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Abstract

In this paper , we consider the subclass

D(k,a, ], q,s) consisting of meromorphic univalent
function defined by an operator. We obtain some
geometric properties, like coefficient inquality,
distortion bounds, extreme points, and Closure theorem.
Also, some applications comformal mapping are

obtained.

Key words: Univalent function, Coefficient inequality ,
Distortion bounds, Extreme points, Hadamard product ,

Conformal mapping .

AMS subject classification : 30C45.




Complex Gl giaall
Subject Page no.

1 .Introduction 1
2 .Coefficient Inequality 3
3 .Distortion bounds 6
4 .Extreme points 8
5 .Closure Theorem 12
6 . Applications 14
7 . References 17




1-Introduction:

Let Y be the class of all function of the form:

f@ =2+ ay 2, (1)
n=1

which are analytic meromorphic univalent in the punctured unit disk
U*={zeC:0 < |z| < 1}.Let N denote the subclass of 5 containing of
function of the form:

0.0]

flz)=z1+ z a, z" (a, = 0,neN). (2)

n=1

The Hadamard product of two function f is given by (2) and
g(z) =21 + Z b, 2", (b, = 0,n € N).
n=1
is defined by
(f * g) =z '+ Z an b,z"
n=1

For Positive real values of al,......,aq and

bi,..b bj#0,-1,-2,...; j=1,2,...,s) now, We need generalized
hypergeometric function gFs(al,...,aq;bl,...bs;z) here, defind by

= (a)k ... (ag)kz*
qF, (al, e Qg by, ...,bs;z) = z %
i (b)k ...(b))k k!

(q<s+1,q,s € Ny=NuU{0},z € U),

Where (x)k is the pochhammer symbol defined by




1 k=0
mk:{ x(x+1)..(x+k—1),keN

Corresponding to the function h(al,...,ag; by, ..., bs; z), defined by

h(al, vy Qg; by, ...,bs;z) =z1 qu(al, vy Qg; by, ...,bs;z);

We consider a linear operator

which

q
H (ay, ...,ag; by, ., bs):N > N,

is defined by means of following Hadamard product

(or convolution):

HZ (a1, ., Gg; by, s by): £ (2),

= h(al, wes Qg3 by, o,y b z) * f(z).

We observe that ,for a funuction f(z)of the form(2) ,we have

where

0]

H Z (al, vy Qg; by, ...,bs)f(z) =z 14 Z s(n)a,z",

n=1

(@Dns1 - (@Q)n41)
(D41, - (bS)py1(n + 1)!

s(n) =

If ,for convenience, We write

q q
H s [al] =H s (al, ...,aq; bl, ""bS)'

The linear operator HZ [a;] Was investigated recently by Liu and

Srivastava[11].Some Interesting subclasses of analytic function

associated with The generalized hypergeometric function ,Were

considered recently by ( for example) Dziok et.al.[8] ,Atintas and Owa

[2], Good man][ 9] ,Atshan and Kulkarni[6]and Liu[10].




For%Sk< 1,0S/1<§,0(>1 .Wesaythat f € N isinthe

Class D(k,a, 4, q,s)) If the following condition is satisfied:
(1 -2k)z (H [a)f (2))
2 A(H [a)f (@) +2z0 -0 (H [a,]f (D)’

<a,(z€el) (3)

Some authors studied meromorphic univalent functions for other
classes , like, Aouf[3], Aouf et al.[4],Altintas et al.[1], Atshan _[5],
Cho et al.[7]and Dziok et al.[8].

2.Coefficient Ineguality:

The following theorem ,gives a necessary and sufficient condition for a
function f to be in the class D(k, o, A, g, s).

Theorem (2.1):A function feN belongs to the class

D(k,a, 4,q,s) ifand only if

i(u —2k) + a(nd — 22+ 1))S(n)a, (4)
" <a(1-30)+Qk-1)
where
Lok< 1,0 sz<1,a > 1,S(n) = (a)n+ 1. (ag)n +1
2 3 (bn+1...(by)n + 1(n + 1)!

The result (4)is sharp for the function

a(1—32) + (2k — 1) )
n((1=2k) + a(nd— 24+ D)S(n)

f@=z""+

n=1,2,....
Proof:Assume that the inequality (4)holds true and |z]|=1,

then we have




(1= 202(H | [ar)f(2))|

—

a2 (H ! [al]f(Z)> "+ (1+2(H | [al]f(z))"

(1-2K)(—z"1+ z ns(n)a,z")
n=1

—a|(A(2z72

+ Z n(n — 1)s(n)a,z") + ((1 — A)(—z"1

+ Z ns(n)a,z"))

n=1

= ‘_(1 —2k)z 1 + Z(l — 2k)ns(n)a,z"

—a

2Az71 + z(ln(n —1)s(n)s(n)a,z™ — (1 — )zt

+ Z(l —Mnsn)a,z"

<(1-2k)+ 2(1 —2l)n s()a, — (a(1 - 32)

+ z o, (nA — 22 + 1)s(n)a,, .
n=1




Yneq n((l — 2K) + a(nA — 2A + 1))s(n)an — (0((1 —3)) +
(2k—1))<0

by hypothesis. Hence by maximum modulus principle f eD(k,a, 4, q,s).

Conversely ,suppose that f defined by (2) is in the Class D(k,a, 4, g, ).

Hence

(1 -2k)z (H 4 [a,)f (2))"
222 (H?la)f(2))" + 21— 1) (H [a)f @)

| - =28)z7t + X5l (1 - 2k)ns(n)ayz”
|BA=1)z 1+ Y% n(An — 21 + Ds(n)a,z"

—(1 =20zt + ¥, (1 - 2k)ns(n)a,z"

- (1-30)zt=Y>_ n(An— 21+ 1)s(n)a,z" <@

Since Re(z)<|z| for all z, we have

—(1 =20z + ¥ (1 - 2k)ns(n)a,z"
© {(1 — 30z 1 =Y n(in—21+ 1)s(n)anz”} <@

We can choose the value of z on the real axis. Let z—1"
through real values , we obtain the inequality (4).

Finally, sharpness if we take

a(1-32)+(2k—1) "
n((1—2k)+a(n/1—2/1+1))s(n)Z ’

f@=z"+

n=12,..




Corollary(2.1):. Let feD(k,a, A, q,s).Then

a(l—32)+ (2k—1)

" S A=20 F aAi— 2+ D)sm) " A (5)

3.Distortion bounds:

In the following theorems, we obtain the growth and distortion
theorems for a function fe D(k,a, 2, q,s)

Theorem(3.1): Let the function fe D(K, a, A, g, s).Then

1 a(1-31)+(2k-1) 1
Izl ((1-2k)+a(1-2))s(1) 1z| < |f(2)] < I_

a(l-30)+ 2k —1)
((1—2k) + a(121))s(1)

|z], 12| < 1.

The result is sharp and attained

) =gt g GA=3DF @R D)

((1=2k) + a1 —2)s(1)

Proof:

If () =

(0e]
< +Za z|"
Z <or+ ) il

1
SE |Z|Zn 1an-

By Theorem (2.1), we get

Zw __al=3D)+@k-1)
et S (A= 20) + a(l— D)s(D)




Thus

a(l1-31)+ (2k-1)

If(2)] < |1z| ((1 —2k) + a(1—2)s(1)

|z.

Also

oo 1 (0e]
F@I2 = anlal = ol Y o
n=1 n=1

1 a(1=30) + (2k—1)
=1zl (1 —-2K) + a1l —N)s(1)

|z]|

and this complex the proof.

Theorem(3.2):left f € D(k, o, A, q,s).Then

1 a(1—32) + (2k — 1) , 1 «(1=30)+@2k-1)
ZE (=20 + et =) = O =E M @0 r e - nsy

With equality for the function

a(l =30 + (2k — 1)
(1= 2K) + a(1 = N)s(1) =

f(z) =z71

Proof:

((1=2k) + a(1 = 1))s(1) Z na,

(0.0)

< z n((1—2k) + a(nk — 22) + 1)s(Da,

<a(1-30)+2k—-1) (6)

From Theorem( 2.1).Thus




' —2 N n-1 1 N n-1
f'@)|=|—z +Znanz Zz—lz—Znan|z|
n=1 n=1
Ly
=12 nag
n=1
1
> __
~z)?
a(l1-30)+R2k—-1) 7
((1—2K) +a(1—21))s(1)
Also
[IOIEIES ST I o
f'(z =T nap|z| =T na,
n=1 n=1
1 a(l1-30)+R2k—-1)
(8)

< +
2|2~ (1 —2Kk) + a1 —2))s(1)
Combining (6),(7),we get requested result.

4.Extreme point:

In The following theorem ,we obtain the extreme point of the
classd(k,a, 2, q,s)

Theorem(4 .1): Let fy(2) = i and

f

1, a(1-30)+(2k-1)
z n((1-2k)+a(mA—-2A+1)s(n)” ’

n(z): n=1,2,..,
Where %<k<1,0§7\<§,a> 1

Then the function f e D(k, o, A, q, S)




If and only if it can be expressed in the form:

F&) =) tnfa@
n=0

where

Hn = Oiz.un =1
n=0

or

1=ﬂ0+zﬂn-
n=0

Proof: Let f(z) can be expressed as in the form

F) =) tnfal@
n=0

Then

1 (00]
) = o=+ ) tnfal@)

1 1 a(l1—32)+ (2k—1) n
= Ho? + z Hn (z * n((1—2k) + a(nA — 21 + 1))S(H)Z )

(1 N a(l—30) + (2k—1) n)
Mz T (= 2K) + a(nh — 22+ 1)s(n)




1 (ee]
= ; (.UO + Z #n)
= a(l—30) + (2k—1) .
3 n((1—2K) + a(nh— 27 + D)s(m) ™

n=1

1 a(l1—30)+ (2k—1)

=z7 z n((1 - 2k) 4+ a(ni — 21 + 1))s(n) Hn

n=1
=7 HnZ
n=1

n

where

a(l -3+ (2k—-1)
h, = Hn-
n((l — 2K) + a(nA — 22 + 1))s(n)

Thus

= b n((l — 2K) + a(nA — 22 + 1))s(n)
z n a(l—32)+ (2k—-1)

n=1

e}

B n((l —2Kk) + a(nA — 21 + 1))s(n)
B Z a(1—32) + a2k —1)

| «(1—30) + (2k—1)
n((1 - 2K) + a(nA — 22+ D)s(m) ™

ZMn=1—M031-
n=1

There for, we have f € D(k,a, A, q,s).

Conversely, suppose that f € D(k,a, A, q,s) .Then by (4),we have

10




2 < a(1-30)+ R2k—-1) (n=12,.)
n((l —2Kk) + a(nA — 24 + 1))s(n)

We may set,

~ n((1 = 2K) + a(ni — 21+ 1))s(n)

,(n=1,2, ..
Hn a(1—30) + (2k— 1) an, (n )
and
Mo =1- Z Hn-
n=1
Then

fz)=z"1+ i a,z",

e wmey
=z — n((]- - 21() + (X(n}\ — 22+ 1))S(n) UnZ

=z 1+

Un (fn(z) - Z_l)

=z ! (1 - .un) + Z tnfn(2)

=1

Ns 1DM]s

=z 'uy + z Unfn(2)
n=1

= i tnfn(2)

The proof complete.

11




5. Closure Theorem:

In the following theorem , we obtain the closure theorem of the function

in the class D(k,a, A, q, s).

Theorem(5.1): Let the functionf;(z) defined by

fiz)=z"1+ Z an;z",(anj 20,j=1.2,..,1)

n=1

be in the class D(k,a, A, q,s) . Then the function h(z) defined by

h(@) = ) dify(@)
j=1

and

inthe class D(k, a, A, q, s).

Proof : By definition of h(z) , we have

L

L [oe]
Wz =Y dz +z zdjan,j n
=1 n=1

j= j=1

L L
=z 1+ z z diay,j |z™
=1 \i=

Sincef;(z) are in the class D(k, a, 2, q,s) foreveryj = 1,2, ...

12




We obtain

e}

> n((1 =210 + (M= 20+ D)s(ma,

n=1
<a(l-30)+R2k—-1).
Hence

o}

Z n((1 — 2k) + a(nd — 21 + 1))s(n) 2 djan,j]

n= ]:1

Z d; [Z n((1—2k) + a(nk — 21 + 1))s(n)an,j]

j=1

< (a1 =310+ (2k—1)) z d;
j=1

=a(l—-32)+ (2k—-1).
The h(z) e D(k,a, A, q,s).

The proof is complete.
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Applications

- Motivation
- Part I: Conformal Geometry & Applications
- Basic Mathematical Background
- Computational Algorithms
- Applications
- Part Il: Quasi-conformal Geometry &
Applications
- Conclusion
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Why conformal for Brain Mapping?

- Metric preserved up to scaling — Local geometry
preserved

- Angle-preserving — inherits a natural orthogonal grid
on the surface.

- simple (g) Matrix = simple differential operator
expression on the parameter domain and simple projected
equations.

15




What is Conformal map?

- Conformal map f: M — N = preserves inner
product up to a scaling factor (the conformal factor
1).

Conformal factor

/

- Mathematically, f = (dsx) = A(xy, x,)dsg where
dsy = X7 =1 9ijdx'A dx/

16
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