(W)) _
B

gw) 9'(w) pwg' (wW)+(1-plg(w) gw)
1| = (ew)[o(vw)) — 1]). (3.55)
We define the function p(z) and q(w) by:
1+ u(z) )
p(2) =1——LL(Z): 1+diz+dyze + -, (3.56)
and
1+ v(w) )
qw) =1——v(w)= 1+ew+e,ws + -, (3.57)
Or equivalent,
-1 1 di
and
— 1 1 2
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then p(z) and q(w) are analytic functions in U, with p(0) = q(0) =1.
Since, v,u: U — U, have a positive real partin U, and |d;| < 2 and |¢;| < 2,
for i = 1,2. Using (3.58) and (3.57) in (3.54) and (3.55), respectively, we
have

i) 1+ T+ (i) - () -1 =

0(z) (¢ 22| - 1) (3.60)

p(z)+1

and

[(Wg (W)) ( Wg"(W)) n ( pw?g" (w)+wg' W) ) _ (Wg'(W)HWZg'(W)) _
B

gw) gr(w) pwg' wW)+(1-p)g(w) gw)
qw)-1
] = 0w )(('b [q(w)+1] 1)' (3.61)

Given that f € ) possesses the Maclurian series specified by equation
(3.44), a calculation reveals that its inverse g = £~ can be expressed using

the expansion described in equation (3.45). Therefore, we can conclude that
1[(zf'@ 2f"'(2) pz2f""(Dtzf'(2) \ _ (2 @Az @ _ 4] _ 1 _
8 I @ )(1+ @ )+ (pi’(Z)+(1—p)f(Z)) ( %) ) -1 ;LB +p
20 az + [2(4 + 2p — 3)a; — 3+ p(2 + p) — 2A)a3]z? +

-] (3.62)

and

gw) gr(w) pwg' (wW)+(1-p)g(w) gw)

1 [(L(W)) (1 n wg"(W)) n ( pw?g" w)+wg' (w) ) _ (wg’(W)+/1wzg’(W)) _

B

] [—(3 + p — 2D a,w + [(13 + p(6 — p) — 100)a2 — 2(4 + 2p —
3D azlw? + - ]. (3.63)

By combining equations (3.58) and (3.59) with equations (3.46) and (3.47),

it becomes clear that
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0 (2] 1) ot + b+ o (1~ 5)
iFoEzd%)Zz + -, (3.64)

and

0w) (¢ [S55] = 1) = FoFreaw + (Faaes + 5 FoF (€2 —2) +

iFoEzef) w2+ -, (3.65)

By utilising equations (3.64) and (3.62) and comparing the coefficients of z

and z2, we have

%(3 +p—21)a, = %FOEldl, (3.66)
and
%[2(4 +2p —30as — 3+ p(2 + p) — 20)a3] = - F1Eyd; +
~ Foy (d2 - d;) + 7 FoEzd?. (3.67)

By utilising equations (3.65) and (3.63) and comparing the coefficients of w

and w?, we obtain

—%(3 +p—2Na, = %FoElel, (3.68)
and
%[(13 +p(6—p) —10M)a3 — 2(4 + 2p — 30)az] = - FiEre; +
LRl (e — %) + 1Ry Epel. (3.69)

Making use of (3.66) and (3.68), we obtain
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di = —e; (3.70)
and
8(3 — 21+ p)?ai = B2F2EZ(d? + €?). (3.71)
Also, from (3.67), (3.69) and (3.71), we find that

, _ BI2FoE (d; + ;) + Fo(E; — E)(df + e7)]
“ = 8(5— 61+ p(2—p))

(3.72)

Applying |d;| < 2 and |e;| < 2 for the coefficients d,, e;, d, and e,, we

immediately have

0l < |BFoE;|
7134+ p -2

and

BFyE,
la,| < :
5—61+p(2—-p)

Furthermore, to determine the upper limit of |a;| , we can subtract equations
(3.67) and (3.69), resulting in

2
E (16 + 8p - 121)(0,3 - az) = 2F1E1d1 + FOEl(dZ - ez), (373)
2 2 ,

therefore

BI2F,E dy + FoE; ((dy — e3)]
2(16 — 121 + 8p)

as = as . (3.74)

In light of (3.71), (3.72) and putting (3.74), we have

67



New Results and Applications on Coefticients
Chapter Three  Estimates for Subclasses of Bi-Univalent Functions

lasl < BIF1E] PlEE, ]
T (8-61+4p) (5—61+p(2-p)

and

il < BIF1E1] N B*FS E}
3T (8-614+4p) (B3-=2A_+p)?’

This completes the proof Theorem (3.2.1).

By substituting A =0 into Theorem (3.2.1), we obtain the following

corollary:

Corollary (3.2.1). Consider the function f defined by equation (3.44) to
belong to the class M%(ﬂ, p,0). Subsequently

|BFoE| J BFoE,

la,| < min ,
2 13+pl " |5+p2-p)
and
| _ (B?FSEf = BFE BFoE, BFLE;
asl < min + ) + _
B+p)? 8+4p '5+p(2—p) 8+4p

Definition (3.2.2). A function f €) is believed to be in the class

qu (T, u,n, ¢) if it fulfills the quasi-subordination conditions described by
equation (3.44).

f(Z) ! 14
+w=2n)f"(2) +nzf"(2) — 1| <4 (¢(w) — 1)

1
T z

[(1 —u+2n)

(3.75)
and
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1
e -ue2m 24 - amgw) +mwg o0 - 1) <, @) - 1,

(3.76)
where (t € C\{0},u = 0,7 >0,z,w e U) and g = f~1 and the function

g, ¢ are given by (3.45) and (3.46) respectively.

If we put u = 1 + 27 in Definition (3.2.2), we obtain the following Remark
such that qu (t,u,m ) = qu (t,1+ 2n,1n,¢).

Remark (3.2.2). A function f €} is considered to be in the class
qu(r,l + 2n,1,¢) if it fulfills the given quasi-subordination requirements

defined by equation (3.44).

1

- [f' (@) +nzf"(2) — 1] <4 (¢(2) — 1) (3.77)
and

1

- [g'(W) +nqwg" (w) — 1] <4 (¢(W) — 1), (3.78)

where (7 € C\{0},,7 = 0,z,w € U) and g = f~! and the function g, ¢ are
given by (3.45) and (3.46) respectively.

Theorem (3.2.2). Let f € W§'(z,u,1n,$)(z € C\{0},n = 0,z,w € U) be
given by (3.44). Then

. ) 2TFyEq |TFoE |
la,| < min , (3.79)
1+u 1+ 2u+2n
and
 (4F2E?t?> <E,(F,+F,) 4tF,E, 1E,(F, + Fp)
I“3lsmm{(1+u)2 T+2u+2n'1+2u+2n 1+2u+21) (3.80)
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Proof. Let f € qu(r, wn,¢) and g = f~1. Then, there are two analytic
functions u, v: U - U with v(0) = 0 and u(0) =0, |u(2)| < 1, lv(w)| < 1,

satisfying:

1 f(Z) ! 12 _
~ (1—u+2n)—z + u=2n)f"(2) +nzf"(z) - 1| =
6(2)(¢p(u(z) - 1) (3.81)

and

1 gw) , "
- (1—u+2n)7+(u—2n)g W) +nqwg"(w) — 1| =

o(w)(p(v(w) - 1)). (3.82)
Since f €Y has the Maclurian series defined by (3.44), a computation

shows that its inverse g = £~ has the expansion by (3.45), we get
1 f(Z) ! 144
~|A—pt+2)—+w-20f @) +nzf"(2) - 1| =

1 1

;(1 + wa,z + ;(1 + 2u + 2n)azz? + -+, (3.83)

and
1 gw) : I
(At =——+ u-2ng' W) +ywg"(w) - 1| =

— =1+ waw += (1 + 2 + 21) (203 — az)w? — . (3.84)

By utilizing equations (3.64) and (3.83) and comparing the coefficients z

and z2, we obtain
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FoEq

1
—(1+ma, =——d, (3.85)

and

1 F,E F,E d?\ F,E
—(1+2p+2n)az = 121d1+ 021<d2—71>+ 042d§. (3.86)

Furthermore, by employing equations (3.65) and (3.84) and comparing the
coefficients of w and w2, we obtain

1 F,E,
- A+ wa, = — e (3.87)

and

2
%(1 +2u+21n)(2a5 —a3) = Flel e, + F02131 (ez — %1) + %ef. (3.88)

From (3.85) and (3.87), we obtain
dl = —81 (389)

and

2 2.2 22 2 2

T_Z(l +wa; = FgET(df + e1). (3.90)
Now, adding (3.86), (3.88), we obtain

2
;(1 + 2u + 2n)as
= 2F,E;(d, + e;) + Fy(E, — E})(d? + e2). (3.91)

Applying |d;| < 2 and |e;| < 2 for the coefficients d,, e;, d, and e,, we
immediately have
ZTFoEl
1+u

)

lay| <

and
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FnE
|a2|S2J |T02|

14 2u+2n

Furthermore, to derive the upper limit of |as|, we can remove equation

(3.86) from equation (3.88), resulting in

ZTFlEldl + TFOEl(dZ — 62)
= a3 : 3.92
a3 =az+ 4(1+ 2u + 21) (3.92)

In light of (3.90), (3.91) and putting (3.92), we have

4FZE{t*  1E(F; + Fp)
las| < +
T A4+w? 14 2u+2y

and

o] < 47F,E, +TE1(F1+F0)
T 14 2u+2n 142u+2n’

This completes the proof Theorem (3.2.2).
By putting ¢ = 1 4+ 2n in Theorem (3.2.2), we get the next Corollary:

Corollary (3.2.2). Let f defined by (3.44) belongs to the class qu (T,n, ¢).

Then
la,| < min thoky |TFoEs |
2T 1+n’ [3(1+2n)
and
|a | < min FOZElZTZ + TEl(Fl + Fo) 4tFyE, 4 ‘L'E'l(F1 + FO)
3l = A+m2 3 +2n) 30+2n) 30 +2m) |
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3.3 Coefficient Bounds of Subclass of Bi-Univalent
Functions Associated with Horadam Polynomials

Let A be the class of all normalized analytic functions f in an open unit disk
U=1{z:z €C,|z| < 1} of the form:

f(z)=z+ a,z", (z € U). (3.93)
A function f has an inverse £~ is satisfying f~*(f(z)) = z, (z € U), and

) =w, (wl<rmdzg)
where
gw) =t w) =w — a;w? + (2a% — az)w? —
(5a3 — 5aya; + a,))w* + -, (w € U). (3.94)

If £ and £~ are univalent functions in U, then f is said to be bi-univalent in

U and the class of bi-univalent functions defined in U is denoted by ). (see
[38]).

If f and g are two analytic functions in U, we say that f is subordinate to g

or g is said to be superordinate to f, written symbolically as follows (see

[49]) :
f<g or f(z)< g(z2), (z € U),

if there exists a Schwarz function w(z), with w(0) =0 and |w(z)| <
1(z € U),suchthat f(2) = g(w(2)),(z € U).

If the function g is univalent in U, we have the following equivalence
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f(2) < g(2) = f(0) = g(0) and f(U) < g(U).

Ma and Minda [49] defined a class of starlike and convex functions by using
the method of subordination and studied classes S*(¢) and G*(¢) which is
defined by

S*(¢) = {f € cA:Z;(S) SORT: U},
and
G*(¢) = {f €A1+ Z]]:(S) <p(2)z€ U}.

By Sy(¢) and Gy (¢b), we denote to bi-starlike and bi-convex functions f is
bi-starlike and bi-convex of Ma-Minda type respectively [49].

However, there are only a few works determining the general coefficient
bounds |a,| and |as]| ([7,8,9,21,32,36] for the analytic bi-univalent functions
in the literature. ([21,29,30]).

Horcum and Kocer [38] studied the Horadam polynomials h,, () which are

defined by the following repetition relation (also see [37]):
ho(r) = prhy_1(r) + gh,»(r) (reRneN),
with
h,(r) =a and h,(r) = br, (3.95)

The generating function of the Horadam polynomials h,(r) (see [28]) is

given by
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[I(r,2) = ¥, h, (r)z"1 = L-anrz (3.96)

1-prz—qz?
Definition (3.3.1). A function f € ). defined by (3.93) is said to be in the
class Hs (p, 8, ,1), if the following conditions:

1+ (1 +Z]’:—(S)) [%{(1 —6)%+5(Z;E—i?)+ﬁzf”(z)}— 1] <Mr,2)+1-a,

(3.97)

and

1+ (1 +%) [%{(1 - 6)%+ 6(%) +,ng”(w)} - 1] <Mr,z2)+1—a,

(3.98)

where (§ = 0,8 =>0,p € C\{0},r e R),zzw e U and g = f~1 is given by
(3.94).

If we put p =1 and 6 = 1 in Definition (3.3.1), we obtain the following
Remark such that #s(8,7) = Hx(p,8,B,7).

Remark (3.3.1). A function f € ) defined by (3.93) is said to be in the
class Hx (B, r), if it is hold the conditions:

1+ (1+ Z}f(g)) (X2 + pzf" @} - 1] <N +1-a,  (399)

and

1+ (14 Wj(v(vv)v)) ({22 + pwg"w)} - 1] <NIGn2) +1-a,  (3.100)

where (8 = 0,7 € R),z,w € U and g = f 1 is given by (3.94).
If we put § =1 and B = 0 in Definition(3.3.1), we obtain the following

Remark such that s (p, 7) = Hx(p, 6, B, 1).
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Remark (3.3.2). A function f € ). defined by (3.93) is said to be in the
class Hy (p, ), if it is hold the conditions:

1+ (14 Z]f(g)) E{(Zj’f(g))} ~1| <2 +1-a, (3101

and

1+ (1+ %) E{(Wj(v(vv)”)} ~1| <2 +1-a, (3102)

where (p € C\{0},7 € R),z,w € U and g = f~1 is given by (3.94).
Theorem (3.3.1). For§ > 0,8 = 0,p € C\{0} and r € R, let f € A be in

the class Hx(p, &, 8,7). Then

plbryibr] . (3.103)

J|pb2r2(2(1+23)+(1+6+6/}))—(pbr2 +qa)(1+2B)?|

la,| <

and

|br| p2b?r?

|a3|s1+6+6ﬁ+(1+2ﬁ)2. (3.104)

Proof. Let f € Hy(p,6,8,7) and g = f~1. Then, there are two analytic

functions u, v: U — U given by

u(z) = uyz + uyz? + uzz3 + -, (z€el) (3.105)
and

v(w) = vyw + w2 +vawi + -, (wEeUl) (3.106)

withu(0) = 0and v(0) = 0, |u(2)| < 1, |[v(w)| < 1, such that
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1+ (1 + Z}f(g)) E {(1 — 6)% +6 (fo(_S)) + ,Bzf”(z)} — 1] =TI(r,2) +1—

a,

and

1+ (1 + —W;(V(VV)”) E{(l L e (%) + ,ng”(w)} - 1] =M(r,2)+1-a

Or, equivalently

1 (1 4 "(Z)) Hu -~ 6<Zf '(Z)> +ﬁzf”(z)} - 1]

f'@@ ) e f@)
=1+h,()—a+h,@ulz) + h3()u(z) + - (3.107)
and
wg' w)) [1 gw) wg'(w) .,
b (1 ’ g'w) ) [E{(l IR 6( gw) > thwg (W)} - 1]
=1+h,()—a+h,@)vWw) + hs(@)vi(w) +--. (3.108)

Combining (3.105), (3.106), (3.107) and (3.108) , yield

1+ (1 + Zf”(z)) F{(l - 6)%2) +6 (Zf,(z)> + ﬁzf”(z)} = 1]

f'@ Jlp f(2)
=1+ h,(Muyz + [h,(Muy + h3(Mud]z? + - (3.109)
and
wg" W)\ [1 gw) wg'(w) .,
1+ <1+ 7w )[E{(l —5)T+5< (W) >+ﬁwg (w)}— 1]
=1+ h,)vyw + [h, @)V, + i3 (Vw2 + -+, (3.110)

It is quite well-known that if |u(z)| < 1, |[v(w)| < 1,z,w € U, we get

77



New Results and Applications on Coefticients
Chapter Three  Estimates for Subclasses of Bi-Univalent Functions

ly| < 1and |v,] <1 (Vi€ N).

(3.111)

Comparing the corresponding coefficients in (3.109) and (3.110), after

simplifying, yields
1
;(1 +2B)a; = hy(Nuy,

%[(1 + 8+ 6B8)az + 2(1 + 28)a2] = h,(Nu, + ha(Hu2,

1
_;(1 + 2B)a, = hy(r)vy,

And

%[(1 + 8+ 6B)(2a5 — a3) +2(1 +2B)a3] =

hy(r)vy + hs (7")7712 .

From (3.112) and (3.114), we have
uqy = —0y,
and
2(1 +2B)%aj = p*h3 (") (i + v{).

If we add (3.113) to (3.115), we deduce that

(3.112)

(3.113)

(3.114)

(3.115)

(3.116)

(3.117)

%[4(1 +2B) +2(1+ 6 +6B)]a3 = hy(r)(uy + v,) + hs(r) (uf + vd).

(3.118)

Substituting the value of u? + v# from (3.117) in the right hand side of

(3.118), we find that
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p%h3 (r)(uy + vy)
ph2(r)[4(1 + 2B) + 2(1 + 8 + 6B)] — 2h5 (r)(1 + 2p)?°

a3 = (3.119)

Further computations using (3.95), (3.111) and (3.119), we get

plbr|\/Tbr]

\/lprrZ(Z(l +28)+ (1468 +6B)) — (pbr? + qa)(1 + 2p)?| |

la,| <

Now, if we subtract (3.115) from (3.113), we get
20+ 68 +6B)(az —a3) = h,(r)(uy, — v,) + ha(r)(w? —vi). (3.120)
In view of (3.116) and (3.117), we obtain from (3.120)

_ hy (1) (uy — vy) + ch%(r)(u% + V12)
BT +8+6B) | 2(1+6+6B)

Applying (3.95), we can easily see that

] < |br| N p2b?r?
T1464+68 (14287

By putting p = 1 and § = 1 in Theorem (3.3.1), we get the next Corollary:
Corollary (3.3.1). For £ >0 and r e R, let f € A be in the class

Hy (B, 7). Then

br|/|b
< b7y Ibr] (3.121)

la,| < )
\/|b2r2(2(1+2ﬁ)+(1+6,8))—(pbr2+qa)(1+23)2|

and

@ < |br| N b?r?
T 1468 (142B)2

(3.122)
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By putting 6 =1 and f = 0 in Theorem (3.3.1), we get the next Corollary:

Corollary (3.3.2). For p € C\{0} and r € R, let f € A be in the class
Hy(p,7). Then

ol < plerlTor 12)
2T Jlapb#rZ — pbr? f q@)|

and

br
las| < lz—l + p2b?r2. (3.124)
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