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 اىشنش ٗالإذاء  

إىٚ مو ٍِ عيَْٜ عيَا ّافعا ٗى٘ حشفا, إىٚ مو ٍِ أّاس ىٜ اىطشٝق إىىٚ اىْاىاإ إىىٚ ٍىِ اس ىذّٜ 

 افادّا ٍِ عيَىٔ ٍَىا عىاعذّازٛ اى  فشحاُ داخو /ىلأعرار ٗعيَْٜ أذقذً تاىشنش ٗاىعشفاُ اىاضٝو, 

فىىٜ اعىىذاد ٕىىزا اىَشىىشٗه ٗاخشااىىٔ تٖىىزٓ اىتىى٘سٓ اىرىىٜ اارٖىىذّا اُ ذنىىُ٘ تاف ىىو  ىى٘سج  ىىذس 

  ......اىَغرطاه

عىراادج ٍْىٔ ٍٗىِ اىٌ اىَقىذسج عيىٚ لاطىاى  ٗاالاٗاىشنش اٝ ا اىٚ مو ٍِ ٝقىشأ ٕىزا اىث ىغ ت ىش  

ب الأرْىىاُ اىنثٞىىش اىىىٚ الاٍٗاىشىىنش اىاضٝىىو ٗ اىر ىىذٝغ ٗاىرطىى٘ٝش ٗاى٘ ىى٘ه اىىىٚ ااىا ىىو تىى رُ ه

عذاد ٕزا اىث غ لإعيْٞا فَا ماُ ىْا عْذا ٗعّ٘ا تٖا  ٞح فَٖا اعض اىْعٌ اىرٜ اّعٌ هً اى اىالأاىٜ ٗاى 

   .عرزماسلاىيذساعح ٗا لائٌه ذ٘فٞش اىا٘ اىَلاٍِ خ

ٕا فىٜ ع٘اً   ْٞالاٞاج اىااٍعٞح ٍِ ٗ أ ّع٘د إىٚ اخٞشج فٜ اى الاتذ ىْا ّٗ ِ ّخط٘ خط٘اذْا لاٗ

ٞىشج فىٜ تْىاء اٞىو سحاب اىااٍعح ٍ  أعاذزذْا اىنشاً اىزِٝ  ذٍ٘ا ىْا اىنثٞىش تىارىِٞ تىزاىل اٖى٘دا مث

ْىىاُ ٗاىرقىىذٝش لاٍرَّ ىىٜ ذقىىذً أعىىَٚ لٝىىاخ اىشىىنش ٗ اٗ ثىىو أُ  ....ٍىىِ اذٝىىذ لاٍىىحاى ىىذ ىرثعىىغ أ

اىىزِٝ ٍٖىذٗا ىْىا فاضىو.. الاىىٚ اَٞى  أعىاذزذْا ا ...ٗاىَ ثحإىٚ اىزِٝ حَي٘ا أ ذط سعاىح فىٜ اى ٞىاج

 .طشٝق اىعيٌ ٗاىَعشفح

 الاهداء 

 إىٚ اىٞذ اىطإشج اىرٜ أصاىد ٍِ أٍاٍْا أ ٘اك اىطشٝق 

 و ٗاىثقحلاٍٗسعَد اىَغرقثو تخط٘ط ٍِ ا



 ذاٞٔ اىنيَاخ ٗاىشنش ٗاىعشفاُ تاىاَٞو أتٜ اى ثٞة لاإىٚ اىزٛ  

 إىٚ ٍِ سم  اىعطاء أٍاً  ذٍٖٞا 

 ٗأعطرْا ٍِ دٍٖا ٗسٗحٖا ٗعَشٕا حثا ٗذتََٞا  

 ٗدفعا ىٍ ذ أاَو

 ٍِ عْٖٞٞا أٍٜ اى ثٞثح الاٍوّشٙ  رٜإىٚ اى اىٞح اىرٜ اى

 إىٚ أصٕاس اىْشاظ اىرٜ ذاٞض حثاً ٗطا٘ىحً ّٗقا ءً 

 ٗعطشاً  

 امو خط٘ج ٍشٞرٖ لاٍياٜإىٚ ٍِ أخز تٞذٛ ... ٗسعٌ ا

  الااَو فٜ ٗأ ٘اذٌٖ  إىٚ أ ذ ائٜ اىزِٝ ذغنِ  ٘سٌٕ 

  نشٛ اىاضٝو ٗاٍرْاّٜ 
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Introduction 

Let M be an R-module. Asubmodule A of an R-module M is said to be essential in M ( denoted 

by A   ess M)  if A    W     for every non-zero submodule W of M equivalenty A   ess M  if 

whenever  A    W   , W≤ M then W= 0. Asubmodule A of an R-module M is said to be 

small in M if Whenever N+W=M ,W submodule of M implies W=M.  

The socal of an R-module M is  denoted by Soc(M) and defined as the sum of the simple 

submodules of M. If M has no simple submodule then we set Soc(M) = 0 . Let M be a right R-

module The Jocobson radical of M denoted by J(M)  

And defined as the intersection of all maximal Submodules of M . If M has no maximal 

Submodules then we set J(M)=M . let M and N be modules over ring R. A function  

f: M             N  is an R-module homomorphism if f (m+ n) = f(m) + f(n) and f (rm ) = rf (m) for 

all m,n   M and r   R.  

This work consists of two chapters . In chapter one we deal with certain know  result which is 

useful throught this work .In chapter two we study e- small and s- Essential submodules . Let 

N be a submodule of a module M   . N is said to be e- samall in M if N+L=M, When L≪ess 

implies L=M.  And Let N be a submodule of a module M.    N is said to be e- small in M if N ∩ 

L=0, When L≪ess implies L=0. and some properties about it  .Let N  be  a submodule of a 

module M . Also who show that N ≪essM if and only if  X+N = M, then X is a direct summand 

of M with M/X a semisimple module.As well as explain us who close tha notion of s- Essential  

submodules at to then of  Essential submodule in addition.  We use the concepts of e-small 

and s-essential submodules to characterize some properties of homomorphisms. 
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 Let 0 ∕= K ≤ M be a module. Then K ⊴s M if and only if  for each 0 ∕= x   M, if Rx ≪ M, then 

there is an element r   R such that 0 ≠rx   K .  Let N be a module and N,K,L are submodules 

of M with K ⊆ N. If N ≪ess M, then K ≪ess M and N/K ≪ess M/K., N + L ≪e M  if and only if  

N ≪ess M and L ≪ess M.,If K ≪ess M and f : M → N is a homomorphism, then f(K) ≪ess N. 

 if K ≪ess M ⊆ N, then K ≪ess N.  

Assume that K1 ⊆ M1 ⊆ M, K2 ⊆ M2 ⊆ M and M = M1 ⊕ M2, then K1 ⊕ K2 ≪ess M1 ⊕M2 if 

and only if K1 ≪ess M1 and K2 ≪ess M2. 

Let M be a module. Then Rade(M) = P { N ⊆ M ∣ N ≪ess M}. Socs(M) = ∩{ L ≤ M ∣ L ⊴s M}. 



 

 

 

  

 

 

Chapter 

One 

Preliminarie
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Essential and Small submodules :- 

Definition ( 1.1)[5] :- A submodul   of an R-module M is said to be essential in   (denoted 

by       ), if         for every non-zero submodul    of  .Equivalently         

if whenever      ,     then      

Example (1.2):- Find an essential in Z12  

Solution/ 

    M=Z12  

<0> ={0} 

<2> ={0,2,4,6,8,10} 

<3> ={ 0,3,6,9}  

<4> ={ 0,4,8}  

<6> ={ 0,6} 

<12> ={ 0,12,2,3,4,5,6,7,8,9,10,11}  

<0> ∩<2> =0 , <0> ∩ <3> =0 , <0>∩<4> =0 , <0> ∩<6> =0  

   <0> ={0}  is        

<2> ∩<0> =0  

<2> ∩<3> ={0,6}  

<2> ∩<4> ={0,4,8}  

<2> ∩<6> ={0,6}  

< 2> ∩< 12> = { 0,2,4,6,8,10}  

0 



 

    < 2> is    ess 

<3> ∩<0> =0  

<3> ∩<2> ={0,6}  

<3> ∩< 4>={0}  

   <3>   is  ess 

< 4> ∩<0> =0    < 4> ∩<3> ={0}   <4> ∩<2> ={0,4,8} 

   <4> is   ess 

<6> ∩ < 0> =0      <4> ∩<3> ={0,6}        < 6> ∩<2> ={0,6}      <6> ∩<4> ={0}  

     <6> is   ess  

<12>∩ <0> =0   <12> ∩<2> = { 0,2,4,6,8,10}             <12>∩ <3>={ 0,3,6,9} 

<12>∩ <4> ={0,4,8}         <12>∩ <6>={0,6}       <12>∩ <12>=Z12  

   <12> is      ess 

Definition (1.3) [5]  :-  Let N be  a submodule of module M   

    N is said small in M  if whenever           ,   submodul of     implies 

   . 

For example ,<2>  is a small in  , where      .                         
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Definition (1.4)[5]:-    Let A is submodule of module M  A is direct summand of      and 

denoted  by A⊕B=M  if        and A B=0. 

Definition (1.5) [5]: - Let M be an R-module N , A is  called  Semisimple if A M     then                

A⊆ ⊕ M 

 Definition ( 1.6) [5]   :- for  -modules   and  .   is said to be  - projective,  if every 

submodule   of  , any homomorphism     
 

 
  can be lifted to a homorphism,        

that is if     
 

 
, be the-natural epiomorphism, then there exists a homorphism       

such that      .  

  is called projective if   is  -projective for every  -module  . If   is  -projective,   is 

called self-projective. 

   For examples: 

(1)   as  -module is projective. 

(2)     as  -module is self-projective. 

    as  - module is  -projective. 

Definition ( 1.7) [5]  : The socal of a an R-module   is denoted by Soc(   and defined as 

the sum of the simple submodules of    If   has no simple submodule then  we set Soc(  =0. 

 

    

A A/X 

N 
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For examples : 

(1) Soc(     ; 

(2) Soc(  )=   ; 

(3) Soc(       . 

Definition ( 1.8) [5]  :-  Let   be a right R-module . The Jocobson radical of   denoted 

by J(   and  defined as  the intersection of all maximal submodules of  . If   has no maximal 

submodule, then  we set J(    . 

For examples : 

(1)   J(     ; 

(2) J(     ; 

(3) J(      ; 

(4) J(       . 

  

Definition (1.9) [5]  :-  Let   and    be modules over ring R. A function       is an 

R-module homomorphism if                  and              for all         

and       
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Chapter 

Two 

 
e-smallands-essential submodul 
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 e-Small and  s-Essential Submodules:-  

All result of this chapter from [14] 

Definition (2.1) :- Let N be a submodule of a module M. 

           N is said to be e- samall in M if N+L=M, When L≪ess implies L=M 

Example(2.2) :- find an  e-small in  Z24 

N={ 0,4,8,12,16,20}                             L= { 0,2,4,6,8,10,12,14,16,18,20,22}              

Solution/ 

N is e-small of M   

Since L essential of M  L+N=M  

Definition ( 2.3)  :- Let N be a submodule of a module M. 

     N is said to be e- small in M if N ∩ L=0, When L≪ess implies L=0  

Example (2.4) :- find a s- essential  in Z6 

N={ 0,3}                      L= { 0,2,4} 

N is e-small of M   

      K∩N =0 ,K≪N 

Proposition 2.5   :- Let N be a submodule of a module M. The following are equivalent. 

(1) N ≪essM; 

(2) if X+N = M, then X is a direct summand of M with M/X a semisimple module.  
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Proof : 

(1) ⇒ (2). Let Y be a complement of X in M, then X ⊕ Y  ess M. Since 

X + Y + N = M and N ≪ess M, it follows that X ⊕ Y = M. To see that M/X  Y is semisimple, 

let A be a submodule of Y . Then X + A + N = M. Arguing as above with X + A replacing X, 

we have that X + A = X ⊕ A is a direct summand of M, implying that A is a direct summand 

of Y , so M/X is semisimple. 

(2) ⇒ (1). Let K  ess M and K + N = M, then K is a direct summand of M, so K = M. We 

have N ≪ess M. In particular if M is a projective module, then every e-small submodule N 

of M  

The next proposition, which will be used frequently, explains how close the notion of  s-

essential submodules is to that of essential submodules. 

Proposition 2.6:- Let 0≠K ≤ M be a module. Then K ⊴s M if and only if 

for each 0 ≠x   M, if Rx ≪ M, then there is an element r   R such that 0≠rx   K. 

Proof. :-  

Let K be a submodule of M and K ⊴s M. For each 0≠x   M, if Rx ≪ M, then Rx≠0 and K ∩ 

Rx ≠ 0. Thus there is an element r   R such that 0≠rx   K. 

 

 (⇐) Suppose L is a small submodule of M and 0≠x   L. We have Rx ≪ M, hence there exists 

an element r   R such that 0≠rx   K∩L. That is, K⊴s M.  
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Proposition 2.7. Let M be a module. 

(1)  Assume that N,K,L are submodules of M with K ⊆ N. 

 (a) If N ≪ess M, then K ≪ess M and N/K ≪ess M/K. 

 (b) N + L ≪e M  if and only if  N ≪ess M and L ≪ess M. 

 

(2)  If K ≪ess M and f : M → N is a homomorphism, then f(K) ≪ess N. 

 In particular 

   if K ≪ess M ⊆ N, then K ≪ess N. 

 

(3) Assume that K1 ⊆ M1 ⊆ M, K2 ⊆ M2 ⊆ M and M = M1 ⊕ M2, then 

 K1 ⊕ K2 ≪ess M1 ⊕M2 if and only if K1 ≪ess M1 and K2 ≪ess M2. 

Proof:- 

(1) (a) Suppose that  L ess M and L+K = M, then N+L = M, thusL = M for N ≪ess M, so K ≪ess M 

If L ≤ M with L/K  ess M/K and L/K +N/K = M/K, then N + L = M and L ess M.  

Hence L = M and L/K = M/K. Therefore N/K ≪essM/K.  

(b) The necessity follows immediately from (a). Conversely, suppose K  ess M with 

 N + L +K = M, then L +K = M since L +K  ess M and   N ≪e M. Whence K = M for 

 K  ess M and L ≪ess M. 

(2) Suppose that A ess N and A+f(K) = N. Then f←(A)  ess M, and f←(A)+K = M  

 Since K ≪ess M, we have f←(A) = M. Thus f(K) ⊆ A and A = N. So f(K) ≪ess N. 

(3) Immediate from (1) and (2).  
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 It is proved in [13, Lemma 1.3] that if K ≪ M and N/K ≪ M/K, then N ≪ M.  

 The following example shows that the converse of Proposition 2.5 (a) is false. 

Example 2.8. Assume that R = ℤ, M = ℤ24 K = 6ℤ24 and N = 3ℤ24. Then K ≪ M and 

     N/K ≪ess M/K. But N is not e-small in M. 

 Dually, we have the following conclusions on s-essential submodules. 

Proposition 2.9.Let M be a module. 

(1) Assume that N,K,L are submodules of M with K ⊆ N. 

 (a) If K ⊴s M, then K ⊴s N and N ⊴s M. 

 (b) N ∩ L ⊴s M if and only if N ⊴s M and L ⊴s M. 

(2) If K ⊴s N and f : M → N is a homomorphism, then f←(K) ⊴s M. 

(3) Assume that K1 ⊆ M1 ⊆ M, K2 ⊆ M2 ⊆ M and M = M1 ⊕ M2, then 

 K1 ⊕ K2 ⊴s M1 ⊕M2 if and only if K1 ⊴s M1 and K2 ⊴s M2. 

The converse of Proposition 2.7 (1)(a) is not true 

Example 2.10. Let R = ℤ, M = ℤ36, N = 6ℤ36 and K = 18ℤ36. Then K ⊴s N, N ⊴s M. But K is 

not s-essential in M. 

The socle and radical of a module are important in the study of modules and rings. In [13], the 

radical of a module M is generalized as follows 

 (M) = ∩{ K ≤ M ∣ M/K is singular and simple}. 

Furthermore, we have 

Definition 2.11. Let M be a module. Define 

 Rade(M) = ∩{ N  ess M ∣ N is maximal in M }, 

13 



 

And 

 

 Socs(M) =X{ N ≪ M ∣ N is minimal in M }. 

Obviously, 

 Socs(M) ⊆ Rad(M) ⊆ (M) ⊆ Rade(M) 

and 

 Socs(M) ⊆ Soc(M) ⊆ Rade(M). 

In the following we use e-small submodules and s-essential submodules to characterize 

Rade(M) and Socs(M). 

Theorem 2.10:- Let M be a module. Then 

 (1) Rade(M) = P { N ⊆ M ∣ N ≪ess M}. 

 (2) Socs(M) = ∩{ L ≤ M ∣ L ⊴s M}. 

Proof. (1). Let U=P { N ⊆ M ∣ N ≪ess M}. Suppose that L ≪ess M and K  ess M is maximal in 

M,  hence L ≤ K. Otherwise, we have K + L = M. But L ≪ess M, hence K = M, a 

contradiction. It follows that U ⊆ Rade(M). On the other hand, for x   Rade(M) suppose that 

Rx is not e-small in M. 

Set 

  Γ = { B ∣ B ≠ M, B  ess M and Rx + B = M}. 

Clearly, Γ is a non-empty subposet of the lattice of submodules of M. By the 

Maximal Principle, Γ has a maximal element, say B0. Now we claim that B0 is 

maximal in M. Otherwise, there is a submodule C of M such that B0 ⫋ C ⫋ M, 

thus 
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   Rx + C ⊇ Rx + B0 = M 

 

and C  ess M, hence C   Γ, which contradicts the maximality of B0. So B0 is maximal in M and 

B0  ess M. Thus x   Rade(M) ⊆ B0 and Rx ⊆ B0.  

Since Rx + B0 = M, it follows that B0 = M, a contradiction. So Rx ≪ess M, hence 

Rade(M) ⊆ U. Therefore 

   Rade(M) =∑{ N ⊆ M ∣ N ≪ess M}. 

(2). Let S=∩ { L ≤ M ∣ L ⊴s M}. Suppose that L ⊴s M and K ≪ M is minimal inM, then 

 K ≤ L. Otherwise, K∩L = 0, hence K = 0, a contradiction. So Socs(M) ⊆ S. Note that S ⊆Soc(M), 

thus Socs(M) and S are semisimple 

modules. If S " Socs(M), there is a simple module T such that T ≤ S and T is not small in M. 

Let K be a proper submodule such that K + T = M. 

(a) If K ∩ T ≠0, then T ⊆ K, hence K = M, a contradiction. 

(b) If K ∩ T = 0, then M = K ⊕ T . For each H ≤ M, if H ≪ M and K∩H = 0, then H+K is a 

proper submodule of M and H   H + K)/K is a submodule ofM/K, where M/K  T  is a 

simple module. Thus H = 0. Then K ⊴s M, that is, T ⊆ S ⊆ K, a contradiction. 

 

Thus T ≪ M, a contradiction. Therefore S = Socs(M). 

Corollary 2.12. Let M and N be modules. 

(1) If f : M → N is an R−homomorphism, then f(Rade(M)) ⊆ Rade(N). In particular, Rade(M) 

is a fully invariant submodule of M.  
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(2) If every proper essential submodule of M is contained in a maximal submodule of M, then 

Rade(M) is the unique largest e-small submodule of M. 

 

 

Proof. 

(1) By Proposition 2.7 and Proposition 2.12. 

(2) For each essential submodule K of M, if K ≠ M, there is a maximal submodule L of M such 

that K ⊆ L, then L ess M. By the definition of Rade(M), Rade(M) ⊆ L.  

So Rade(M) + K ⊆ L ⫋ M. Thus Rade(M) ≪ess M. 

Dually, we have 

 

Corollary 2.13. Let M and N be modules. Then 

 (1) If f : M → N is an R−homomorphism, then f(Socs(M)) ⊆ Socs(N). Therefore,     

Socs(M) is a fully invariant submodules of M. 

 

 (2) If M = ⊕ni=1Mi, then Socs(M) =⊕n i=1Socs(Mi). 

 

 (3) If every non-zero small submodule of M contains a minimal submodule of M, then  

 

 Socs(M) is the unique least s-essential submodule of M.  
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Example 2.14. Let R = ℤ, M = ℤ24 and N ≤ M. All submodules of M have the following 

properties. 

 

N ≤ M Small e-small essential s-essential 

ℤ24 × ×     

2ℤ24 ×       

3ℤ24 × × ×   

4ℤ24 ×       

6ℤ24     ×   

8ℤ24 ×   × × 

12ℤ24     ×   

0     × × 

 

According to the above chart, we have 

(1) Rad(M) = 6ℤ24, Rade(M) = 2ℤ24, Soc(M) = 4ℤ24 and Socs(M) =12ℤ24 

                    (2) Socs(M) ⫋ Rad(M) ⫋ Rade(M) and Socs(M) ⫋ Soc(M) ⫋ Rade(M 
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E-small and s-essential homomorphisms 

Definition 2.15. Let M and N be modules. 

(1) An epimorphism g : M → N is e-small in case Kerg ≪ess M. 

(2) A monomorphism f : M → N is s-essential in case Imf ⊴s M. 

 

In the following, we give a useful characterization of e-small homomorphisms 

and s-essential homomorphisms. 

 

Proposition 2.16. Let M and N be modules. 

 

(1) An epimorphism g : M → N is e-small if and only if for each essential monomorphism ℎ, if 

gℎ is epic, then ℎ is epic. 

(2) A monomorphism f : M → N is s-essential if and only if for each small 

epimorphism ℎ, if ℎf is monic, then ℎ is monic. 

 

Proof. 

(1) Let g : M → N be an epimorphism and K = Kerg. Then there is a 

unique isomorphism v : M/K → N, such that vπ = g where π: M → M/K. 

Thus it follows that for each homomorphism ℎ, vπℎ = gℎ is epic if and only ifπℎ is epic. 

(⇒) If g is e-small, then K ≪ess M. Since πℎ is epic, we have Im ℎ+K = M.  
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Note that ℎ is an essential monomorphism, hence Imℎ ess M, thus Imℎ = M. So 

ℎ is epic. 

(⇐) Let L be an essential submodule of M. Let iL : L → M be the inclusion. 

Then i L is essential. If K + L = M, then πiL is epic. By hypothesis, i L is epic, 

that is, L = M. So K ≪ess M,  hence g is e-small. 

(2) Dual to (1). 

 

Proposition 2.17. Suppose that the following diagram of modules and homomorphisms 

is commutative and has exact rows. 

 

 

 

 

 

(1) If α is epic and g is e-small, then g′ is e-small. 

(2) If  ᵧ  is monic and f′ is s-essential, then f is s-essenti 
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Proof. 

(1) Assume that g is e-small, then Kerg ≪e B and β(Kerg) ≪ess  B′. It suffices to show  

Kerg′ ≤ β(Kerg). Let b′   Kerg′. Since the bottom row is exact, there is an element a   A with 

α(a) = b′. Since the diagram commutes 

and the top row is exact, b′ = f′α(a) = βf(a) and gf(a) = 0. Thus there is a 

f(a)   Kerg such that β(f(a)) = b′. So b′   β(Kerg), hence Kerg′ ≪ess B′. 

(2)Dual to (1). 

 

Corollary 2.19. Consider the following diagram 

 

 

 

 

 

 (1) Assume that the diagram is a pullback of β1 and β2. If β1  is a s-essential 

monomorphism, so is α1. 

 

(2) Assume that the diagram is a pushout of α1and α2. If α1is an e-small 

epimorphism, so is β1. 
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Proof.  

      (1) Assume that the diagram is a pullback of  β1  and β2 with  β1  a s-essential 

monomorphism. Then we have a full commutative diagram  with exact rows by 

[7, Proposition 5.1]. 

 

 

 

 

By Proposition 3.3, α1 is a s-essential monomorphism. 

(2) Dual to (1). 

Let R and S be two rings, if F : Mod−R → Mod−S define a Morita equivalence,by Proposition 

3.2 we note that f : M → N is e-small (resp., s-essential) 

if and only if F(f) : F(M) → F(N) is e-small (resp., s-essential). 

For two rings R and S, a bimodule SUR is said to define a Morita duality, 

if SUR is a faithfully balanced bimodule such that SU and UR are injective 

cogenerators. A presentation of Morita duality can be found in [2, §23, §24] and 

Small-Essential Submodules and Morita Duality 1059 

[11]. If M is a right R-module (left S-module), we let M∗ = SHomR(M,U) (= 

HomS(M,U)R), andM is said to be U-reflexive if the evaluation homomorphism 

eM : M → M∗∗ is an isomorphism. According to [2], let RR[U] and SR[U] 

denote the class of all U-reflexive right R-modules and that of all U-reflexive left 
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S-modules, respectively. 

Theorem 2.20. Assume that SURdefines a Morita duality and f : M → N. If M,N are  

 U-reflexive, then 

(1) f is an e-small epimorphism if and only if f∗ : N∗ → M∗ is a s-essential 

monomorphism. 

(2) f is a s-essential monomorphism if and only if f∗ : N∗ → M∗ is an e-small epimorphism. 

 

Proof. (1)  Let f : M → N be an e-small epimorphism, then f∗ : N∗ 
→ M∗ is 

monic by [2, Corollary 24.2]. We claim that f∗ is a s-essential monomorphism. 

Suppose that ℎ : M∗ → H is such that ℎf∗ is a monomorphism and ℎ is 

a small epimorphism, then (ℎf∗)∗ = f∗∗ℎ∗ is an epimorphism and ℎ∗ is an 

essential monomorphism. Since MR and NR are U-reflexive, the evaluation 

homomorphisms M : M → M∗∗ and N : N → N∗∗ are isomorphisms, that is, 

the following diagram commutes: 

 

 

 

 

Since f is an e-small epimorphism, f∗∗ is an e-small epimorphism. By Proposition 

3.2, ℎ∗ is epic. By [2, Corollary 24.2] ℎ is monic. Therefore f∗ is a s-essential 

monomorphism by Proposition 3.2. 

Conversely, let f∗ : N∗ → M∗ be a s-essential monomorphism. By [2, Corollary 
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24.2], f : M → N is an epimorphism. We shall prove that f is e-small. 

Suppose that ℎ : H → M is an essential monomorphism such that fℎ is 

epimorphic, then (fℎ)∗ = ℎ∗f∗ is monic and ℎ∗ is a small epimorphism. By 

Proposition 3.2, ℎ∗ is monomorphism. By [2, Corollary 24.2], ℎ is an epimorphism. 

So f is an e-small epimorphism by Proposition 3.2. 

Dually, (2) can be proved. 
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