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Abstract

In the present, we introdced a new class N(Y, P, A, A, B,v)

Of p - valent functions in the unit disk U = {z € C: |z| < 1}

Defined by Ruscheweyh derivative. We obtain some certain

properties, like, Coefficient inequality, distortion theorem , radii of
starlikeness and convexity and convex linear combinations.

AMS subject classification: 30C45

Keywords: P-Valent function, Ruscheweyh derivative,
distortion theorem , radius of starlikeness , convex linear

combination.
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1. Introduction:

Let N,, denote the class of function of the form :

e}

f(z) =2zF — z AnipZ™ P, (an+p >0,p €N =1{12, }),

n=1

which are analytic and p-valent in the unit disk U.

A function f € N, is said to be in the class C*(a) if

Re {sz(_(zz))} >, (0 <x<p,z€U) (1.2)

The element of this class are called starlike functions of order «

A functions f € N, is said to be in the class 5™ () if

Re {1 + %} >, (0 <x< p,z € U) (1.3)

The element of this class are called Convex functions of order «

We shall use Ruscheweyh derivative [6,7] D**P~1 of the function f given
by (1,1) defined by

DMP1f(z) = )p+;1 *f(2) =

r(A+n) n+p (1.4)

zP — -1 =a Z
Z"-lr(ﬂn)(n —p) P

Definition (1.1): let f €N, given by (1.1). Then the class
N(Y,P, A, A, B,v) is defined by :

( OMPf(z) _1>

(DAP-1f(z)
(DMPf(2)

(DAFP-1f(z)

N(Y,P,, A B,v) = {f € N,: <,

+(A+B+Y)




0<Y¥<10<A<1,0<B<landAi>-p 0<v<1} (1.5

The p-valent functions studied by several authors for authors for another
classes, like [1,2,3,4] and [5].

2. Coefficient Inequality:

The following theorem gives a sufficient and necessary condition for a
function f to be in the class N(Y, P, 1, A, B, v).

Theorem (2.1) : let f € N,,. Then let f € N(Y, P, A, A, B,v) if and only if

N r(a+mn) A+n B
;rwn)m—p)(Hp(p*”‘“‘p”( +BHY)) sy

<v(A+B+2Y), (2.1)

where0 < Y<1,0<A<1,0<B<1,
O<v<L,A>-pandp €N

Proof: suppose that the inequality (2.1) holds true and |z| = 1 .Then , we

have

CadION (D*7f(2)
Pl )| Fomrio

= A+ ro+
A+p rd+n)(n—np)

n=1

v|(4+B+2Y)zP -

+(A+B+Y)|

o Atn r(i+n) n+p
Ziea (¥ 2 TATEBF V) rG+mm—p)! mHp? |

A+n

<yY® P (— - 1)

r(A+n) N+P P
pp )an+p|Z| P —V(A+ B+ 2Y)|z|

r(A+n)(n-p

o Atn r@é+n) n+p
+ Zn:1 (Y/l_'_p + (A + B + Y)) 1"(/1+n)(n—p)! an+p|Z|




r(A+n) (/1+n

T \Arp p+vY)—p+V(A+B+ Y)) piplz|™H?

—V(A+ B+ 2Y)|z|?

- Z')i.;,)=1 I—v(

@+vY) =P+ VA+B+Y)) typ — V(A +

= Z;o:1

B+2Y)<0

r(A+n) (/1+n
r(A+n)(n-p)! \1+p

By hypothesis. Hence by maximum modulus principle,
feN(,P,AAB,v)

Conversely , suppose that , f € N(Y,P, 4,4, B,v). Then from (1.5), we
have

OMPrz)
p((D“P-lf(z) 1)
(DMPf(2)

(DAP-1f(z)

+(A+B+Y)

+p

00 An _\  '(A+n)
— Xn=1P (/1+p 1/F()L+p)(n—p)!an+pzn
- A+n r'(A+n) <v

(A+B+2Y)zP _Z?{Ll U(Ym+ (A+B+Y))man+pz"+p

Since Re (z) < |z| for all z(z € u), we get

00 A+n _\  TI'(A+n) +
R e{ Ln=1P (A+p ey ®ntpZ "

<v
A A
(A+B+2Y)7P =35, v (Vi (A+B+Y) )t an +pzn+p}

A+p

We choose the value of z on the real axis and letting z — 1 — through real

values, we optain the inequality (2.1)

Corollary (2.1): Let f € N(Y,P,A, A, B,v). Then

v+(A+B+Y)

r(A+ A+
F(M(p)(:)_p)!(MZ(P‘*‘UY)—P+U(A+B+Y)>

(2.2)

The equality in (2.2) is attained for the function f given by the sharp for
the function




f(Z) — Zp _ U(A+B+2Y) n+p (2.3)

Z
ra A
F(A+;)”EZ)_p)!(AIZ(p+vY)—p+v(A+B+Y)>

3. Distortion Theorem:-

In the following theorems, we obtain the distortion bounds for the
function f in the class N(Y, P, 4,4, B,v).

Theorem (3.1): let the functiont f € N(Y,P,A, A, B,v). Then

v(A+B+2Y)

r(+ A+1
F(“(n)(z)_p)!(l+p(p+v\{)—p+v(A+B+Y)

|z|P — zIP* < |f ()] < |zIP +

v(A+B+2Y)

ra+n)  [A+1,
I"(/1+p)(n—p)!\)l+p\

|z|P* 3.1)

p+vY)—p+v(A+B+Y)

The result is sharp for the function f given by

v(A+B+2Y)

ra+n)  (A+1,
l"(/'l+p)(n—p)!\)l+p\

F(2) = |zlP — p1

|z|
p+vY)—p+v(A+B+Y)>
Proof : we have
F(z) = |zIP = £y Gnypz™P  then
|F(2)| < |z|P — Xh=1 ansplz|""P and since f € N(Y,P, 1,4, B,v).

Then by theorem (2.1), we have

r(1+1) A+1
r(A+n)(n-p)! \ A+p

+vY)—p+v(A+B+ Y)) Yin=10ntp <

A+n

o r(A+n)
anlwz_p)!(m(p+vy)—p+v(A+B+Y)>an+p SU+(A+B+2Y)

Hence




v(A+B+2Y)

ra A
F(M_(p)tllzp)!(A:Z(p+vy)—p+v(A+B+Y)>

din=10ntp <

Thus

|F(2)| <

v+(A+B+2Y)

r(A+n) (l+n

Farmm—p)i\ a7p P YY) —P+v(A+B+Y)

1ZIP + |z|P*H X5 angp < 2[P — lzIP*t (3.3)

Similarly, we have
IF(2)| 2 2P = 7ot np |ZI™P = |2|P — |2|P™ X521 anayp

v(A+B+2Y)

ra+1) [+,

2 |z|P ||
F(A_I_p)(l_p)!\“p\p+vY)—p+v(A+B+Y)>

p+1 (3.4)

From combining(3.3) and (3.4), we get (3.1).

4. Radii of starlikeness and Convexity:

In the following theorems, we obtain the radii of starlikeness and
convexity of the class N(Y, P, 1, A, B, v).

Theorem (4.1): letf € N(Y, P, A, A, B, v). Then f is multivalent starlike of
order 8,(0 < <p)inthedisk |z| <r=nr(Y,P,1,A,B,v,B).

Where

)

r(i+n) A+n
i\, 4,4 A4,0,V, n (n+p—pB) v(A+B+2Y)

N=1,2, ..
The result is sharp for the function f given by (2.3).

Proof: It is sufficient to show that




zf (z)

Lo —p|<p—pforizl <n.

But

Zf(Z)_ |: Zf(Z)—’pf(Z) _ _Z‘?lo=1an+pzn < Z%o=1an+p|z|n

f(2) f(2) T 12 anipzt| T -3 ansplzl®

Thus, (4.2) will be satisfied if

Yhe1 Nangplz|™ <
n — p — ﬁ’

Or if

() -
Zn=1 (%) an+p|Z| <1

Since f € N(Y,P, A, A, B,v), we have

r(A+n) </1+n p

r(A+p)(n—p)! A+p\p+”Y)—P+v(A+B+y)>

<L

= v(A+B+2Y) p

Hence, (4.3) will be trove if
r(A+n) /A+n,

r(A+p)(n—-p)!\ 1+p*
v(A+B+2Y)

p+vY)—p+v(A+B+Y)>

)

Or equivalently

r@a A
O+B) s ( Ty @Y~ p+v(A+B+Y)>

(n+p-pB) v(A+B+2Y)

|z| < ,n>1.

which follows the result.

Theorem (4.1): letf € N(Y, P, 4, A, B,v). Then fis multivalent convex of
order 8,(0< B <P)in|z| <r =nr,,P, 1A B,v,[B). Where




g (PO-Drms (G -protaray)
_inf r+p)(n-p)!\ A+p
(Y.P.4,4,B,v,f) = n { (n+p)(n+p—B) v(A+B+2Y) =1

The result is sharp for the function f given by (2.3).
Proof: It is sufficient to show that

zf (2)

) +1—p| <p-—p,for|z| <m.

But

f(Z) Pzp—2?=1(n+p)an+pzn+p o

zf (2) |_ zf(D+1-p)f@)| _ | —Znein(+plagpz™tP
+1—p|=
f(2)

Z?lo=1n(n+p)an+p|z|n

P—Z;’{’=1(n+p)an+p|z|"

Thus, (4.4) will be satifed if

Z??:l(n+p)an+p |z]™
P_Z??=1(n+p)an+plz|n

<p-B,
Or if

o [(ntp)(n+p—P n <
Since f € N(Y, P, A, A, B,v), we have

ra A
F(A:p;(z)_p)(l:;;(p +vY)-p+v(A+B +Y)>

<
N(A+B+2Y) Gnsp < 1.

2n=1
Hence , (4.5) will be true if

ra+n)  (A+n,
((n+p)(n+p—ﬁ) Iz < r+p)(n-p)\ 1+p*
p(r-B) - v(A+B+2Y)

p+vY)—p+v(A+B+v)>




or equivalently

ra A
p(p—ﬂ)r(lé,;?_p)!(AIZ(va)—p+v(A+B+Y)>

|z| < ,n>1,

(n+p)(n+p—-B) v(A+B+2Y)

which follows the result.

5. Convex linear combination:
Theorem (5.1): the class N(Y, P, A, A, B, V) is closed under convex liner
Combinations.

proof: let f and g be the arbitrary elements of N(Y, P, A, A, B,V). Then for
every t(0<t<1), we show that (1-t) f(z) + tg(z) € N(X,P,1,A,B,V),
Thus we have

(00]

(1= Of(2) +tg(2) = 27 = ) [(1 = Oy + thyyy 2™

n=1

Therefore

r(2+n) (/1+n

n=1r()L +n)(n—p)\A+p (p+vY)—p+vA+B+ Y)> [(1 —)apip + tbn+p]

_ . - r(A+n) A+n .

A+

=t r@+n (A+Z(p+vY)—p+V(A+B+Y))bn+p

L@ +p)(n—p)!

<A-t)VA+B+2Y)+tv(A+B+2Y)=V(A+B+2Y)
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