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Introduction

Through this paper all rings are associative with unity and all modules
are unitary right modules. We recall some relevant notions and results. A
submodule N of an R-module M is essential in M (briefly N<, ;M) if N N W
= (0), W < M implies W = (O)[2]. A submodule N of M is called closed in
M (briefly N <. M) if N has no proper essential extension in M, that is if N
SessW < M, then N = W[97. The set {x € M: xI = (0) for some essential
ideal I of R} is called the singular submodule of M and denoted by
Z(M)[lo].Equivalently Z(M) = {x € M: ann(x) <,,cR} and ann(x) = {r € M:
xr = 0}. M is called singular (nonsingular) if Z(M) = M(Z(M) = 0). It is
known that" a module M is called extending( CS-module or module has C,

-condition) if for every submodule N of M then there exists a direct

summand W(W <® M) such that N <., W " Equivalently" M is extending

module if every closed submodule is a direct summand", where a submodule

C of M is called closed if
C <¢ss C' <M implies that C = C'[1].

in chapter two we study as a generalization of essential submodule , Asgari
in [17, introduced the nition of t-essential submodule , where a submodule
of is called t-essential (denoted by if whenever ,implies ,is the second
singular submodule and is defined by [87] where for some essential ideal of )
Equivalently and is called singular (nonsingular) if .Note that for some t-
essential ideal of . is called —torsion if . A submodule is called t-closed
(denoted by if has no proper t-essential extension in [1] .it is clear that
every t-closed submodule is closed , but the convers is not true . However

;under the class of nonsingular the two concepts are equivalent
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Chapter One

Essential and Closed Submodule




In this chapter we recall the definition of essential submodules closed

submodules and some of their properties that are relevant to our Work.

Definition (1.1) : Let M be an R — Module, recall , recall that a submodule A of M
is called essential in M (denoted by A <,,c M)if AN W # 0 for every non zero
submodule W of M equivalently A <,ss M if Whenever ANW =0, W <M then

W=0.

Find essential submodule in Z12 and Z2s.
Solution: Z1,

<0>=W;
<2>={0,2,4,6,8,10}=W,
<3>={0,3,6,9}=W;
<4>={0,4,8}=W,

<6>={0,6}=W;s
Z1,={0,1,2,3,4,5,6,7,8,9,10, 11} = W,
W, nW, =W, #0

W, nW; =0=1{0,6}

W, nW, #0={4,8}

W, nWs #=0={0,6}

W20W6 ¢0=<2> then W2 SGSS le
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Wn W; =0

w;n W, =(0,6)

W;n W, = W, ButW, #0
W3 <ess Zn = Zn

W, n W, £0W,

W,n W; =0butW; #0
Wy %ess Z12

Wsn W, #0= W;s

Ws n W; 0= W;s

Ws n W,=0butW, #0
Ws %ess Z12

The submodules of Z4 are.
w, ={0,2,4,6,8,10,13,14,16,18,20,22} W,

w, ={0,3,6,9,12,15,18,21} W,

w, ={0,4,8,13,16,20} W,

W, ={0,6,12,18} W,
W, ={0,8,16} W
W, ={0,12} W,

WZ ﬂWl ¢0= W1
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W, n W, #£0= W,
W, n W, £0= W,
W, nW, £0= W,
W,n Ws #0= Ws
W, n W, 0= W,
Sess Z24
Nw, £0= W,
=0= W,
+0= W,

¢0=W4_

=0 but W5 io =1 W3 $€SS Z24

+0=

0=

0=

0=

*0=




W5 N W3 * 0 == W6
W5 N W4 * 0 = W4
W5 N W5 =0 but W5 #0 then W5 $ess ZZ4-

Theorem (1.3) [6]: Let M be an R - module and A be a submodule of M, then A
<e¢ss M if and only if every non-zero element of M has a non-zero multiplication in

A.

Proposition (1.4) [6]: (1) Let A, A", B and B' be submodules of an R - module M
such that A€ B and A' € B' then,

a. A<, Mifandonlyif A <,.c B <,5s M.
b.IfA<,sBandA'<,; B, thenANA'<,B NB"

(2) Let M and N be R — modules and let f: M— N be an R-homomorphism, if B

<ess N, then F(B) <, M.

(3) Let M= @ i € J, M; be an R-module, Where M; is a submodule of M, Vi € [ if
Ai <.sc Mi, foreachi €1, then @i €1 Ai <., M;, For each i € |, then @, ¢; Ai

SessM.

Definition [1.5] [3]: Let A be a submodule of an R - module M. Recall that a
relative complement of A in M is any submodule B of M Which is maximal with to

the property AN B =0.

Easy application of Zama's lemma gives for every submodule A of an R -

module M, there exists a relative complement for A in M.
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Proposition (1.6) [3]: Let M be an R - module and A be a submodule of M. If B is

any relative complement for Ain M, then A @ B <., M.

Proof: Let D be a submodule of M such that D N (A @ B) =0, we want to show
that D = 0. Assume D # 0. Now A N (D @ B) = 0. But B is a relative complement
for A in M, therefore D+B = B and hence D €B. Then D =D N B = 0. This is a
contradiction. Thus A @ B <., M.

Let M be an R - module. Recall that a submodule A of M is a closed

submodule if A has no proper essential extension in M, [3].

Proposition (1.7) [3]: Let M be an R - module If A and B are submodules of M such
that M = A @ B, then A is closed in M.

Proof: Let A <, D, where D is subniodule of M. since AN B = 0,thenDNB=0.

Letd € D,thend=a + b,a€A,b € B.Impliesthatd—a=b€eD N B=
O,wegetd-a=0andd=a.thusD = A4, [3].

Proposition (1.8) [3]: Let B be a submodule of an R - module M. Then the

following statements are equivalent: -

1- B is a closed sub module of M.

2 - If B g K SesS M. then% Sess

M
B

3- B is a relative complement for some submodule A of M.




Theorem (1.9) [3], [2]): Let A, B and C be submodules of an R-module M with A €

B, then:
1-There exists a closed submodule D of M such that € <, D.

2-If A closed in B and B closed in M, then A is closed in M:

3-If Closed in M, then % closed in%.

Definition (1.10) [3]: Let M be an R-module and let x € M Recall that the
annihilator of x (denoted by ann (x)) is defined as follows an (x) ={r €R:rx=0}

Clearly ann (x) is an ideal of R.

Definition (1.11) [3]: Let M be an R-module. Recall that Z(M) = {x €
M: ann (x) <, R}is called singular submodule of M. If Z(M) = M, then M is

called the singular module .If Z(M) = 0 then M is called a nonsingular module.

The following lemma gives some properties of singular submodules which

are needed later and can be found in [3].

Lemma (1.12) [3]: Let M and N be an R — modules, then:
1If f: M — N.NisanR—homomorphism, then f(Z(M)) S Z(N).
2-Epimorphic image of a singular module is, singular.

Proposition (1. 13) [3]: A module C is singular if and only if there exists a shorter

exact sequence

B
0 —A A B — C — 0 suchthat f(A) <., B.




Corollar (1.14) [3]: If A <, B, then %is singular.

Proposition (1.15) [3], [2]: Let B be a nonsingular R - module, and A <, B. Then

%is singular if and only if A <., B.

Let M be an R - module. Recall that the second singular submodule Z, (M)

of M is the submodule of M containing Z(M) such that %is the singular

submodule of Zo0)"
Proposition (1.16) [6]: Any direct summand of an R — Module M is closed.
Proof: Let N €® M, such that M = N @ K for some K C K.
To prove:

N is closed in M
Suppose I W € M suchthat N <, W
We must prove N = W
Suppose N W =3Jx e Wandx&Nthenxe€ N=N Dk
thenx=n+h , n eN,R €K
Then0 #x—n €Ew
(forif x—m=0 =R=0=>x=n+0=n €N)
(BytheN <, WeVx ew,x #03r #0 = (Ci €R

dr #0x €N)
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Wehave:3r €eR,r #0330 #r(x—n)€N
Sincex=n+k

rm + rk

rx—rn _ rk
EN €k

EN NK =(0)

s rx—-1rn=0Whichisac:

Thusw =n

Corollary (1.17) [6]: Every Submodule of semi simple R — module is closed:
Remark (1.18): Closed Sub M. Then need not be direct summand for example

Let M =73 @ Z, as a Z— module

=<{(2,1) >=1{(0,0),(2,1),(4,0),(6,1)}}

No = (0) @ (0)=(0,0),

N,=<1,0)>=27Z3 @ (0) =[(a,0),a € Zg]
N,=<(2,00>=2)® 0) =[(a,0),a € (2) < Z]
Proof: Ny = () @ (0) = [(a,0),a € (3) < Z]
<a>=<-a>N,=@)DZ,=[(a,b),a € (4),b € Z,]
N is closed in M

N is not direct summand of M.
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Definition (1.19)[6]): Let B< M , A<M, Ais called a relative complement of B if A
is the largest submodule of M With property A N B = (0)

Suchthatif34 2 4,A'NB =0 ThenA =4’

A relative complement A of B exists by Zero’s Lemma.
Example (1.20) [6]: F is any field, M=f @ F
LetA=F® (0)

Vx €f,letB=<(x,1) > isarelative complement . for A
Special case:

M=ZsD73,A=23P (0) =< ((1,0)) >
={(1,0),(2,0),(0,0)}

letx =0,B1=<(1,1)>={(1,1),(2,2),(0,0)}
BiNA={0,0)}

X =2,B, =<(2,1)>={Z,D,(1,1),0,0)

B,nA={(0,0)}

X =0,B3=<(0,1)>={(0,1),(0,2),(0,0)}

BS ﬂA:{(ﬁ,ﬁ)}

B4, B,, B3 Are relative complement of A in case F is an in finite to field, A has an

in finite relative complement.
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Proposition (1.21) [6]: Let A < M if B is any relative complement of 4, then A @

Sess M.

Proof: Let N < M suppose NN (A B)=0

To prove N = (0)

ThenND (ADB)=(A DB)DN
=ADBODON)

Noticethat AN(B@ N) =0

To prove that:

q=b+nForsomeb € B,n € N

Then(a—b)=n€ N n (A)=(0)

~n=0&a-b=0

Hencea=b € AN B = (0) (Since B is a relative complement of A)

a=0,SOAN(BEN)=0
But B is relative complement of A
AndB @ N2B

thenB@ N=B = N=(0) [Since NN B =(0)and A < M].




Theorem (1.22) [6]: Let B< M andA < M, the following statement, are

equivalent:

(1) B Is a closed sub M of M.
(2) If BSK <eqo M, then = <o =

(3) If A'is a relative complement of B, then B a relative complement of A.
(4) Bis relative complement of A < M.
Proof: (1) — (2)

LetB<K<,s M to prove% <ess

N M ., K _M ., K N _M N
Let=<—with— N —with—N—==0—(toprove—=10
B~ B B B B B B B

M
B

?)

KNN _

= Om

B

Then

Hence KN N =B

But K <gss M & N <. N
NNK<esMNN=N
=NNK<qsN

B <.ss N, but Bis closed in M (B)

thenB=N=>ﬁ=0M
B B

Then (3)
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If A is a relative complement of B, then A N B =(0)
ThenB N A=(0)

To prove B is the largest.

Let B' > B such that B' N A =(0)

But(A©®B)NB'=B®(ANB)=BdD(0)=8B

(AeaB)nB'_B_O
B — B %

A®B ﬂB’_ 0

B B X
B<ADB <55 Om
B

B< A® B <. M [Since A relative complement of B]

A®B

By (2) —

SE!SS

B OM=B=B
B B

B is a relative complement of A

(3) = (4) itis clear

(4) = (1) if Bis a relative complement of A
To Prove B is closed.

Assume B <. B’ (T prove B = B').
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(BBNA)NB=B"Nn(ANB)=(0)

ButB <., B'andB'NA<B

Then (B' N A) N B=(0)impliesB'NA<B
Then (B'NA)NB=(0)impliesB'NA<O0

But B is a relative complement of Aand B' 2 B
Hence B=B then Bis closed.

Proposition (1.23) [6]: If A < B < M, if Ais closed in B and B is closed in M then A

Sess ML (A< s Band B <o M = A <5 M).

Poof: A <., B= 3 X <B 3 Ais arelative complement of X
Then (B n C =(0))

Note that X N C = (0) (Since X NCES B NC=(0))

We claim that A is a relative complement of X @ C

To prove AN (X @ C) = (0).

letaEA&a=X+C,XE X,CEC
Thena-x=c€BNC=(0)

thenC=0,a=X€ANX =(0)

thena=0

then AN (X & C) = (0)
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LetA'2Aand A' N (X D C)=(0)

(A'nX) D (A'nC)=(0)

Then A'n X =(0)

But A is a relative complement of X and A’ 2 A

Hence A=A’

then Ais a relative complement of X @ C

then Ais closed in M.

Proposition (1.24) [6]: If A<B <M, and A <.¢c M then A <. B.
Proof: Ais closed in M = 3 X <M 3 A is relative complement of X.
ThenANX=0

Let B N X < B We claim that A is a relative complement of B N X
AN(BNnX)=Bn(A nX)=Bn(0)=(0)

Suppose (3A’ 2 A); A’ N (B N X) =(0)

(3A'cB)= (A'NnB)N X =(0)

Then A'n X =(0)

But A is a relative complement of X — A=A’

ThenA is a relative complementof BN X S B

Hence Ais closed in B
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Proposition (1.25) [6]: Let C be a closed in M and let T< M suchthat CN T = (0)
Then Cis a relative complement of T

thenCP T < . M

If C DT <55 M, to prove C is relative complement of T.

Since Cis closed in M, So C is relative complement of S< M (then C N S =(0))
To prove Cis a relative complement of T

CNT=(0)

Suppose 3D 2 CsuchthatDNT=(0)

CABTIN(DNS)=[(CHBT)NDINS

ButC D T <.ss M, hence

DNS=(0)and D 2C, Cis arelative complement of S.SoD =C

Then Cis a max. Sub With property CN T = (0)

then Cis a relative complement of T.

Exercise (1.26) [6]:

(1) LetA<B<M.IfB <., M.To prove that% <ess % is the converse true.

(2) A <o M, Az <o55 Ma. Prove that A; D Az <ggs M1 D Ma.
(3) A1 <qss M1, Az <55 M2.To prove that A1 D Az <o M1 D M.




(4) Let M be a finitely generated Faith. Multiplication. R—-module. Let N < M

prove that.

N <.ss M= (NRIM) <.s R N=Imfor Some closed ideal I in R.




Chapter TWO




Definition(2.1): sup module A of M is said to be t-essential in M (wr=tecn
A<;..sM) if for every sup module B of M, ANB < Z,(M) implies that B <
Z,(M) clearly if A is a Sup module of anon singular module M , then A is t-
essentialin M if and omly if is essent ialin M .

The following Proposition is useful

-Proposition(2.2): the following State ements are equivalents for a sup module A
of an R—module M ;

1. Ais t-essential in M ;

2. (A + ZZ(M))/Z2 (M) is essentialin M/Z, (M)
3. A+ Z, (M) is essential in M ;

4. M/A is Z,-torsion

Proof: - (1) = (2) there exists Subodule B of M such that A @ B is essential in M .
By h,/po thesis , B < Z, (M) hence , A+ Z, (M) is essential in M , and since
Z,(M) is a closed Sub module of M , we conclude that (A + Z,(M)/Z,(M) is
essential in M /Z, (M)

(2) = (3) This is obrious

(3) = (4) By hypo thesis M/(A + Z,(M)) is singular ,and hence , Z,-torsion .on
the other hand , (A + Z,(M) /A is isomorphic to a factor of Z,(M)

Proposition(2.3): The following statements are equir a lent for a sub module A of
a module M (the not a tion <e denotes an essential Sub module ):

1. A<ies M;;

2. (A+2,(M))/Z;(M) <tes M/Z; (M);
3. A+ Zy,(M) <, M

4. M/A is Z,-torsion ;

Proof: A shown [1,Proposition 2.2] , (1) & (2) & (3) & (4). The equiralence
(1) & (5) follows easily from the t-essential property
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Corollary(2.4)

(Dlet A<SB<M be Modules . then A< Mi fand only if
A<tes Band B <;.,c M

(2) let f:M—->N be a homomorph is M of Modules , and
A <o NThen f~1(A) <(es M

Proof: (1) This follows from proposition 1.1(4) and the facts that B/A <
M/A and M/B = [M/A]/|B/A]

Corollary(2.5): let A; be a sub module of M; Forall A in a set A

1) If Ais finite and Ay <;os M, forall 1 €A then N, A; <;esNp M;
2) DAy <tes DM, ifand only if Ay <;.s M; Forall A EA

Proof . (1) clearly, Ny, M; /N, Ay embeds in [[, M;/A; . By proposition 1.1 (4)
JIAMy /Ay isZ, to rsion , and so N, M,is Z, —torsion .A gain by
NA AA Stesn/\ M/l

(2) This follws from the isomorph is @\ M; =@, M;/A; and proposition
1.1(4)

2.T;; —TyPEMoDULES
Recall from [17] that a module M is said to satisfy

Cy1 com dition if every sub module of M has a complent which is a direct sum
and . By restricting the C;; com dit ionto-closed sub module of M

Definition(2.6): we say that a sub module C of M is t-closed in M and write
C<icMif <tee C <M

Implies that C = C

Clearly , every t-closed sub module is closed and if C is a sub module of a
nonsingular module M, then Ciis t-closed in M if and only if Cis closed in M

Further properties of t-closed sub modules are given below
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Lemma (2.7):. let M be a module

1. fC <4 M ,thenZ,(M) < C
2. 0 <4 M if and only if M is nonsingular
3. if A< C,thenC <, Mifandonlyif C/A <;. M/A

Proof :(1) since (C +Z,(M))/C = Z,(M)/(C nZ,(M)) is Z, torsion —by
proposition 2.2, C <;ps C + Z,(M) thusC =C + Z,(M) andso Z,(M) < C

(2) let 0 <¢c M since 0 <;,s Z,(M) we conclude that M is nonsingular . the
con verse is easy

(3) this following by proposition 2.2(4)

Proposition(2.8): let C be a sub module of a module M the following state
mentis are equivalent:

1. There exists a sub module S such that C is with respect to the property
that C N S is Z,-torsion;
. Cist—closedin M;
. Ccontains Z,(M) and Ciis a closed sub module of M ;
. Ccontains Z,(M)and C/Z,(M) is a closed sub module of M /Z,(M);
. Cis acomplement to a nonsingular sub module of M ;
. M/C is nonsingular

Proof: .(1) = (2)let(1) hold and C <;,s C <M then CN(C' NS) <
Z,(M) impliesthat C" NS < Z,(M) .Hence C = C

(2) = (3) By lemma 2.5 C contains Z, (M) let C/Z,(M) < C'/Z,(M) By
proposition 2.2(2), C <;s € ,hence C = C

(3) = (4)letC <, C < M every essential sub module is t-essential hence
by proposition 2.2(2), C/Z,(M) <, C'/Z,(M) Thus C = C

(4) = (5) As Cis closed by lam [12,proposition 6.32], C = X N M for some
direct . sum M and X of the injective hull E(M), say E(M) = x®y and let
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S=MnNnY cleary CNS =0 Thus Z,(s) =Z,(M)NS<CNS=0 and
hence S

Thus it is Z,- torsion . therefore ,from the is ommorph is

M[M/Al/[(A+Z,(M)/Al=M/(A+Z,(M)) , we cohclude that
M /A is Z,-torsion

(4) = (1)since M /A is Z,-torsion, [M/A][Z(M /A)] is singular . How
every ,the latter is isomorphic to M/A* where A*/A = Z(M/A) thus
M /A* is singular .
Now let AN B < Z,(M) for some sub module Bof M ,and b € B.As M /A"
is singular there exists a ness eutial right ideal of R such that bl /A* then for
every X € I. There exists an essential right ideal Z of R such that bl < A" . then
for every X € I, there exists an essential right ideal K o fR Such that
bxK<ANB<Z,(M)andsobx +Z,(m) € Z(m)/Z(m)) =0
thusbhl < Z,(M) . and this implies that b + Z,(M) € 2(M/Z,(M)) = 0 so
be€ Z,(M) consequently , B < Z,(M)
Remark(2.3):. every essential sub module of a module M . is t-essential But the

converse not true fov example Z;, as Z-module

(4) <tes Z12 but (4) S/teg Z1y

Corollary (2.9): let M be a module

1. Z,(M) is t-closed in M
2. If ¢ is an endomorph is M of M and C is a t-closed sub module of M, then

@~1(c) is t-closed in M
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Proof (1) since M /Z,(M) is nonsingular ,Z, (M) is t-closed in M by proposition
2.6(2) . there is natural embedding of M /¢~ (¢) in to the nonsingular module
M/C thus M /@1 (¢) is nonsingular ,and hence by propos is it ion 2.6 ¢ ~1(¢)
is t-closed in M

Corollary (2.10) let C be a sub module of a module M

1. If C < M, then C = Z,(M) if and only if Cis Z, torsion if and only if
there exists a t-essential sub module S of M for whichC NS < Z,(M)

2. LetCSNESMifC < M,thenC < N

3. <, Nand N <, MthenC <, M

Proof .(1) by lemma 2.5(1) it suffices to show that if C = Z,(M) then there
exists a t-essential sub module S of M such that C is maximal with respect
to the property that C NS is Z, —torsion let SNB < Z,(M). By Z or n
lemma, B can be enlarged in to a t-closed sub module C suchthat S N C" <
Z,(M) However by lemma 2.5(1) C=2,(M)<C thus C =C =
Z,(M)hence B < Z,(M) and so is t-essential

(2) and (3) follow by proposition 2.6[(2)< (6)]
Let C <. M mean that Cis a closed sub module of M . we have in general
C<M, C<cM CnC <:C;
C<cM, C<cM » CNnC < M;

See lam [12, caution 6.27 and proposition 6.32], but these are always true if
we replace cbytc

Proposition(2.11) let M be a module then :

1. C<M,C <, M>CNC <, C;
2. C<, e M,C<;e M =CNC <pe M

Moreover , an arbitrary in terse action of t-closed sub module is t-closed
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Proposition(2.12) [9,proposition 2.4,p.q3]
Let M be a nonsingular R-module and let A be a sub module of M . then A
is y-closed in M if

and only if A'is closed

Proof : = By (2.1,1.3)

< Assume that M is a nonsingular R-module and A is a closed sub module

M B
of M. IetZ(Z) = Z
where B is a sub module of M with A € B hence A S, B by (1.1.1,) But A

is closed in M, there
forA =B and Z(%) = 0 thus A is a y-closed sub module of M

Proposition(2.13): let M be a singular R module .then M is the only y-closed
sub module of M

Proof: Let A be an y-closed sub module of M

Toshowthat M = A,let m € M , since M is singular , thenann(M) S, R
claim that an n(M) € ann(M + A) trover if y this , let r € ann(M), then
rm=0€ Aand hencer(M + A) = A

Sor € ann(M + A) .since ann(m) S, R

ButM + A € % and %is nonsingular, there For M + A = A and hence

MeAthusM = A
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