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Abstract

The main goal of this work is to create
a general type ofc — space , namely,
feebly Cartarc — space and a new type of
limit sets , namely, feebly limit sets

A" (x) ,J"(x)and, give some properties
and some equivalent statement of these

concept also we explain the relationship
among the definitions feebly Carta&s —

space and\' (x), J" ().
I ntroduction

One of the very important concepts in
topological groups is the concept of group
actions and there are several types of these
actions. This paper studies an important
class of actions namely, feebly Cartan-
space.

LetB be a subset of a topological space
(X,T). We denote the closure Bfand the
interior ofBby B andp ° , respectively.

A subsetB of (X, T) is said to be semi —
open (s.c) if there exists an open suli3et
of X such tha® OB OO.The
complement of a semi—open set is defined
to be semi-closed (s.c) and the
intersection of all semi — closed subset of
X containing B is defined to be semi —

closure of B and denote ti_ys .The subset
B of (X, T) is called feebly open (f — open)
if there is an open sét such that

UoBOU S.

The complement of a feebly open set is
defined to be a feebly closed (f — closed) [6].

If 8 oB° thenB is calledd - open and the
family T” of all O - sets in X,T) is a topology
on X larger thanT, [10]. In [5] that the subset
B of X is f — open if and only iBO T “.In
section one, we introduce some definitions,
remarks, propositions, theorems which are
needed in the next sections. In section two,
we define the setg\' (x),J " (x) and prove

its properties, also we give some equivalent
statement ofA" (x),J " (x).In section three,
we defines feebly thin sets and feebly Cartan
G — space and give some propositions and
theorems which related with this concepts and
shown the relationship among the feebly
Cartan G — space and the setg’ (x) and

JN(x).
1. Preliminaries

1.1 Definition [9]: A subsetB of a spaceX is
called feebly open (f — open) set if there exists

an open subsetU of X such that

U O B O U °.The complement of a feebly
open set is defined to be a feebly closed (f —
closed) set. The collection of all f — open sets
in spaceX is denoted by T.

=N

e
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1.2 Definition: A subsetB of a spaceX is
called feebly  neighborhood f -
neighborhood) ofx(IX if there is an open
subse of X such thax[1O [ B.

1.3 Definition [8]:A subsetA of spaceX is
called f — compact set if every f — open cover

of A has a finite sub cover. A=X thenXis
called a f — compact space.

1.4 Definition [2]:

(i) A subsetA of spaceX is called f - relative
compact if A is f — compact.
(i) A space X is called f — locally f —

compact if every point irX has an f —
relative compact f — neighborhood.

1.5Definition [7, 10,12]: Let X and Y be
spaces and X - Y be a function. Then:

(i) f is called feebly continuous( f -
continuous) function if F(A) is an f —
open set irX for every open s&tin.

(ii) f is called feebly irresolute (f — irresolute)
function if f1(A) is an f — open set i for
every f- open seAinY.

1.6 Definition [4]:

Let kq)aop be a net in a space, x[OX.
Then:

i) (XaJaoo f — converges tox (written
Xa [0 - %) if (Xdaoo is eventually in
every f — neighborhood of . The pointx
is called an f — limit point ofy(y)qop, and
the notation ¥4(Ti - " is mean thai
(xd)aop has no f — convergent subnet.

i) (Xa)aop IS said to havex as an f — cluster
point [written xq@ X] if (Xg)aop IS frequently

in every f - neighborhood of.

1.7 Proposition [2]: A space X, T) isan f —

compact space if and only if every netXn
has f — cluster point iX.

1.8 Proposition [2]: Let X be a space amd
0 X, xOX. ThenxOa ' if and only if there

exists a netyy)qop in A andyq [ - X.
1.9 Remark [1]: Let X be a space, then:

() If (Xd)aop is @ net inX, XX such thatyg
[ - xthenxy - X.

(i) If (Xd)aop is @ net inX, XX such thatxq
a xthenyq a x.

(i) If (Xd)aop Is @ net inX, XJX. Thenxq
M- xin (X, T), if and only ifxg —x in

(X, T, andxg @ xin (X, T) if and only
if xq axin (X, T).

110 Theorem: Let (Xd)aop be a net in a
space X, T) andx,in X. Thenxq @ X, if and
only if there exists a subnejgf)anp Of
(Xd)aop such thaggm [ - Xo.

Proof: By Remark (1.9,.iii).
1.11 Remark :

(DA function f:(X, T)- (Y,1) is f-continuous
function if and only if fX, T - (Y,7)
is continuous.

(iDA function f: X, T) -(Y,1) is f —
irresolute function if and only if X
™= (Y, 1) is continuous.

112 Proposition: Let f: X-Y be a
function,xOX. Then:

(i) f is f — continuous ak if and only if
whenever a ne)qop in X andxq M - x
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then fXq) I — f(¥).

(i) f is f — irresolute atx if and only if
whenever a ne()qop in X andyg AN X

then fq) (I - f(¥).

Proof: (i) = Let xOX and §q)aoo be a net
in X such that x4 M~ x [To prove

thatfq) [l - f(X)]. Let V be a open
neighborhood of pj. Since f is f —
continuous, then V) is f — neighborhood
of X, butxq N —X, then there ig8CD such

thatys O f*(V), O d = B Then fgq) O f(f
Y(V)) O V. Thus ffq) is eventually in every
open neighborhood of X) then

f ) IO — f (x).

[0 Suppose that f is not f — continuous.

Then there exists[IX such that f is not f—
continuous ai. Then there exists an open
setB in Y such that i) B and ff) U B
for eachA is an f — open iiX such thak[A.
Thus there existga[JA and f{.)0B for

eachA is f — open inX . Thenya 1] _ X .

But f()IB for eachAO Nt (x), then ffa)
is not convergent to £( and this is a
contradiction. Then f is f — continuous.

(i) = Let xOOX and §q)qop be a net inX
such that yg M) —x .Then by
Remark(1.9;iii)xg 10 — x in (X, T). Since
f: XT) 0 - (Y,1) is f — irresolute Y,1),
then by Remark(1.11,ii) fX( T) D - (Y,
™) is continuous. Thus ) [0 - f(X) in
(Y1), so by Remark (1.9,

f O) [0 = £ (9.

0By Remark (1.9,iii) and Remark
(1.11,ii) we have f:X, T) M - (Y, T) is
continuous . Then f is f —irresolute.

1.13 Definition  [3]: A topological
transformation group is a tripl&(X,9) where
G is a Ttopological group,X is a T, —
topological space and :GxX - X is a
continuous function such that:

(1) ¢ (91,9 (92, X)) = ¢ (0102, X) for allg;, 010G
, XOX.

(i) @ (e, X) =x for all xOOX , where e is the
identity element o6G.

1.14 Remark [3]: Let X be aG — space and
xOX. Then:

(i) The functiong is called an action d& on
X and the spack together withg is called
a G — space ( or more precisely &t —
space ).

(i) The subspaced.x / gJG} is called the
orbit (trajectory) of x under G, which
denoted byGx [or y(X)], and for every
XX the stabilizer subgrou@y of G atx is
the set §L0G/ gx=x}.

(i) Ag= rg (A) ={agalJA};Ag is called the
left translate oA by g.

(iX) gA= Lg (A) ={ga alJA}; gAis called the
right translate oA by g.

1.15 Proposition:let G be a topological
group anddgq)qop be a net irG. Then:

OIf gq [T _, e, wheree is identity element

of G, thenggy (11 = g (orgug [(T1 - g)
for eachgG.

@) I gq T = o, thenggy T = (orgq
g - o) for eachglG.

(iii) If gg [T o, thengg* OO — oo
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Proof: i) SinceryG -G is continuous and
open , wherey is right translation by. thenrq
is f — irresolute. Thus by Proposition (1.12g4)

g [Tl . g for eachgG.

i) Let g¢[T§—. o and gOdG. suppose thagg

M - o1, for somegG. Sincerqy is f
irresolute, then by Proposition(1.12,ii)

rg'(949) 0d - ry*(g,) Thengurrf . g™,
a contradiction. Thusy g [Tf _ .

iii) Let g;* oo - g - Since the inversion map
of a topological group Gy: G - Gis f —
irresolute, thengq(Ti_g*. Thus if gq
M - oo, thenggl O - oo -

1.16 Proposition: If (G, Xg) is a topological
transformation group, thepris f — irresolute.

Proof: Let AXB is an open set iGxX, then ¢
(AxB) = AB. SinceAB = { x[OX / x = ab, allA,
bOB} =Y aB=Y ¢(B) . Sincega X -X

alJA allA
is homeomorphism fronX on itself such that

allG. ThenaB is an open set iX, sOY aB =

alA

AB is open. Sincep is continuous and open
function, then its clear that the actignis an f
— irresolute function.

2 — Feebly limit sets of a point:

From now on, in this section KB/— space is
meant a completely regular topological, F
spaceX on which an f — locally f — compact,
non — compact, J— topological grougs acts
continuously on the left.

2.1 Definition: Let X be aG — space andlIX.
Then:

() AT (x)={yOX: there is a netgf)aop in G

with gq[Ti . o such thatgyx [T} Yy} is
called feebly limit set ox.

(i) J " (x)={ydX: there is a netgg)qop in
G and there is a nejdqop in X with
gdf - and yg 1§ _ X such that

gX[ -y} is called feebly first
prolongation limit set ok.

2.2 Proposition:Let X be aG — space and
xOOX. Then:

(i) A"(x) and J"(x) are invariant sets
underG.

(i) The orbity(x) is f — closed if and only
if AT (x) is a subset of(x).

(i) If xOA"(x), then the stabilizer
subgroupG, of G is f — compact.

(iv) if AT (x) =@ for eachxOX. Then the
orbit KX) is not f — compact.

V) (x) =y OA" (%)
(V) YU (x) ifand only ifxt j 1 (yy.

(vi) If X is discreteG — space, then
AT (x)=J " (x) foreachxOX.

(vii) If xOj 1 (x), then for eachylly(x),
YHa(y)-

(viii) If yO 4+ (), then for eacltzlly(x),
YUj1(2)-

X)  9gA"(x)=AT(gx)=AT(x) and

93" (x=J " (gx)=3"(x) for eachgG.

Proof. i) LetyOA' (x) andgOdG. Then

there is a net (Qurp in G with gq [T _, o0
andggx M - vy. It is clear thatdgy)qmp is

a net inG with ggq [T . «0.Since the
action is f — irresolute, thus
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(99y)-X [T1 . gy which implies that g¥ A" (x)
and henceA' (x) is invariant. The proof of

J " (x) is similar.

i)= LetydA' (x), then there is a netd)dop
in G such thatgy [T} . oo andggx [T] _. y. Since
gaXOUX) and @eX)qop iS @ net inKx), then by
Proposition (1.8)y0)(x)' . But ®x) is f —
closed then YIKX), SOA T (x) O KX).

O Letydy(x) - Then there exists/d)qop is
a net in y(X) such thatyy 1 -y, then /7 dOD
there isgyJG such that/y = ggx. Then g)qop IS
a net inG andggx (I} - y. Now eithergq [} - g
or gg M - . If g4 1§ _ g thengex [T - gx =y,
which implies thatyOy(x). If gq[I - o, then
YOA" (x) O ¥(X), theny(x) is f — closed.

(i) Let x UA T (x) and suppose th& is not
f — compact . Then there is a nefg){p in G
such thatgg [} - . Since ggx = X, i.e. goX
M -x then xOA'(x) which is a
contradiction, thu$y is f — compact.

(iv) Suppose thatfx) is f — compact.
Sincep ' (x) =@ then there is negf)qop in G
with g¢ @ - 00, (gaX) g is @ net inKx). Since
KX) is f — compact, then by Proposition (1.7)
gix [ ~y for someyOX. HenceyOa " (x) ,
which is a contradiction withA" (x) =¢ for
eachxJX.

(v) The proof of (v) is obvious

(vi)letyd g f (x) - then there is a net (gg)amp in G
with g, [T§ _ o and there is a net (X4)qop in X

with xy [T1 — x such that g xs [T} — y. Put yq =
g« [I1 —y. Then by Proposition (1.15,iii)

-1 - 4
4 Elj — 0 and g4 vs= Jg4 gdxd=de|j_> X

thus XJJ ' (y) . The converse is similar.
(vii) The proof of (vii) is obvious.

(viii) Let xO 37 (x) andydKx). Since
J " (x) Is invariant, then for eacylIKX),
yOdJ ' (x), thereforexd J " (y) (by v) and
since J ' (y) is invariant, theyd J * (y).

(ix) Letyd J " (x), from (v), X0 J " (y).
Since J'(y) is invariant, then for each

Z0Kx¥), z0J"(y) and by (v)yOJ'(z)
for eachzd/x).

(x) The proof of (x) is obvious.

2.3 Proposition: Let X be an f — locally f
— compactG — space andx[IX, then
XOA"(x) if and only if there is an f —

neighborhoodJ of x and an f — compact f
— neighborhood/ of e, e is the identity in
G, such thagxU for eachglV.

Proof: LetxO A" (x) and suppose that
the resulting statement is not true. i.e, for
each f — neighborhoadd of x and for each
f — compact f — neighborhoodof e, there
is pointgdV andgxJU. SinceX is
completely regular, then by
[13,Remark(1.1.12),i] there is a sequence
{Un}nzt of an f — open neighborhood of
x such thatUp+10U,... and

| U, ={x} SincexUpa" (x),then

no0z*

Gyis f — compact. Sinc& is f — locally f —
compact, then its clea6( T is locally
compact. So there ¥ be a compact
neighborhood oé such thats, (V. Thus

for eachn, there igy,0V andgnx [T _ .
By the hypothesigI A" (x) , then (@)non

74

son2® This PDF was created using the Sonic PDF Creator.

SONIC
=~f To remove this watermark, please license this product at www.investintech.com



Habeeb Kareem Abdullah ,Ahmed Talip Hussein

has an f — convergent a sub net@){n. Say

itself. i.e. there igJG such that

On[Mi -9, and hencegx [T - gx = x which
means thagll G4 00 V thus forn, O N, gy

OV for eachn = n,, which contradiction that
On OV, therefore that the statement is true.

Conversely: Let the statement be true. We
suppose thatxAf (x) then there is a net

(9d)arp in G such thagy [ - o0 and gx [ - x,

by hypothesis there existt) be an f —
neighborhood ofx such thatgx(U for each

gOV. Sinceggx [T} - x then there isl,0D such
thatggxJU, for eachd = d, therefore thagy1V,

which is an f — compact, thus the ngd){op has
an f — convergent sub net, say itself, i.e., there

a point gOG such thatgyl g which is
contradiction, since
convergent sub net, thuSI A" (x) .

2.4 Notation: Let X be aG — space and , B be
two subset oX . We mean by A( B) the
set {gG / gANB£¢.

2.5 Proposition: Let X be an f — locally f —

compactG — space and, yOX, thenyd A’ (X)
if and only if there is an f — neighborhobdof
y and an f — compact f — neighborhoddf e,
such thagxJU for eachgllV.

Proof: Letx andy be two points irX such that

YOAT (x) - Then eitherx) = Ky) or fx)#

O)acp has no f —

Uy). If UX) = Ky) theny = gx , for some
guG, thus we have XxOA"(x)and

YOAT (y) [otherwise yOA' (x)].Then by
Proposition(2.3) there is an f—neighborhood
Uy of x and an f — compact f — neighborhood
V: of e such thagxJUy for eachg1V,, Also
for y, there is an f — neighborhoadl, of y
and an f — compact f — neighborhoddof
e, such that g O U, for eachgOW. Since
({4, Uy) OV1 and ((fy}, Uy)) O Wthen we

75

can say that the sets x}{ U,)) and ((§},
Uy)) have f — compact f — closure.

Let Ki= UyNKX) and Ko= UyNKy). Then
({x} Ko) = ({6, Uy) and (({y}, K2)) =
({vy}, Uy) have f — compact f — closure.
Let V2 = (({x}, Uy)) we claim thals, has f

— compact f — closure. If not there is a net
(gd)aop in Vo such thatgg M -, i.e.
gax0Uy, thusga(g™y) O (({y},Uy)). Since
g9 M~ and gu(g'y)dUy, then
99 O ({ v} U ,)) ' which is f — compact.
Thus the net ¢y)aop must be f —
convergent, which is a contradiction. Then
(({x}, Uy)) has f — compact f — closure.
Let V=V,[0V,, thenV is an f — compact f —
neighborhood of e and eadhlV, gxJUy
there for the statements is true.y(K)#
UY), then we suppose that the statement is
not true. i.e. for each f — neighborhobd

of y and for each f — neighborhoadtof e
there is a poing]V andgx [JU. SinceX is
completely regular, then there i5{} 7zt

a sequence of an f — open neighborhood of
y  such that Up+10OU,... and

| U, ={y}andV be af- compact f -

neighborhood ok. Then for each there

is gnOV andgnx O Uy, sincelm U, ={vy},
nON

theng.x [T ~y. Now, eitherg, 0 - o or
oM -9 If g [ -0, thenyOA" (x),
which is contradiction. Ifg, I —g for
someglG, thengx [ -~ gx =y which
implies KX) = Ky) which is a
contradiction. Therefore the statement is
true.

Conversely: Let the statement be true.
Suppose thatll A © (x) , then there is a

net @g)qoo in G with gg [ — o such that
gox (I} ~y. Then by hypothesis there is an
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f — neighborhoodJ of y and f — compact f —  net ¢g)qp in X with x4 [ -~ x such that
neighborhoodV of e, such thatgyx(U for g (0 - X Then by hypothesis, there
eachgV. Sincegex M -y, then there is  existsU be an f — neighborhood afand
do[D such thatgyxOU for eachd, = d, V be an f — compact f — neighborhood
thereforegqlJV, which is f — compact, then such thatguUNU = ¢ for each gOV.
(9g)aop has an f — convergent subnet, which Sincefg)qop and Qag ) ap are f —
contradictions that gq[Il . Hence convergent to , thus there isl,[JD such
YOA™ (%) - that y4(JU andgqyygJU for eachd = d, and

hence g O ((U,V)), thereforegy 0OV,

2.6 Theorem: Let X be f — locally f — compact  which is f — compact , this it must have an

G — space andJX. ThenxOdJ ' (x) if and only f — convergent sub net which is a

if there is an f — neighborhodd of x and there contradictionxd J f (x) .

is an f — neighborhoo® of e, where e is the

identity element of3, such thagUnu = gfor 3 — Feebly Cartan G - space

eachgllV. 3.1 Definition: Let X be aG — space .A

Proof: =We suppose that the above statement SUPSEA Of X is said to be feebly thin (f -
is not true, i.e.. for each f — neighborhddcbf thin) relative to a subs@& of X if the set
x and for each f — compact f — neighborhaed ~ ((A. B) = {g00G / gANB#¢} has an f —
of e there isglV such thagUNU #@ We can nelghborh_ood whpse cIo_sure IS f
choose {n}nzt to be sequence of an f — open ﬁggfp?ﬁfarlmni?i.sli:\lléz ]]:__ tgi“nn relative to
neighborhood ofx such thatU,.100U,... and ' ’

| U, ={x}. SinceGis f—locally f- 32 Remark: The f — thin sets have the

no0z* ; .
compact , then there is an f — compact f — following properties:

neighborhood o€, such thatG, 00 V. Thus for (i) Since GANB) = g(Aﬂg'lB) it follows

eachn there isg, 0V such thatg\UnNU, # @ that if A is f — thin relative tdB, thenB
i.e., there isy,0U, and gmynOUn Since is f — thin relative taA.

| U, ={x}, then we havey, I - x and

(ii) Since (9&ANG:B) = gx(9;'g GANB)

gt (T3~ x and by hypothesis  the sequengg ( it follows that if A is f — thin relative to
noN has an f — cor_lvergent_sub sequence , say B then so are any translags andgB.
itself, thus there is a poingJG such that

g, [T -~ g, and by Proposition (1.16) the action (i) If A andB are f — relative thin ank,
is an f — irresolute . Then by Proposition 0 AandK, U B, thenK; andK; are f

(1.12,ii) guyn [0 — gx = xand hencgOd G0 V —relatively thin.
. Thereforeg,(JV for n = n, , which is a

o X iv) Let X be aG — space anH{;, K> be f —
contradiction. Thus the statement is true. (iv) P b2

compact subset of, then (Ky, K)) is

Converselyl] Let the statement be true, f—closed inG.

we suppose that'l; ' (x) . Then there is a net  (v) If K, andK, are f — compact subset Gf-

(9a)arp in G with gg [T - 0 and there is a spaceX such thak; andK; are f- relatively
thin, then (K4, Ky)) is an f — compact subset of
G.
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Proof: The prove of (i), (i), (i) and (v) are

obvious.

(iv) Let gl ((Kl,Kz))f. Then there is a net
(ga)ao in ((Ky, K2)) such thagq(T) - g. Then
we have netK})qop in Ky, such thaggkg OKo,
sinceK; is f — compact, then by Theorem (1.10)
there exists a subnegy k; ) of (gakg) such

that g, ki O ~k?, where k. O K. But
(kém) in K; andK is f — compact , thus there is
a point k; 0 K; and a subnet ok say itself
ks O - k;. Then
0y kg O - gk =kZ, which mean thatg((K,

such that

K2)), there fore (1, Ky)) is f — closed irG.

3.3 Theorem: Let X be f — locally f — compact
G — space andJX. ThenxOdJ ' (x) if and only

if x has no f — thin f — neighborhood.

Proof: = LetxJ " (x) and suppose thathas

f — thin f — neighborhood , there is an f —
neighborhoodJ of x such that the set{(U))
has f — compact closure .By hypothesis

XdJ " (x) , then there is a negd)qop in G with

ga (I} — 00 and a netyg)qop in X with yg I - x
such thatggyg - x sinceU is a f —
neighborhood ok , thus there isl,[1D such that

va OU and ggyq OU for eachd = d, . Thus
geJ((U ,U)) ,Od=d,, which is f — compact ,
and hence the netdqop must have an f —
convergent subset , which is a contradiction .
Thereforex has no f — thin f — neighborhood.

Conversely: [0 Let x has no f — thin f —
neighborhood . We suppose theflJ ' (x),
then by Theorem (2.6) there is an f —
neighborhoodU of x and a f — compact f —
neighborhoodvof e such thagUnu = gfor

eachglV . In the other words, gUNU g,

thenglV, thus (U,U)) OV which is f —
compact . Thereford is an f—thin f—
neighborhood ok, which is a

contradiction, and henoél J ' (x).

34 Theorem: Let X be an f — locally f —
compactG — space and, y be two points
of X. ThenylJ ' (x) if and only if there is
a f — neighborhoodU of x, an f —
neighborhood\of y and an f — compact f
— neighborhoodV of e, wheree is the
identity element ofs , such thagUNw =
@for eachgllV.

Proof:= LetydJ " (X) :

) If UX) = Ky). Then we havedJ " (x) .
Then by Theorem(2.6) there is an f —
compact f — neighborhood; of e such
that ¢JNU = ¢ for each glIV:. By
Theorem(3.3)U is f — thin and ify = gx
for some glG, then gU is an f -
neighborhood ofy. It is clear thatJ and
gu are f — relative thin ,i.e.,J(gUV)) has f
— compact closure . Putv=gU and V,
=(u,wy) ', thenV=v;00V;, is an f —
compact f — neighborhood & and for
eachglV thengUNW =g¢. Therefore the
statement is true.

i) Let UX) # Ay). We suppose that the
statement is not true, i.e., for each f —
neighborhoodJ of x, for each f —
neighborhoodV of y and each f — compact
f — neighborhood of e, there igy1V and
gUNWZ@. We can choosef} nn @
sequence of an f — open neighborhood of

such thatn+10U,... andl U, ={x} anc
nCON

{Wh}nzt+ be a sequence of an f — open
neighborhood of such thaiV,.10W,,...
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and | w,_={y} ,alsowe choos¥ as an f — hypothesis, there are f — relative thin f -
o " neighborhoodJ of x andW of y. Thus (U,
compact f — neighborhood & Thus for each W)) has f — compact closure. If

nCN there isg,[1V and g.UnNW, # gi.e., there Vlsz andV, be an f — compact f —

is ynUUn and gn[Wh , since | u | ={x} . neighborhood 06,, thenV =V,0V, is an 1

then we havey, (T~ x and g (T - v, by — compact f — neighbpr hood efind each
gV, thengUNW# gthis means that

. f
hypothesisyllJ " (x) . then the sequencenl ylj f (x) - Butxandy are arbitrary, thus

non has a f — convergent sub sequence ,(say f

itself), i.e., there is a poingldG such that we have ' (x) #¢for eachutX.
On [T~ g thusgr [T}~ gx =y, which means 3,6 Definition: A G — spaceX is said to
that x) = Ky), which is a contradiction . Thus be an f — Carta® — space if every point
the statement is true. in X has an f — thin f — neighborhood.

Converselyl Let the statement be true, 3.7 Proposition: If X is f — CartanG —
suppose thaydJ " (x) . Then there is a net space, then each orbit »fis f — closed in

(Ga)ap in G with gy [Tf -  and a netyg)qp in X and stabilizer group @& is f — compact.

X with y¢ @ - x such thatggy (O - y . By _ — .
hypothesis, there exitt be f — neighborhood of Eroof. I'_et Yy(x) - Then there 'S a net
x , Wbe f — neighborhood of andV be an f —  (Ya)aoo in y(X)such thatyy [T] - y. SinceX

compact f — neighborhood efsuch thagUnw is an f — CartarG — space, theg has f —
= @ for eachgdV. Thus ford,0D we have  thin f — neighborhoodJ. Sinceydlly(x),
x0U andggOW for eachd = d, , thenggdV, then there exists a neggfqop in G such
which is f — compact . Therefore the ngd){o that ys=gqx for eachdllD. Fixed @ and
has f — convergent subnet , which is (ga04 )(GqX) = geX SO Ga Gy O((U,U))

contradiction. ThugdJ ' (x). such that gqg, -0, then

3.5 Proposition: Let X be an f — locally f — gux [ ~ggy x andy = ggy X, soylGx

compactG — space . Then ' (X) =gfor each Thusy(x) is f — closed iX. Now, letxOX,

xOX if and only if every pair of point ok has f ~ then there exists an f - thin f —
— relatively thin f — neighborhood. neighborhoodV of x. Clearly Gy is f —

closed inG and sinces, O ((V,V)). Hence
Proof: = Let J'(X) =¢for eachxOX andy be Gy is f — compact.

any point inX. Thus ¢0J'(x)). Then by 35 Theorem: LetX be aG — space. Then
Theorem (3.4) there is an f — neighborhddéd X is f — Cartan G —space if and only i

of x and an f — neighborhodd of y, and an f — x031(x) for eachxOX.
compact f — neighborhool of e such that

guNW = gfor eachgllV, in the other words,  pProof:=If X is an f — Carta® — space.

guUNW #¢ thenglV i.e, (U, W) has f — | etx [ 31 (x), then there is a negd)acp in

compact closure. Therefold and W are f — . ,
relatively thin f — neighborhood. G with ga (T — 0 and there is a nefd)u-o
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Converselyl Letx, yiIX, then by

SincexIX and X is an f — CartarG — space,
thenx has an f — open neighborhoddsuch that
((U, U)) is f — relative thin. Then {{, U)) is f -
relative compact. Thus thered8ID, yq andggyqd
are inU. So thatgy is in (U, U)).Then @q)dop
contains a convergent subnet, this
contradiction.

[0 Suppose thaK is not an f — Cartais —
space. Then there is a pokin X such thatx

has no f — neighborhood f — relative thin. Since

X is completely regular, then by the paxtas

is

a sequence Yp}nzt of an f — open

neighborhood such thatU,.;0U,... and
I U, ={x}. Then (Un, Uy)) is not f —

nOz*

relative thin. We can choose an f — open

neighborhoodJ of ein G such thatGx 0 U and

it is f — relative compact. Then there is a

sequenced;) non in ((Un, Un)) — U. Sinceg, in
G then there is a sequencg){on in U, such
that gnyn is inUn. Since | U, ={x} , then

noOz*

i - x and g (0 - x. SincexdJ f (x),

then @n) non has an f — convergent subsequence,

say (G, ) with g M- g. Thus g, X, M-
X Xo @~ xand g - g, imply thatx =
xg. Henceg is in Gx and henceg,, is in U for

largeny and this is contradiction.

3.9 Proposition: Let X be an f — Carta@d —
space, thep ' (x) =gfor eactxX.

Proof: Suppose that there is a powifiX such
thatyOA' (x) . Then there is a netdgop in G

with gq (11 - o such thagsx (T - y. Let U, be

an f — thin f — neighborhood gf Then there is

doUID such thaiggxOUy, for eachd = d,, we get
gdgéfgdlx = gax0Uy, thus g, gc_tllD(( Uy, Uy)),

which has f — compact closure. Hence the net

in X with g [} - x such thatgyy [ - x.

o g;ll has f —convergent subnet, say itse
i.e, there ig,0G such thatgy ;. (] - o,
thengqg [T = Qo gy, Whichis a
contradiction, thereforgl] A" (x) , sincey
is arbitrary, thus\" (x) =@
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