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Abstract

In this paper, we apply Reduced Differential Transform
Method (RDTM) for solving partial differential equations
(Heat equation with external force), many numerical
application are shown for implementing this method. The
results show that this method is very effective and simple.




Introduction

M any physical problems can be described by mathematical models that involve
partial differential equation. A mathematical model is a simplified description of
physical reality expressed in mathematical terms. Thus, the investigation of the
exact or approximation solution helps us to understand the means of these
mathematical models. Several numerical methods were developed for solving
partial differential equation with variable coefficients such us He's polynomials [1],
the homology perturbation method [2], homology analysis method [3], and the
modified variation iteration method [4].

The main aim of this paper is to apply the reduced differential transform
method (RDTM) [5-6] to obtain the exact solution for heat equation with external
force of the form

U = Uy, + F(x, 1)
With the initial condition

u(x,0) = f(x)

The proving that the (RDTM), is very efficient. Suitable, quite accurate and
simple to such types of equations.
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Chapter one
Basic
Definition. and
Rules




1.1-Introduction

In this chapter the basic definition and rules accorder to partial
differential equation and how this can be classified accorder to their
solutions.

1.2-Definition

Differential Equation

Definition 1.2.1:

A differential equation is an equation that relates the derivatives of a
function depending on one or more variables,

For example:
du  du_ (1, 1)
dx2 = dx - "'’

Is a differential equation involving an unknown function u(x) depending
on one variables and

a%u a%u __ Ou

ﬁ a_yz = E (1, 2)

Is a differential equation involving an unknown function u (t, x, y)
depending on three variables.




Partial Differential Equation (PDE)

Definition 1.2.2:

A partial differential equation (PDF) is an equation that contains, in
addition to the dependent and independent variables, one or more partial
derivatives of the dependent variable.

Suppose that our unknown function is u and it depends on the tow
independent

Variables than the general from of the (PDE) is
F(X, ¥, oo, W Uy, Uy, Uy, Uy, Uy o) = 0

Here subscripts denotes the partial derivatives, for example

_ 0u _du _ 9%u B %u
W=y W T ay’ U T gyzr Mo T dxdy’
d%u
Uyy = ay?

Order of partial differential equation

Definition 1.2.3:

The order of a partial differential equation is the order of the highest
ordered partial derivative appearing in the equation,

For example:

In the following example, our unknown function is u and it depends on
three variables t, x and y.

WU, + 2xu,, +u,, = e”; Order is Two




MUy, + xu,, + 8u =7y ;0rder is Three
mu; — 6uu, + u,,, = 0; Order is Three

MU, + uU, = U,,; Order is Tow

B Uypyy + XUy, + yu? = x + y; Oeder isThree

mu, +u,=0; Order is One

Degree of partial differential equation

Definition 1.2.4:

The degree of a partial differential equation is the degree of the highest
order partial derivative occurring in the equation,

For example:

In the following examples, our unknown function is u and it depends on
twot,xandy

WUy, + 2xUy, +Uu,, = e”;Degree is One

mu,,, + 2xu?,, + 8u = 7y; Degree is One

3

mu, — uu,u = 0;Degreeis Three
t X XXX

mu, + uul

x = Uy, ; Degree is One
mu’,,, +xu’,, + yu* = x + y;Degree is Two

mu, +y, =0;Degreeis One




Definition 1.2.5:

The Laplace transform of a function f(x) is denoted by L (f(x)) and is
defined as the integral of e ** f(x) between the limits x = 0 and x = oo,

i.e.
L(f(0) = [, e f(x)dx

The constant parameter (s) is assumed to be positive and large enough to
ensure that the product e 5*f(x) converges to zero as x — oo, for most
common function f(x).

In determining the transform of any function, you will appreciate the
limits are substituted for (x), so that the result will be a function of s

~ L(f) = [ e *f(x)dx = F(s)

1.3-Properties of Laplace transformations

At this point, we will state two important properties of Laplace
transformation then precede how to use it to solve differential equation.




PROPERTY 1:-

If f(x) = Ag(x) + Bh(x), where A and B are constants and the function
g(x) and h(x) have Laplace transform G(x)and H(x), respectively,
then

L(f(x)) = F(s) = AG(s) + BH(s)
In general

If fi(x), f2(x),..,fn(x) are (n) function such that x >0 and if
G4, G, ..., G, are (n) numbers then:

LIG1f1(%) + Gof2(xX) + -+ Gnfn(0)] =
G1L[f1(0)] + G2 L[f2(xX)] + - + GuL[f(x)]

This property is called property of linearity.

PROPERTY 2:- (property of uniqueness)

Let f(x),and g(x), be two function piecewise continuous with an
exponential order at infinity.

Assume that L(f) = L(g),

Then f(x) = g(x)for x € [0, B], for every B > 0, except may be for a
finite set of points.

1.4-Classification of partial differential

equation




1-The general from of the first order P.D.E is given by:

f(x, y,u,u,, uy) = 0, where x and y are independent variables and

u is the dependent variable and this equation may be linear and may be
non-linear equation.

2-The general from of the second order P.D.E is given by:
Auy, + Buyy, + Cuyy + Du, + Euy + Fu =G

Whereas A, B, C, D, E and F are function of x and y or constants and G is
function of x and y.

3-The general from of the P.D.E of higher order is given by:

n m i _
i—0 Xj=o @ij(x,¥) axiayl fxy)

1.5-Laplace transform for partial differential

equation

There are many applications for Laplace transformations such as
solutions of linear partial equation with constant coefficients which we
show it in this paragraph. And before starting in the method of solution
we need to know Laplace transformation for partial derivatives.

Definition 1.2.6:-

Laplace transformation for function u(x,t) is define by following
from:




L(u(x,t)) = fooo e Stu(x, t)dt = v(x,s),s > o0
From the above definition, we get the following laws:-

(1) L(u,) = sv(x,s) —u(x,0)
(2) L(u,) = s*v(x,s) — su(x,0) — u,(x,0)

B)  Lw) = v(xs)
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2.1-Introduction




In this chapter we will deliberates the method of differential transformation to
find a complete solution for partial differential equation.

2.2-Analysis of the method

The basic definitions of reduced differential transform method are introduced as
follows:

2.3-Definitions

Definition 2.3.1

If the function is analytic and differentiated continuously with
respect to time and space in the domain of interest then

Up(x) = %[%u(x, t)]t=0 . (2.1)

Where the t-dimensional spectrum function U, (x) is the transformed
function in this paper, the lower case represent the original function
while the uppercase stand for the transformed function.

Definition 2.3.2

The differential inverse transform of U, (x) is defined as follows:
u(x, t) = Yo Up(x)th w (2.2)

Then combining equation (2.1) and (2.2) we write




u(x,y) = Ypeoi %u(x, y)] tk .. (2.3)

t=0

From the above definitions, it can be found that the concept of the
reduced differential transform is derived from the power series
expansion. The function mathematical operations performed by RDTM
can be readily obtained and are listed in table 1.

2.4-Tablel: Reduced differential transform




Function Form

u(x, t)

Transformed Form

Up(x) = %[:_;u(x, t)]t=0

w(x, t) = u(x,t) + v(x,t)

wi(x) = Ug(x) £ Vi(x)

w(x, t) = au(x,y)

wi (x)
= aUy(x)

w(x, t) = x™t"

wy(x) =x™8(k — n),d(k)

= {0

w(x, t) = x™t"u(x, t)

Wi (x) = x™Uj_pn(x)

w(x, t) = ulx,t)v(x,t)

k
Wk(x) = z V Ug_r

r=0

k
= ) U Vier(3)
r=0

ar
w(x, t) = Fu(x, t)

wi(x)=(k+1)..(k
+ 1) Up (%)

ais a constant




w(x,t) = Tu(x,t) Wi (%) =~ Uk (%)

a2 a2
w(x, t) = a?u(x, t) wi(x) = 22U k(%)

2.5-Numerical Applications

In this section, we use reduced differential transform method (RDTM) for
solving heat equations.

2.6-Exampls

Consider the initial problem which describes the heat equations
u,(x, t) =u,,(x,t)—u,(xt) ... (2.4)

Which the initial

u(x,0) = e%x ... (2.5)

Where u = u(x, t) is a function of the variables x andt.

Taking the reduced differential transform of (4), we obtain the

(ke + DUp(0) = UL () — 2 U4 (0) . (2.6)




Where the t-dimensional spectrum function is the transform function .
From the initial condition (5), we write

Uy(x) = e%x ... (2.7)

Substituting (2.7) into (2.6), we obtain the following Uj(x) values
successively

-1 1
U(x) = — €2

11 1
UZ(.X') =z4—282x

11 1
U3(.X') =§4—382x

11 1
U4(.X') =ZE82x

Finally the differential inverse transform (2, 2) of U,(x) gives

_N ko (q L, 11, 11, L
u(x,t)—ZUk(x)t —(1—Zt+iﬁt +§Ft +"')82
k=0
-1 1
:eTtefx

This is the exact solution.




To solve the equation:
u(x, t) = u,,(x,t) +§ ... (2.8)
With the initial condition

u(x,t) =x .. (2,9)

Applying the reduced differential transform to (2.8) we obtain the
recurrence equation

(k+ DU, 1 (x) = a"’—; U, () - 2800 .. (2.10)

Where the t-dimensional spectrum function is the transform function
. From the initial condition (2.5) we write

Uy(x) =x .. (2.11)

Substituting the initial condition (2.11) into (2.10), and using the
recurrence relation (2.10) we can

Obtain the following U (x) values;

U(x) =3
U,(x) =0
Us;(x) =0
Us(x) =0

e Up(x)=0 ,vk>1

Finally the differential inverse transform (2.2) of U, (x) gives




u(x,t) = ’;Uk(x)tk = (1 + %t)x

With is the exact solution

Consider the initial value problem which describes the heat equation
u;(x, t) = u,, (x, t) + sin(x) . (2, 12)
With the initial condition

u(x,0)=0 .. (2, 13)

Similarly , by using the reduced differential transform to (2,12) , we
obtain the recurrence equation

8% /
(k+ DUy (x) = e Ui (x) + (sin(x))d(k) .. (2, 14)
From the initial condition by given of (2, 13)
Uo(x) =0 . (2, 15)
Substituting (2, 15) into (2, 14), we have
U,(x) = sin(x)
U,(x) = %lsin(x)
Us(x) = %sin(x)
-1
U,(x) = =4 Sin(x)

Us(x) = ﬁ sin(x)




The series solution is given by

u(x,t) = » Up(x)tk

1, 1., : —tY i
z(t_gt +§t _...)Sln(x)z(l-l—e )Slnx

This is the exact solution.

Consider the initial value problem which describes the heat equation
u,(x,t) =u,,(x,t) —ulxt) +x ... (2. 16)
With the initial condition
u(x,t) =0 . (2.17)
Apply the reduced differential transform method to (2. 16)
(ke + DUk @) = S0, — Up(®) +x8(K)  ..(2.18)
From the initial condition (2.17), we can write
Up(x) =0
Ui(x) =x

1
U,(x) =X

1
Us(x) = 2x




-1
Uys(x) = 2 X

By using definition (2.3.2), we get the exact solution

— _lp2 1,3 1.4 ...)__ —t
u(x,t)—x(t U+t —— 7+ = —xe'+x.
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