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 شكس وتقديس

بدأَا بأكثس يٍ يد وقاسينا أكثس يٍ هى وعاَينا انكثير يٍ 

انصعىباث وها نحٍ انيىو والحًد لله َطىي سهس انهيالي وتعب الأياو 

 لمتىاضعوخلاصت يشىازَا بين دفتي هرا انعًم ا

في    انتربيتأتقدو بخانص شكسي وايتناَي إلى عًادة كهيت 

كًا أتقدو بخانص ،  لي لإكًال انبحث  جايعت انقادسيت  لإتاحتهى انفسصت 

 أساترتي انكساو  وبالأخص الأستاذة  انفاضهتإلى  الايتناٌ 

 ((و. وفاء هاديو.))

 ا اكتًم انبحث ..نهًساعدة انسديدة والملاحظاث اندقيقت انتي نىلاها لم 

 كًا اشكس شيلائي وشييلاتي نلأياو الجًيهت انتي قضيناها يعا 

 الى كم يٍ ساعدَي في يعهىيت أو َصيحت 

 نكى يني كم الحب وانتقديس



 

 الإهداء
 إلى الحثٍة المصطفى محود صلى الله علٍه واله وظلن 
ظازخ ... إلى إلى الرٌي وجىههن لغير الله ها ذىجهد ... وأقداههن لغير الله ها 

إلى  ًثع الحٌاى ..  كل هي في الىجىد تعد الله وزظىله والأئوح  المٍاهين .. 
 والدذً العصٌصج

إلى الٌىز الري ٌٌير لي دزب الٌجاح ..    
   أتً  العصٌص   

 الى ظٌدي وذخسي وهصدز طاقاذً وقىذً عائلرً الحثٍثح 
 اخىاذً واخىاذً 

لى انجاش هرا الثحث الأظراذ ج الفاضلحإلى هي كاى له الفضل في المعاعدج ع  
((و. وفاء هادي.و))   

 إلى... أظاذرذٌا الكسام جمٍعا  
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Abstract:- 

In the research  we introduced Basic 

definitions which we use through this work we 

study some necessary properties of the modified 

of Ikeda map .and we prove  chaotic properties 

of  map. We use program of matlab to prove 

sensitive depended on initial condition and  the 

modified of Ikeda map has positive lyapunov 

exponent (under some conditions).  
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Introduction: 

The word "chaos" is familiar in everyday speech 

. it normally means a lack of order or predictability. 

Thus one says that the weather is chaotic. or that 

rising particles of smoke are chaotic ,or that the stock 

market is chaotic. It is the lack of predictability that 

lies behind the mathematical notion of chaos . both 

sensitive dependence on initial conditions and the 

Lyapunov exponent qualify as measures of 

unpredictability . thus we have the following 

definition of chaos. 

The word "chaos" as it applies to dynamical 

system has been defined in different ways, two 

important properties of dynamical systems which 

have appeared in some of these definitions are the 

properties of transitivity and positive topological 

entropy. 
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1 .General Properties of The Modify of Ikeda  Map 

    In section one,  We recall  some  fundamental definitions   

important theorem . Also, we study the  general properties of 

Ia,b.  we find the fixed points in different area, we show  I a,b  has 

the contraction and expantion area 

Definition(1-1-1)[2]:- 

 Any p= for which  (P) =   ,  (P) =      (P) =   is 

called  

a fixed point. 

Example(1-1-2):- 

If   
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 Example(1-1-3):-  

Let F: R
n 

→R
n
 be given by 
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Definition(1-1-4)[3]:- 

Let V be a subset of R
3
and  be any element in V 

consider  F:V→R
3
a map. Furthermore assume that the first 

partials of the coordinate maps f1 , f2 and f3 of  F exist at v0, the 

differential of F at v0 is the linear map DF(v0) defined on R
3
 by 

:     

For all v0 in V. The determinant of     v0  is called the 

Jacobian of F at v0 and is denoted by                

Example(1-1-5):- 

If F(
 
 )  ( 

      
 

)  is the map then VR
n
 , 

f(
 
 )          

And g(
 
 )           

      

  
     

      

  
     

      

  
 

  
      

  
   

DF(v0)=[

      

  

      

  

      

  

      

  

]=[     

  
] 

 

Definition(1-1-6) [3]:- :- 

Let F: R
3
 R

3
 be a map and     . If               

then F is called area contracting at v0,             then F is 

called area expanding at v0. 
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Example(1-1-7):- 

If  

 (
 
 )  (

   
 

)                                    (
 
 
) 

Solution:- 

DF(
 
 
)  (

  
  

)           (
 
 )     1 therefore F 

is area contracting  map 

Definition(1-1-8) [4]:- :- 

A map F:R
n
R

n
 is called a diffeomorpism provided it is: 

1. One-to-one. 

2. Onto. 

3. C
 

4. its inverse F
-1

: R
n
R

n
 is C


. 

Definition(1-1-9) [2]:-: 

Suppose that A is a 2×2 matrix. The real number is an 

eigenvalue of A 

provided that there is a nonzero v in     such that Av=v. In this 

case v is an eigenvector of A (relative to ) . 

Definition(1-1-10) [3]:-:- 

Let  be a fixed point of F, then  is attracting fixed 

point. If and only if then is a disk centered of  such that 

















t

y

x

















0

0

0

t

y

x

















t

y

x



7 

 

 as n for every  in the disk centered of .by 

contrast is repelling 

 fixed point if and only if there is a disk centered at such that 

‖ (
 
 
 
)   (

  

  

  
)‖  

‖(
 
 
 
)  (

  

  

  
)‖            (

 
 
 
)               

 

            . 

Example(1-1-11): 

 Let F: R
n 
→ R

n
   be given by 
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Example (1-1-12):- 



































0

0

0

n

t

y

x

t

y

x

F

















t

y

x

















0

0

0

t

y

x

















0

0

0

t

y

x

















0

0

0

t

y

x

















w

v

u

















0

0

0

t

y

x



8 

 

 
 let          be a map F(

 
 )  (

  
        

) , then (
 
 
) 

is the saddle fixed point.  

Solution :- 

F(
 
 )  (

  
        

)  so   (
 
 
)  (

  
        

) then to find 

eigenvalues 

             (
    
         

)            

            

             then 

(
 
 
)                              

Example(1-1-13) :- 

let           be a map   (
 
 )  (

  
         

) , then 

(
 
 
)is the repelling fixed point. 

Solution:- 

 (
 
 )  (

  
         

)       (
 
 
)  (

  
       

) then to find 

eigenvalues 

            (
    
        

)          

             

             then (
 
 
) is the repelling fixed point 

Example (1.1.14):- 
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let F: R
2
→R

2
 be a map  F(

 
 )  (

   
        

) , then (
 
 
)is 

the attracting  fixed point. 

Solution:- 

F(
 
 )  (

   
        

)  so DF(
 
 
)  (

   
        

) then to find 

eigenvalues 

                    (
     
         

)

                        

               then (
 
 
) is the attracting fixed 

point. 

proposition(1-1-15):-   

If     then       has two fixed point. 

Proof: -  

by the definition of fixed points, we get:- 

*
 
 
 
+  [

          

         

   
]         then            either 

                  then    
 

 
  . If t = 

 

 
 

   

    
    

       so   
               

   = 0,  therefore     

             

    (  +    ,    
(     ) 

 
   then     

  (     )

    
  

   

(     ) 
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,   
 (    )

 
 

  

   
       

 
     since    

       (    )              

       

                                      

               

  
   

                       

         
(     )   

                    
         

 

 
 

 Hence p1  

(

 
 

(     )   

                    

   

                   

 

 )

 
 

 is the fixed point of 

approximation of Ikeda map . If  t=0 then (
 
 
 
) is fixed point.■ 

Proposition(1-1-16):- 

 The Jacobain of  Modify of Ikeda map  is 
   (    )

        . 

proof:- 

The differential matrix of   Ma,b is  

      

[
 
 
 
 
   

  

   

  

   

  

   

  

   

  

   

  

   

  

   

  

   

  ]
 
 
 
 

 

 

so         [
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then 

                    [
 

 

   
 

  

 

   
 

  

]    
   (    )

   

Proposition (1-1-17):- 

(1) If      
  √    

√ 
 then     is area contracting  map at p1 

. 

(2) If      
  √    

√ 
 then      is area expanding map at p1 

Proof:- 

(1) If       
  √    

√ 
 so the absolute  value of Jacobain 

of     is least then 1 so from definition then 

                            . 

(2)  If b≠0 since     |   (     *
 
 
 
+|  |

   (    )

    | 

by hypothesis  

      
  √    

√ 
 then     is area expanding      ■ 

Proposition (1-1-18):- 

 The Modify of Ikeda map is diffeomorphism  

1.     is  onto 

Proof:- 

Let *
 
 
 
+ any element in R

3
 such that  *

 
 
 
+  [

          

         

   
] 

then 

                 then                     

therefore 
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         then     
 

 
 then   √

 

 
  hence 
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 is onto 

 (2)  The     is  not one to one  

Proof :- 

             , so             then       

therefore           hence      then the     is not one to 

one  

(3)  The     is    then  
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      , ………. 
    

      for all n     and 
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      ,  

    

      , ………. 
    

      for all n     and 

    

   

  
     , 

    

   
 2b, ………. 

   

      for all n   and   3 

Then     is  not diffeomorphism map.■ 

Proposition(1-1-19):- 

The eigenvalues of  D                       is    ,  

                . 

Proof:- 

So by proposition (fixed point)      has fixed point    

(

 
 

(     )   

                    

   

                   

 

 )
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]=0 
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  (                                          
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then                           therefore   1= 2 and        

                 is the eigenvalues of approximation of Ikeda 

map .■ 

Proposition(1-1-20):- 

(1) If               and       then     has 

repelling fixed point at p1. 

(2) If               and       then      has saddle 

fixed point at p1. 

proof:- 

 By proposition (1-1-19) and definition it's satisfying (1-1- 

2)■ 
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 1.Sensitive of Modify of Ikeda map:- 

Chaos is character ited by a sensitive dependence of 

system dynamical variables on the initial conditions . 

trajectories starting with slightly different initial conditions 

locally diverge from each other at an exponential rates to 

provide a rigorous characterization as well as a way of 

measuring sensitive dependence on initial conditions. 

   Definition (2-1-1):- 

   Let (X,d) be a metric space .A map f: (X,d) →(X,d)  is said to 

be sensitive dependence on initial conditions if there exit     

such that for any       and any open set U  X containing    

there exists       and n   such that  

             
        that is                      

             (        
     )    . 

now , we draw some figures  to The Ikeda map to  show or 

approve the  sensitivity dependence to initial condition 

 

 

 

 

 

 

Figure( 1.2 )  a = -1.012 , b = 0.1 with initial points (1.7,1.3,1.2) 

and (1.8,1.4,1.2) 
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 Figure(1.3)   a = -1.01 , b = 0.91 with 

initial point  (1.7,1.3,1.2) and 

(1.8,1.4,1.2) 

  Figure(1.4)   a = -1, b = -1.009 with initial   point   

(1.7,1.3,1.2) and (1.8,1.4,1.2) 
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2.The lyapunov Exponents of Ikeda map: 

The Lyapunov exponents give the average exponential rate 

of divergence or convergence of nearly orbital in the phase – 

space .in system exhibiting exponential orbital divergence, small 

initial differences which we may not be able to resolve get 

magnified rapidly leading to less of predictability any system 

containing at least one positive Lyapunov  exponent and it is 

defined to be chaotic with the magnitude of the exponent 

reflecting the time scale on which dynamics system  become 

unpredictable. 

Definition (2-2-1)[3]  

Let F: X→X be continuous differential map, where X is any 

metric space. Then all x in X in direction V the Lyapunov 

exponent was defined of a map F at X by L(x,v)= 

      
 

 
   |     

   | whenever the limit exists in higher 

dimensions for example in    the map F will have n Lyapunov 

exponents, say  

  
       ,  

            
         for a maximum Lyapunov 

exponent that is 

            {  
          

          
            

       } , 

where v=(   ,   …,  ) 

   Proposition (2-2-2):- 

let Ma,b :R
3
→R

3
 , the Lyapunov exponent of  Ma,b  is 

positive if     |a+√       
 

 

   Proof :-   

 By properties (1-1-19)  ,  |1|>1 then Ma,b  is the positive  

Lyapunov exponent 
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Definition (2-2-3) [1]:-:- 

 A map f is chaotic if it satisfies at least one of the 

following conditions:- 

1. F has a positive Lyapunov exponent  at each point in its 

domain that is not eventually periodic. 

2. F has sensitive dependence on initial conditions on its 

domain 
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