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Abstract

The dynamics of modified Kaplan York map studied , it is two
dimensional non - linear map

X 2 ® x modl
}T

The form of this map is () = ( By 4 )

where a is real number

Some general properties of this map proved as :-
the contracting and expanding area elc .

Also , the chaotic properties of modified Kaplan map studied, we

find

7- has sensitive dependence to initial condition in each

2- has positive Lyapunov exponent



Infroduction

the chaos is theory an important subject in mathematics, it's
study the changes on the behavior of the system with the time, the

kaplan york map was introduced in1983/7].

the mofified kaplan -york map has chaofic behavior. it is one af the
famous map on discrete dynamical system which has many
natural application from physics to chemistry, from medicines fo

meteorology, from biology fo economics

the word "chaos" is familiar in every day speech if normally means

a lock of order or predictability. Thus one says that the weather is

chaotic. or that rising particles of smoke are chaolic or that the
stock market is chaotic, it is lack of predictability that lies behind
the mathematical notional chaos both side. lyapunove. exponent
qualify as measures of unpredictability thus we have the following

definition of chaos

this work consists of chapters



in chapter one:

the concepts and definitions recalled the fixed points, the Jacobian

, the eigenvalues found and we proved some

necessary properties of the modified Kaplan York map , Also , we

determined the contracting and expanding area

In chapter two :

we study the sensitive dependence an initial condition of the
modified Kaplan York map , we proved it has positive sensitive
dependence fo initial condition for all <€ R.and you study the
Lyapunov exponents, we conclude that the modified Kaplan York
map has positive Lyapunov exponents ;for all <€ R,so this map is

chaotic in sense of Gulick .



Chapfter one

Basic definition



Definition (1.1)[1]

Let V be a subset of R% the map M can always be represented in the

hy (V)
h, (v)

coordinate map of M.

form M(v) = ] for all vin V, when my,m, are real valued

Example (1.2)

X1 [ 2x mod1
If K [}] - L o _,_m] _then Itis Kaplan York map define on R?

K1 [f] = 2x (mod 1)
kz[;] = v+ cosdnx.

Definition(1-3)[4]

Let F: R? — R? be a map and S a fixed point if and only if

H G;Hg) That is S=[§§] for which h1(S)=s1, hz2(S)=s: is called fixed point



Definition(1-4)[1]

X
Let V be a subset of R%and v, = [y] be any element in V consider

F:V—R?a map. Furthermore assume that the first partials of the coordinate

maps f; and f, of F exist at vy, the

differential of F at v, is the linear map DF(v,) defined on R by : DG (v

vy, vy,

Tz 8y

| PR,
dx iy

For all vo in V. The determinant of DF (vy) is called the Jacobian of F at v,

and is denoted by | = det DF(v,).

Definition(1-5)[5 ]

Let H: R? -R2 be a map and voe R? , if |JH(v,)| < 1 ,then H is called area

contracting at vo, if [JH(v,)| > 1 then H is called area expanding at vo

Definition(1-6)[1]:

Suppose that A is a 2*2 matrix , the real number A is eigenvalue of A
Provided that there is anon zero V in R? such that AV=AV In this case V is

an eigenvalue to V of A ( relative to A)



Definition(1-7)[1]:

X

y

Let {
Yo

} be a fixed point of F, then [XO} is attracting fixed point. If and

X

only if then is a disk centered of {
y

} such that

X

F”{x}e {x"}as n—oo for every {
y

}in the disk centered of {x"} by
y Yo

Yo

Xo

contrast { }is repelling fixed point if and only if there is a disk centered at

Yo

= Jsuentnat £ () - E G > 1G) - G

,for every (:;) in the disk For {x" } :l{”}
Yo



Chapter two

Properties chaotic of modified

Kaplan map



Proposition(2-1)

K; has a fixed pointif o<# % and B # 1.

Proof:-

X 2 o dl
Since K4 (},) = ( ﬁ;in; ) SO

x=2 o« x mod1 and By + x* =y

this imply x-2 o< x=0

(1-2 o)x=0

By hypothesis o % % then

X=0 ( mod1), that is

X=k;VkezZ

By+x2=y

By+k?=y;Vke€Zso

By=y+ k?;V k € Z then

By-y=k?;V k € Z therfore

(B—1y=k

Since § # 1 then y= % ,
k

Therefore ( +k? ) is a fixed pointof ki ; Vk € Z. m
g-1

Remark (2.2)

If oc= ithus y+k*=y, so k=0, then k; has unique fixed point is (g)



Remark (2.3)

If o= %and B = 1, then kj has infinite points

x modl X
(ﬁy—l— xz): (}')
If | o =%and Bl =1

(2 oC xmodl) B X)
y +x° B (}’
0 modl

then kg has ( 0

) which is fixed points

1f|ﬁ|=1and|oc|¢§

G ™0

0 mr_)dl)

then k; has ( 0

which is fixed points

Proposition(2.4):

The Jacobain of the modified Kaplan York mapis (2 « ),V o, € R

Proof
or1 91
. . . . Xy [ax a8y \_[2cw« O
The differential matrix of K,is Dk4 (j}f) =2 02| ( 2 B )
dax dy
X
]= detDkl(}J) = 2 [ ﬁ: VO(’JE E R. [
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Proposition(2.5):

1* If either|o| = % or |B| = %,then k; is area expanding map.
2*| x| ::: —or |B| < oc= 0, k;is area contracting map.
Proof
X
If|J| = | detDk, (})|
=20 B| > 1, thus | B] >~
Thus either || = 5 or |f|>1.
I [oc| > % then |oc 81> [Z8|>2 Bl then ] > 1

If |8] > 1 then |o< B| > |oc] > >

Proposition(2.6):

The modified Kaplan York map is C™

Proof
Note that
%=20¢’%=0,%=2x andﬁzﬁ
dx ay dx dy
am"k

“_0;Vn ENanda “2-0;Vn eN
dx _:L.r

these partial derivatives are exist and continuous then k; is C*

Remark (2.7):-

ki is not one - to - one, so k; is not differentiable map.

11



Remark (2.8):-

K; is not onto if

T* o= 0,8 =0

2%0c=0,8 #0or

3% 0,8 =0
Remark (2.9):-

The eigen values of Dk, at the fixed pointare #; =2 « and X, =2 k;Vk
EZ

Proof
Since Dk, GC,) = ( 2; 2{1 )
So that Dk, (p) = ( i;c 2;:] );‘v’kez
The eigen values of Dk,is
Det( ém_l Zk—nﬁi )zD,thisimply

(200 —A)(2k— X)=0,50 %, =2 x andX, =2k;VkEZ
To find the type of the fixed points we should prove this proposition .
Proposition(2.10):

1% If |oc| < 23 and k = 0 then the fixed point of k; are attractor
2* either || = 5 or |[k| > 1, Vk € Z then the fixed point of k; are saddle

3*If || = %and |kl = 1, Vk € Z then the fixed points of k, are repelling

Proof

Since the eigen values of Dkyare #; =2 « and %, = 2 k;V k € Z and by the
proposition holds

12



Chapter two



Properties chaotic of modified Kaplan map:-

1. Sensitive dependence on initial condition of modified Kaplan

York map

Chaos is characterized by a sensitive dependence of a dynamical system
variables on the initial conditions . Orbits starting with slightly different initial
conditions locally diverge from each other at an exponential rate ,to provide a
vigorous characterization as well as a way of measuring sensitive

dependence on initial conditions let (x,d) be any metric space .

Definition (2.1)[5]

Let (X,d) be a metric space .A map f: (X,d) —(X,d) is said to be sensitive
dependence on initial conditions if there exit € >0 such that for any x, € x

and any open set U X containing x, there exists y, € U and ne Z*such that

d (™ (xg), f*(v,)) =€ that

is3€E>0,Vx,>0,3y eByx),IneN,d(f"c), [M(Ve)) > € |

Although, there is no universal agreement on definition of chaos , it is

generally agreed that a chaotic dynamical system should exhibit

now , we draw some figures to The modified of Kaplan York map to show or

approve the sensitivity dependence to initial condition

14
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Fig (1-1) ®=0.9 ,5=0 with initial Fig (1-2) ©=-1.9 =0 with initial
points (0.2,0.1), (0.4,0.6) points (0.2,0.1), (0.4,0.6)

T S R Y S R T R S
—

h L L I I L I
o0 01 02 03 04 05 06 07 08 09 1

Fig (1-3) *=1.15 ,£=0 with initial points Fig (1-4)%=2.7 P =-1 with initial points
(0.2,0.1), (0.4,0.6) (0.2,0.1), (0.4,0.6)
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is not sensitive depended on initial condition:-

08H

DB

0.4H

0.2H

0

0

01 02 03 04 05 06 07 08 089 i

Fig(1-5)

A1=0.003, a2=0.001with initial

points (0.2,0.1) , (0.4,0.6)

46

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Fig(1-6)

A1=3.0003, a2=3.00001 with
initial points (0.2,0.1) , (0.4,0.6)

~ c c c c c c c c
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Fig(1-7)

A 1=2.4, a2=0.2with initial
points (0.2,0.1) , (0.4,0.6)
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c c c c c c c c
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Fig(1-8)

Al=-1.1, a2=1 with initial
points (0.2,0.1), (0.4,0.6)

0.9




2. The Lyapunov Exponents of modified Kaplan York Map

The Lyapunov exponents give the average exponential rate of divergence or

convergence of nearly orbital in the phase - space.

Definition (2-2-1)[3]

Let F: X—>X be continuous differential map, where X is any metric space. Then
all x in X in direction V the Lyapunov exponent was defined of a map F at X
by L(x,v)= lim,ﬂqmi In|| DF;““I:*H whenever the limit exists in higher dimensions
for example in R™ the map F will have n Lyapunov exponents, say

L5 (x,v),L5(x,v5), ..., Lx(x, 1,), for a maximum Lyapunov exponent that is
L:(x,v) = Max {L (x, v,), I3 (x,v,), L3 (x, v3), ..., L5 (x, v,)}

where v=(v, ,175,...,17,)

Proposition(2-2-2):

k,has a positive Lypunov exponent
Proof
Since 4, =2 o« andi, =2kandL (k;)=log|2oc|orL (k,)=log |k|

cke”Z

17



If |o<| >~ then L (n)> 0 and if k=0 then L (n1) >0

Definition (2-2-3) [1]

A map H is chaotic in sense of Gulick if it satisfies at least one of the

following conditions:-

1* H has a positive Lyapunov exponent at each point in its domain

2* H has sensitive dependence on initial conditions on its domain.

By Proposition ( 2-2-2 ) and by draw of the sensitive dependence we get

the Kaplan York map is chaotic in sense of Gulick

18



Reference:

[1] Frederickson , PiJ.L.haplan ,E.D,york and J.A York in 1987

[2] Hirsch M. W., Smale S., Devaney R.L, “Differentiable Equations,

Dynamical Systems & An Introduction to Chaos” , Elsevier (USA), 2004..

[3 ] manning A; topological Entropy and the first homology Group. Dyn.Sys.,

proc .symp. Vniv, Lect Note math.468, (1975)pp. 1985-1990.

[4] May Alaa "on the Attractions ", Msc. Thesis,college of Education 2010.

[5] Nagar and V.kannan., Topological Transitivity for Discrete Dynamical

system, frominternel.

19



