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Abstract

The object of this paper is to study some geometric properties of a
subclass of univalent functions with applications. Coefficient
bounds, closure theorems, distortion bounds, extreme points,
integral operator with some applications about conformal
mappings are obtained for this class.

Keywords: Univalent function, Ruscheweyh derive, coefficient
bounds, distortion bounds, closure theorems, Extreme points,
Integral operator, conformal mappings.
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1. Introduction:-

Let N be class of function of the form:-

f(z) =Z— Z a,z"(a, = 0,n€e€N ={12,..}), (1.1)

n=2
which are analytic and univalent in the unit disk U={{z € C: |z| < 1}.
Let f be a function given by (1.1) and g be a function defined by:

g(z) =z — Z b, z™" (b, = 0). (1.2)
n=2

The convolution (or Hadamard product ) for the functions f and g

denoted by f = g is defined as following :-

(00)

(F*9)=2= ) an* by (1.3)

n=2
Definition 1: A function f € N isin the class A(B, 0,4, B, A) if it
satisfies the condition :

| (D*f(2))-0(D*f(2))
(6B+(A-B)B)(D*Af(z)—Boz(DAf (2))

| <1, (1.4)

where -1<B<A<10<pf<lando > OandDAf(Z) is the

Ruscheweyh derivative [7] ,[9] of f of order A defined as follows:

D*f(2)=z+ ) s,(1)a,z"™

Some authors Studied univalent functions for another classes,
like, Altintas[1] Goodman [3], Kim and R@nning [4]
,Ravichandm [6] and Shams and Kulkani[8].




2. Coefficient bounds:-

The following theorem gives a sufficient and necessary condition for a
function f(z) to be in the class A(B, 0,4, B, 1).

Theorem 1: Let f € N. Then f € A(fB,0,A,B,A) ifand only if

[00)

[c(n—1)(1-B)+ (A+ B)B]s,(D)a,, < (A— B)p, (2.1)

n=2

where -1-1<B<A<10<1lando > 0.

The inequality (2.1) is sharp.

Proof: f € A(B,0,4,B,1),then

(D (2)) — a(D*f(2))

| (6B + (A= B)B)(D*f(2) — Boz(D*f(2))

<1

Since

D*f(2) =z + Y% ,5,(A) a,z" and Re(z) < |z|, then we can write

Re{ Y=z 0(M=1)sp(N)anz"
(A-B)Bz-Y - ,[6B(1—-n)+(A+B)Blsn(V)anz™

Hence

¥, o(n—1)sp(Napz™t
Re{(A—B)Bz—Z,"f:z[aB(l—n)+(A+B)ﬁ]sn(,1)anzn—1} <1

<1

{ 2in=20 (0 — Dsp(Da, } <1
(A= B)Bz = Xp=;l0B(1 —n) + (A + B)Blsp(Da, |




So we can write

[00)

Y ot DA = B) + (4 + BB sn(Day < (A= BIS.

n=2

Conversely, suppose that the condition (2.1) hold true, we must show that
f € A(B,0,A, B, ). Equivalently, we prove that.

| oz(D*f(2)) — o(D*f(2)) <1
(0B + (A — B)B)(D*f(2) — Boz(D*f(2))

But, we have

| oz(D*f(2)) — 6(D*f(2)) |
(0B + (A — B)B)(D*f(2) — Boz(D*f(2))

Yo ,0(n—1)sp(A)ayz"
“ A= BBz—1=,[cBA-n) + (A + B)Blsn(Danz"

Yn=20 (n— 1D)sp(Day 1
< {(A —B)Bz — Yy,loB(1—-n)+ (A+ B),B]Sn(/l)an} S

The last inequality is true by (2.1), so f € A(B, g, A, B, A). The function

@) =7 - (4 5)p n>2,
A= =B) + A—B)ls, D>

Show that inequality (2.1) is sharp

Corollary 1:
Let f € A(B,0,A,B,A). Then, we have

(A-B)B
[o(1—m)(1 - B) + (4 - B)BIsx (D)

a, <




3. Closure theorems:-
In the following theorems, we find that convex combination for the class
A(B,0,4A,B, 7).

Theorem 2: let f,(z2) =z — ¥ -2 Anqz" (Ang =0, = 1,2 .....,£) bein
the class A (B, o, 4, B, 2). Then the function  w(z) = ¥, g, f,(2),
where Zf}=1 gq = 1,isalso inthe class A (B, 0,4, B, ).

Proof:

We have

w(z) = i(z - i nq?™) = 2 - i 9 (i an.qz”>,
q=1 n q=1

=2 n=2

o £
=2= ) () Ggtng)?"

n=2 q=1

Hence, we obtain

_ £
[o(n —1)(1 — B) + (A + B)B]s, (1)
(A'—zB)ﬁ ](;g;éh;anq)

{
[c(n—1)(1 - B) + (A + B)Bls, (1)
q=1

Iln=2
This completes the proof.

Theorem 3:- The class A(B, g, A, B, 1) is a convex set.

Proof:

We want to show the function
Gz2)=0-1Dfi(@+1/,(2),(0<1<1) (3.1)

Is in the class A (B, g, A, B,A), where f;(2), f,(z) € A(B,0,4,B,1) and




co (00]

fi(z) =z - z an12", f2(z) =z - z Ap2Z"

n=2 n=2

By (2.1), we have

D lloi-1DA=B) + A+ B)lsu(D] ans < (4= BIS.

and

oo

Z[a(n —1)(1=B) + (4 + B)Blsp(D) an, < (4 — B)B. (3.2)

n=2

Therefore G(z) = (1 — 1) f1(2) + 1£5(2)

oo (00]

A=DG= ) @z +AE= ) ansz")
n=2 n=2

(00]

= 2= ) [(1 = Dany + A2, 12"

n=2

We must show G(z) with the coefficient ((1 — A)a,,; + a,,,) satisfy in the
relation (2.1) also the coefficient ((1 — A)a,, ; + a,,,) satisfy the
inequality (2.2) Further.

Z [[o(n = DA = B) + (4 + BY1|sn(D) [(1 = Datns + )]
[[o(n = DA = B) + (4 + BYB]]sn(D) [(1 = D,

lo(n —1)(1 = B) + (A + B)Blsp (D1 = 1) an,

n
<[A+B]f(1—-21)+[A—B]A=(A—-B)p.
Therefore it follow that G(z) in the class A (B, 0, A, B, A).




4. Distortion Bounds:-

In the following theorem, we obtain distortion bounds for the class
A(B,0,A,B, 1)

Theorem 4: If the function f(2)z = z — Y%, a,,z™ be in the class
A(B,0,A,B,A).Thenfor |z| < 1,|z| =1

(4-B)p r2 < 1f(2)]
[c(1-n)(1-B)+ (4A—-B)Bl(A+1) -

’r"_

(A-B)B 2
c(1-B)+(A-B)BJA+1) ~

<r+
[

where equality holds for the function

(A-B)B
[c(1-B)+ (A—-B)Bl(A+ 1)

Proof: Let f(z) € A(B,0,4, B,1).Then by Theorem 1, we have

z?atz=ir,z=r.

f@=z2-

i“ 3 (4-B)B
"Tlc(1-B)+(A-B)BJA+ 1)

n=2

Thus,forO<r<1,|z| =71

@I =|z= ) anz"| < Izl + ) aylzl”
n=2

n=2

(00
2
<r+r Zan
n=2

) (A-B)B
l[c(1-B)+ (A—-B)B](A+ 1)

<r+4+r

6




This gives the right hand inequality of (4.1) by (4.3).

Similarly, we have |f(2)| = |1z| — Yo, a, |zI" =7 — 12 X%, a,

2 (A—-B)B
[6(1—-B)+ (A—B)BI(A+ 1)

This gives the left hand side of (4.1) by using (4.4), hence the result (4.1)
follows.

>1r =T

(4.4)




5. Extreme Points:-

In the following theorem, we introduce the extreme points for the class
A(B,0,A,B, 1)

Theorem 5: Let f;(z) = zand

v 5F "n>2
[c(n—1)(1 - B) + (A — B)B]s, (1) zhn=z

n € N. Then the function f(z) € A(B,0,A4,B,A) ifand only if it can
expressed in the form

f(2) = Xn=2 in fn(2), where p,, = 0 and Y7, u, = 1. (5.1)
Proof:

f2) =z~

Assume that f can be expressed in the form (5.1). then, we have

F&) = b fu(2)

=A@+ )t fal(2)

L, z (A= B)Buy o
- [o(n—1)(1 - B) + (4 — B)Blsn(AD)

n=2

(A _B),B.un n

h, = [c(n—1)(1—-B)+ (A— B),B]Sn(l)z .

By theorem 1, we have f(z) € A(B,a,A,B,A) if and only if

h, < 1.

i [0(1 —n)(1 — B) + (4 — B)Bls,(A)
. (A-B)p

n=2

For f(z) = z— Y-, h,z". Hence




[6(1—n)(1—B) + (A — B)BIsp(A) L
(A-B)B

[o(n—1)(1 = B) + (A = B)Blsn(D) o (A —B)Bun
(A—-B)B [0(1 = B) + (A - B)lsn(D)

pn =1—pp < 1.

Therefore, we conclude the result.

Conversely, let f(z) € A(B,0,A,B, 1) Then by (5.1), we may set

lo(n —1)(1 - B) + (A — B)B]sp(A)
Un = a,n = 2.
(A-B)p
We have u,, = 0 and ifwe set u; = 1 — X7, u, then we can write

f(2) =Z—ianzn

L i (A-B) "
" T L Tem—DA-B) + (A-B)Bls, A"

n=2

F@D) =2= ) iz ()

=z (1 - i un> - i pn fu(2) = i tn fn(2).

n=2 n=2

This complete the proof

Remarkl: The extreme point of the class A (B, g, 4, B, ) are the
function f; (2), f,,(z),n = 2 as in Theorem 5.

9




6. Integral operator:-

Now, we introduce an integral operator due to Bernard: [2],

1+k (%
L(f(2) = — j (O 5 1de, (ke > —1)

zZ

and we study the effect of this operator on the class A (B, 0,4, B, 1)

Theorem 6: If f € A(B,0,4,B, 1) then [,,(f(2)) is also in the class
A(B,0,A,B, 1)

Proof:

f(z) =z—-Yn-,a,z" then

L(f(2) = 1;’{ joz (t - i anz"> th=1dt, = 7 — i (31 i i) a, 2™

n=2 n=2

. 1+k .
Sincen > 1 so ﬁ < 1, then, we can write

= [[o(n—1)(1=B) + (A — B)Bls,(D] /1 +k
2[ (A—B)B ](n+k>an

a, < 1.

(A—B)B

Thus [, (f(z) € A(B,d,A, B, ) this completes the proof.

- i [[cr(n —1)(1-B) + (4 - B)Blsp(A)
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