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Abstract  
 

 

         We introduce the concept of power series (Taylor, Maclaurin and 

Laurent's) with the testing of convergence of power series in chapter 

one. The concept of univalent functions is introduced in chapter two, 

where the analytic function 𝑓 𝑍  is univalent under conditions that we 

get it in the same chapter. The main result is that if 𝑓 𝑍 ∈ 𝐵(𝛼), then 

𝐹𝑛 𝑍 ∈ 𝐵 𝛼  if  
1

4
≤ 𝛼 < 1. 
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 شكُر وذقدير

لاثذ ىنب ونحِ نخطى خطىارنب الأخيرح في الحٍبح الجبٍؼٍخ ٍِ وقفخ ّؼىد إلى أػىاً قضٍنبهب في سحبة 

الجبٍؼخ ٍغ أسبرزرنب اىنشاً اىزٌِ قذٍىا ىنب اىنثير ثبرىين ثزىل جهىداً مجيرح في ثنبء جٍو اىغذ 

 ... ىزجؼث الأٍخ ٍِ جذٌذ

 قذً أسمى آٌبد اىشنش والاٍزنبُ واىزقذٌش والمحجخ إلى اىزٌِ حميىا أقذس سسبىخ فيُوقجو أُ ندضً 

  ...  الحٍبح

  ... إلى اىزٌِ ٍهذوا ىنب طشٌق اىؼيٌ والدؼشفخ

 ... إلى جمٍغ أسبرزرنب الأفبضو

 "رجغضهٌ فإُ لم رسزطغ فلا  فإُ لم رسزطغ فنِ ٍزؼيَب، فإُ لم رسزطغ فأحت اىؼيَبء،...مِ ػبلدب"
 

 وأخص ثبىزقذٌش واىشنش   

            السد زينة عودج أثثينح 

 ()  ثششاك قىه سسىه اللها ىهأقىه رًاه

 "إُ الحىد في اىجحش، واىطير في اىسَبء، ىٍصيىُ ػيى ٍؼيٌ اىنبس الخير"
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 الإهداء

 اسمل ثنو فخشٍِ احمو  ٌب

 وىِ أّسبكٌب ٍِ أفزقذك 

 ٌب ٍِ ٌشرؼش قيبي ىزمشك

 أتي ٌب ٍِ أودػزني لله أهذٌل هزا اىجحث

 وػيًَ ...إلى حنَتي 

 وحيًَ ...إلى أدثً 

  الدسزقٌٍ... إلى طشٌقً 

  الذذاٌخ...  إلى طشٌق

 إلى ٌنجىع اىصبر واىزفبؤه والأٍو

 أمي الغاليح إلى مو ٍِ في اىىجىد ثؼذ الله وسسىىه

 إلى سنذي وقىرً وٍلاري ثؼذ الله

 إلى ٍِ آثشوًّ ػيى ّفسهٌ

 إلى ٍِ ػيَىًّ ػيٌ الحٍبح

 يإخوخ إلى ٍِ أظهشوا لي ٍب هى أجمو ٍِ الحٍبح
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 إلى ٍِ مبّىا ٍلاري وٍيجئً

إلى ٍِ رزوقذ ٍؼهٌ أجمو اىيحظبد 

 وأتمنى أُ ٌفزقذوًّ... إلى ٍِ سأفزقذهٌ 

 وٍِ أحججزهٌ ثبلله... إلى ٍِ جؼيهٌ الله أخىرً ثبلله 

 رياضياخالطلاب قسم 

  إلى ٍِ يجَغ ثين سؼبدرً وحزًّ

 وىِ ٌؼشفىًّ... إلى ٍِ لم أػشفهٌ 

 إرا رمشوًّ ...إلى ٍِ أتمنى أُ أرمشهٌ 

  في ػٍىًّ ...إلى ٍِ أتمنى أُ رجقى صىسهٌ 

 
 

 

 

 

 

 محمد
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Introduction 

 

         Any function which is analytic at point to must have a Taylor 

series about to. For it 𝑓 is analytic at 𝑍0, it is analytic throughout some 

neighborhood  𝑍 − 𝑍0 < 𝜖 of that point. If limit 𝑓 limit to be analytic 

at a point 𝑍0 but is analytic at some point in every neighborhood of 𝑍0, 

then 𝑍0 is called a singular point, or singularity of 𝑓. 

        A necessary, but by no name sufficient, condition for a function 𝑓 

to be analytic in domain 𝐷 is clearly the continuity of 𝑓 throughout 𝐷. 

Satisfaction of the Couchy–Riemann equations is also necessary but 

not sufficient. Sufficient conditions for analyticity in 𝐷 if we suppose 

that:- 

i. The differentiable power derivatives of the function 𝑢 

and 𝑣 with respect to 𝑥 to 𝑦 exist everywhere in the 

neighborhood. 

ii. Those power derivatives are continuous at 𝑍0 =  𝑥0, 𝑦0  

and satisfy the Couchy–Riemann equations, 

𝑢𝑥 = 𝑣𝑦  ;  𝑢𝑦 = −𝑣𝑥  

At 𝑍0 =  𝑥0, 𝑦0 . Then 𝑓 ′ 𝑍0   exists, its value being 

𝑓 ′ 𝑍0 = 𝑢𝑥 + 𝑣𝑥  

When 𝑓 is analytic everywhere inside a circle centered at 𝑍0, 

convergence of its Taylor series about 𝑍0 to 𝑓(𝑍) for each point 𝑍 

within that circle. If true an constants at 𝑛 = 0,1,2, … so that  
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𝑓 𝑍 =  𝑎𝑛(𝑍 − 𝑍0)𝑛

∞

𝑛=0

 

For all points 𝑍 interior to some circle centered at 𝑍0, then the power 

series must be the Taylor series for 𝑓 about 𝑍0, when 

𝑎𝑛 =
𝑓 𝑛  𝑍0 

𝑛!
 

Are the coefficients in Taylor series. We use the formula in Taylor's theorem 

find the Maclaurin Series expansions of some fairly smile function of a 

function 𝑓 fails to be analytic at a point 𝑍0, one can not apply Taylor's 

theorem at the point. It is often possible, however, to find a series 

representation for 𝑓(𝑍) involving both positive and negative powers of  

𝑍 − 𝑍0 which is Laurent Series. Since we say limit the series lower every to a 

function 𝑓 𝑍 = 𝑆 (𝑆 sum of the power series); therefore we can say that this 

function is univalent in a domain 𝐷 ⊂ ℂ if 𝑓(𝑍1) ≠ 𝑓(𝑍2) for all    

 (𝑍1, 𝑍2) ⊂ 𝐷  within 𝑍1 ≠ 𝑍2. A necessary condition for analytic function 

𝑓(𝑍) to be univalent in 𝐷 is 𝑓 ′ 𝑍 ≠ 0 in 𝐷. The Libera integral equator 𝐹 of 

a function 𝑓 which is analytic in a domain 𝐷 ⊂ ℂ is introduced by R.J. Libera 

as (1965) in the present research we introduce two chapter, chapter one 

contain two suctions and chapter two contains two suctions.            

 



 

 الملخص
 

مع  (مورانت, ماكلورين, تايلر)         قدمنا مفاىيم متسلسلات امقوى 

مفيوم الدوال وحيدة . اختبارات ثقارب ثلك المتسلسلات في امفصل الأول

 دالة وحيدة تكون 𝑓(𝑍)حيث الدالة امتحليلة , امتكافؤ قدمناه في امفصل امثاني

ذا كانت . امتكافؤ تحت شروط قدمناىا بنفس امفصل امنتائج الأساس ية أأنو ا 

𝑓 𝑍 ∈ 𝐵(𝛼) , فأأن𝐹𝑛 𝑍 ∈ 𝐵 𝛼  ذا كانت 1 ا 

4
≤ 𝛼 < 1.  
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Chapter One 
Types of Power Series and Convergence 

  

(1.1)   Basic Definitions of power Series 

Theorem (1.1.1) 

  Suppose that a function 𝑓 is analytic throughout a disk  𝑍 − 𝑍0 < 𝑅0 

centered at 𝑍0 and with radius 𝑅0. Then 𝑓(𝑍) has the power series 

representation by: 

𝟏.                                  𝑓 𝑍 =  𝑎𝑛(𝑍 − 𝑍0)𝑛

∞

𝑛=0

           ;   𝑍 − 𝑍0 < 𝑅0 

Where  

𝟐.                                    𝑎𝑛 =
𝑓(𝑛)(𝑍0)

𝑛!
                              ;    𝑛 = 0,1,2, … 

That is series 1 converge to 𝑓(𝑍) when 𝑍 lies in the stated open disk. 

 

 

                                     𝑍   

                                                  𝑅0 

                                        𝑍0 

 

                        0 
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This is the expansion of 𝑓 𝑍  into a Taylor Series about the point 𝑍0. Series 1 

can of course be written  

𝟑.  𝑓 𝑍 = 𝑓 𝑍0 +
𝑓 ′ 𝑍0 

1!
(𝑍 − 𝑍0)1 +

𝑓 ′′ (𝑍0)

2!
(𝑍 − 𝑍0)2 + ⋯  ;  𝑍 − 𝑍0 < 𝑅0 

 

Example (1.1.2) 

𝑓 𝑍 =
2

2 − 𝑍
 ;                     𝑓 0 = 1 

𝑓 ′ 𝑍 =
2

(2 − 𝑍)2
 ;            𝑓 ′ 0 =

1

2
 

𝑓 ′′  𝑍 =
4

(2 − 𝑍)3
 ;          𝑓 ′′  0 =

1

2
 

𝑓 ′′′  𝑍 =
12

(2 − 𝑍)4
 ;         𝑓 ′′  0 =

3

4
 

⋮ 

𝑓 𝑍 = 1 +
𝑓 ′ 0  𝑍

1!
+

𝑓 ′′  0  𝑍2

2!
+ ⋯ 

           = 1 + 𝑍 +
𝑍2

4
+

3𝑍3

3! × 4
+ ⋯ 

           = 1 +
𝑍

20
+

𝑍2

22
+

𝑍3

23
+

𝑍4

24
+ ⋯ =  

𝑍𝑛

2𝑛

∞

𝑛=0

 

∴   
2

2 − 𝑍
=  

𝑍𝑛

2𝑛

∞

𝑛=0
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Definition (1.1.3)  

 When we take 𝑍0 = 0 in Taylor series which case 𝑓 is assumed to be analytic 

throughout a disk  𝑍 < 𝑅0, where 

𝑓 𝑍 =  
𝑓(𝑛) 0 

𝑛!
𝑍𝑛

∞

𝑛=0

           ;   𝑍 < 𝑅0 

Example (1.1.4) 

𝑓 𝑍 = 𝑒𝑍−𝑖     ;  𝑤𝑒𝑛   𝑍 = 𝑖 

𝑓 𝑍 = 𝑒𝑍−𝑖  ;                     𝑓 𝑖 = 1 

𝑓 ′ 𝑍 = 𝑒𝑍−𝑖  ;            𝑓 ′ 𝑖 = 1 

𝑓 ′′  𝑍 = 𝑒𝑍−𝑖  ;          𝑓 ′′  0 = 1 

⋮ 

𝑓 𝑍 = 1 +
𝑓 ′ 0  𝑍

1!
+

𝑓 ′′  0  𝑍2

2!
+ ⋯ 

           = 1 +
(𝑍 − 𝑖)

1!
+

(𝑍 − 𝑖)2

2!
+ ⋯ =  

(𝑍 − 𝑖)𝑛

𝑛!

∞

𝑛=0

 

∴   𝑒𝑍−𝑖 =  
(𝑍 − 𝑖)𝑛

𝑛!

∞

𝑛=0

 

 

Definition (1.1.5) 

  Laurent Series is a series of the form  

 𝑎𝑛(𝑍 − 𝑍0)𝑛

∞

𝑛=−∞

                      … (∗) 

As (*) is a doubly infinite sum we define  

 𝑎−𝑛 𝑍 − 𝑍0 −𝑛

∞

𝑛=1

+  𝑎𝑛 𝑍 − 𝑍0 𝑛

∞

𝑛=0

=  
−

+  
+
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Example (1.1.6) 

Let 𝑓 𝑍 = 𝑒𝑍 + 𝑒
 

1

𝑍
 
. Recall that 

𝑒𝑍 =  
𝑍𝑛

𝑛!

∞

𝑛=0

      ; 𝑓𝑜𝑟 𝑎𝑙𝑙  𝑍 ∈ ℂ 

Hence   

𝑒
 

1
𝑍
 

=  
𝑍−𝑛

𝑛!

∞

𝑛=0

      ; 𝑓𝑜𝑟 𝑎𝑙𝑙  𝑍 ≠ 0 

𝑓 𝑍 =  𝑎𝑛𝑍𝑛

∞

𝑛=−∞

= ⋯ +
1

𝑛! 𝑍𝑛
+ ⋯ +

1

2! 𝑍𝑛
+

1

𝑍
+ 2 + 𝑍 +

𝑍2

2
+ ⋯ +

𝑍𝑛

𝑛!
+ ⋯ 

Where 

𝑎𝑛 =
1

𝑛!
  ; 𝑓𝑜𝑟 𝑛 ≥ 1  , 𝑎0 = 2  ,          𝑎−𝑛 =

1

𝑛!
  ; 𝑓𝑜𝑟 𝑛 ≥ 1 

This expansion if valid for all 𝑍 ≠ 0, i.e. 𝑅1 = 0, 𝑅2 = ∞. 
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(1.2)  Testing for convergence of power Series 

Definition (1.2.1) 

  Let 𝑓 be a function whose domain of definition contains a 

neighborhood  𝑍 − 𝑍0 < 𝜖 of a point 𝑍0. The derivative of 𝑓 at 𝑍0 is 

the limit  

𝑓 ′ 𝑍0 = lim
𝑍→𝑍0

𝑓 𝑍 − 𝑓 𝑍0 

𝑍 − 𝑍0
 

And the function 𝑓 is said to be differentiable at 𝑍0 when 𝑓 ′ 𝑍0  exist 

by expressing. 

The variable 𝑍 in definition (1.1.1) in terms of the new complex 

variable 

∆𝑍 = 𝑍 − 𝑍0         ;  𝑍 ≠ 𝑍0 

 

Example (1.2.2)       𝑓 𝑍 = 𝑍2 

𝑓 ′ 𝑍 = lim
∆𝑍→0

 𝑍 + ∆𝑍0 2 − 𝑍2

∆𝑍
= lim

∆𝑍→0
 2𝑍 + ∆𝑍 = 2𝑍 

 

Definition (1.2.3) 

       A function of 𝑓 the complex variable 𝑍 is analytic at a point 𝑍0 if 

it has a derivative at each point in some neighborhood of 𝑍0 it follows 

that 𝑓 is analytic at point 𝑍0. 

A single valued function which is defined in the domain 𝐷 and is 

differentiable for all the point of 𝐷 is called the analytic in the domain 

𝐷. 

The term Holomorphic function is also used to denote analytic 

function in domain 𝐷. 
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Proposition (1.2.4)  

 Let 𝑍 ∈ ℂ, suppose that  

lim
𝑛→∞

 𝑍𝑛+1 

 𝑍𝑛  
= 𝐿 

if 𝐿 < 1  Then  𝑍𝑛

∞

n=0

  is absolutely convergent  

and if 𝐿 > 1 Then  𝑍𝑛

∞

n=0

 is diverges. 

 

Proposition (1.2.5)  

Let 𝑍 ∈ ℂ, suppose that  

lim
𝑛→∞

 𝑍𝑛  
1
𝑛 = 𝐿 

If 𝐿 < 1  Then  𝑍𝑛

∞

n=0

  is absolutely convergent and,  

If 𝐿 > 1 Then  𝑍𝑛

∞

n=0

 is diverges. 

 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞  𝟏. 𝟐. 𝟔 : −Consider the series   
𝑖𝑛

2𝑛

∞

𝑛=0

 

Here 𝑍𝑛 =
𝑖𝑛

2𝑛
 we can use the ratio test to show that this series 

converges absolutely indeed not that 

 𝑍𝑛+1 

 𝑍𝑛  
=  

𝑖𝑛+1

2𝑛+1
.
2𝑛

𝑖𝑛
 =  

𝑖

2
 =

1

2
 

Hence                                              lim
𝑛→∞

 𝑍𝑛+1 

 𝑍𝑛  
=

1

2
< 1 
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An so by the ratio test the series converges absolutely. We could also 

have used the root test to show that this series converges absolutely. 

To see this note that 

 𝑍𝑛  
1
𝑛 =  

𝑖𝑛

2𝑛
 

1
𝑛

=  
1

2𝑛
 

1
𝑛

=
1

2
 

Hence                                           lim
𝑛→∞

 𝑍𝑛  
1
𝑛 =

1

2
< 1 

And so by the root test the series converges absolutely. 

 

Definition (1.2.7) 

  A series of the form  

 𝑎𝑛 𝑍 − 𝑍0 𝑛

∞

𝑛=0

  where   𝑎𝑛 ∈ ℂ,    𝑍 ∈ ℂ 

Is called a power series at 𝑍0.By changing variable and replacing 

𝑍 − 𝑍0 by 𝑍 we need only consider power series at 0 i.e. power series 

of the form  

 𝑎𝑛𝑍𝑛

∞

𝑛=0

      where   𝑎𝑛 ∈ ℂ,    𝑍 ∈ ℂ 

When does a power series a converge. Let  

𝑅 = sup  𝑟 ≥ 0 There exist Z ∈ ℂ such that   𝑍 = 𝑟 and  𝑎𝑛𝑍𝑛

∞

𝑛=0

converge  

We allow 𝑅 = ∞ if no finite supermom exists.  
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Theorem (1.2.8) 

  L𝑒𝑡  𝑎𝑛𝑍𝑛

∞

𝑛=0

 be a power series and let 𝑅 be define as  ∗∗ , then 

𝟏.   𝑎𝑛𝑍𝑛

∞

𝑛=0

 converges absolutely for  𝑍 < 𝑅. 

𝟐.   𝑎𝑛𝑍𝑛

∞

𝑛=0

 diverges for  𝑍 > 𝑅. 

Definition (1.2.9) 

  The number 𝑅 given in the theorem is called the radius of 

convergence of the power series  

 𝑎𝑛𝑍𝑛

∞

𝑛=0

 

We will call the set  Z ∈ ℂ ∕  𝑍 < 𝑅  the disk of convergence. 

 

Proposition (1.2.10)  

   Let  𝑎𝑛𝑍𝑛

∞

𝑛=0

 be a power series ∶ 

       𝐢.  If lim
𝑛→∞

 𝑎𝑛+1 

 𝑎𝑛  
 exist, then 

1

𝑅
= lim

𝑛→∞

 𝑎𝑛+1 

 𝑎𝑛  
 

       𝐢𝐢.  If lim
𝑛→∞

 𝑍𝑛  
1
𝑛  exist, then 

1

𝑅
= lim

𝑛→∞
 𝑎𝑛  

1
𝑛  

             Here we interpret 
1

0
 as ∞ and 

1

∞
 as 0. 
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𝐏𝐫𝐨𝐨𝐟:  𝐢  Suppose that  
𝑎𝑛+1

𝑎𝑛
  converges to a limit say 𝐿, as 𝑛 → ∞, i. e. 

lim
𝑛→∞

 
𝑎𝑛+1

𝑎𝑛
  = 𝐿 

Then 

lim
𝑛→∞

 
𝑎𝑛+1 𝑍𝑛+1

𝑎𝑛  𝑍𝑛
  = 𝐿 𝑍  

By the ratio test the power series  𝑎𝑛𝑍𝑛

∞

𝑛=0

 converges for 𝐿 𝑍 < 1 and diverges  

for 𝐿 𝑍 > 1. Hence the radius of convergence  

𝑅 =
1

𝐿
 

 

 𝐢𝐢  Suppose that      𝑎𝑛  
1
𝑛 → 𝐿    an   𝑛 → ∞    by the root test. 

The power series  𝑎𝑛𝑍𝑛

∞

𝑛=0

 convergence if: 

lim
𝑛→∞

 𝑎𝑛𝑍𝑛  
1
𝑛 = lim

𝑛→∞
 𝑎𝑛  

1
𝑛  𝑍 = 𝐿 𝑍 < 1 

And diverges if: 

lim
𝑛→∞

 𝑎𝑛𝑍𝑛  
1
𝑛 = lim

𝑛→∞
 𝑎𝑛  

1
𝑛  𝑍 = 𝐿 𝑍 > 1 

Hence the radius of convergence 

𝑅 =
1

𝐿
 

 

 

 

Example (1.2.11) 
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𝑍𝑛

𝑛

∞

𝑛=0

 here 𝑎𝑛 =
1

𝑛
 in this case: 

 
𝑎𝑛+1

𝑎𝑛
 =

𝑛

𝑛 + 1
→ 1 =

1

𝑅
 

As 𝑛 → ∞. Hence the radius of convergence to 1. 

 

Lemma (1.2.12) 

L𝑒𝑡 𝑓 𝑍 =  𝑎𝑛𝑍𝑛

∞

𝑛=0

 have radius of convergence R. Then 

 𝑔 𝑍 =  𝑛𝑎𝑛𝑍𝑛−1

∞

𝑛=1

 

Converges for  𝑍 < 𝑅. 

𝐏𝐫𝐨𝐨𝐟: − Let  𝑍 < 𝑅 and  choose 𝑟 such that  𝑍 < 𝑟 < 𝑅, then  𝑎𝑛𝑟𝑛

∞

𝑛=1

  

converges absolutely. Hence the summands must be bounded. So there 

exists 𝑘 > 0 such that  𝑎𝑛𝑟𝑛  < 𝑘 for all 𝑛 ≥ 0. 

Let 𝑞 =
 𝑍 

𝑟
 and note that 0 < 𝑞 < 1 then  

 𝑛𝑎𝑛𝑍𝑛−1 = 𝑛 𝑎𝑛   
𝑍

𝑟
 
𝑛−1

𝑟𝑛−1 < 𝑛
𝑘

𝑟
𝑞𝑛−1 

But  𝑛𝑞𝑛−1

∞

𝑛=1

 converges to  1 − 𝑞 −2.  Hence by the comparison test 

  𝑛𝑎𝑛𝑍𝑛−1 

∞

𝑛=0

converges. Hence  𝑛𝑎𝑛𝑍𝑛−1

∞

𝑛=0

converges absolutely and so  

converges. 

Proposition (1.2.13)  
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  Let 𝑓 𝑍 =  𝑎𝑛𝑍𝑛

∞

𝑛=0

 have radius of convergence R. Then all of   

the higher derivatives 𝑓 ′ , 𝑓 ′′ , 𝑓 ′′′ , … , 𝑓(𝑘), … of 𝑓 exist for 𝑍 within the 

disc of convergence moreover, 

𝑓 𝑘  𝑍 =  𝑛 𝑛 − 1 …  𝑛 − 𝑘 + 1 𝑎𝑛𝑍𝑛−𝑘

∞

𝑛=𝑘

 

                                             =  
𝑛!

 𝑛 − 𝑘 !
𝑎𝑛𝑍𝑛−𝑘

∞

𝑛=𝑘
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Chapter Two 
Univalent Functions and Libera Integral 

 

(2.1)   Univalent Functions 

Definition (2.1.1) 

  𝑤0 ⊂ ℂ be a domain; that is, in open and connected non–empty sub 

set of the complex plane. A function 𝑓: 𝐷 → ℂ is analytic at 𝑍0 if it is 

complex differentiable at every point in some neighborhood of 𝑍0 ∈

𝐷. We say that 𝑓 is analytic on 𝐷 if 𝑓 is analytic at 𝑍0 for every 

𝑍0 ∈ 𝐷. 

 

Definition (2.1.2) 

  A function 𝑓: 𝐷 → ℂ is called univalent on 𝐷 (or schlict or one–to–

one) if 𝑓(𝑍1) ≠ 𝑓(𝑍2) for all 𝑍1, 𝑍2 ∈ 𝐷 with 𝑍1 ≠ 𝑍2. 

 

Example (2.1.3) 

   𝑓 𝑍 = 𝑍 +
𝑍2

2
+

𝑍3

3
 is univalent in  𝑍 < 1. 

Since  𝑍1 =
1

2
 , 𝑍2 =

𝑖

2
   ⇒    𝑍1 ≠ 𝑍2 

𝑓  
1

2
 =

2

3
≠ 𝑓  

𝑖

2
 =

11𝑖 − 3

24
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Definition (2.1.4) 

  A function 𝑓: 𝐷 → ℂ is called Locally univalent at 𝑍0 if 𝑓 is 

univalent in some neighborhood of 𝑍0. 

 

Lemma (2.1.5) 

 Let 𝑓: 𝐷 → ℂ, if 𝑓 analytic on 𝐷, then 𝑓 ′(𝑍0) ≠ 0 if and only if 𝑓 

Locally univalent at 𝑍0. 

 

Remark (2.1.6) 

  It is also important to note that an analytic function may be Locally 

univalent throughout a domain although it need not be univalent in 

that domain. 

 

Example (2.1.7) 

 Let 𝑓: 𝐷 → ℂ given by 𝑓 𝑍 = 𝑍2, where  

𝐷 =  𝑍 ∈ ℂ: 1 <  𝑍 < 2, 0 < arg 𝑍 <
3𝜋

2
  

It is clear that 𝑓 is analytic on 𝐷 and Locally univalent at every 

𝑍0 ∈ 𝐷, since 𝑓 ′ 𝑍0 = 2𝑍0 ≠ 0 for all 𝑍0 ∈ 𝐷 but 𝑓 is not univalent 

on 𝐷. 

Since  𝑍1 =
3

2 2
+

3

2 2
𝑖 ≠ 𝑍2 =

−3

2 2
−

3

2 2
𝑖  

𝑓 𝑍1 = 𝑓 𝑍2 =
9

4
𝑖 

 

 

 



Chapter Two                 Univalent Function & Libera Integral 
 

 
14 

Definition (2.1.8) 

  A function 𝑓: 𝐷 → ℂ which is both analytic on 𝐷 and univalent on 𝐷 

is called conformal mapping on 𝐷.  

 

Example (2.1.9) 

  Let 𝑓: 𝐷 → 𝐷 ∩ 𝐻 be a function given by 𝑓 𝑍 = 𝑍2, where 

𝐷 =  𝑍 ∈ ℂ: 0 <  𝑍 < 1, Im 𝑍 > 0, 𝑅𝑒 𝑍 > 0  

and     𝐻 =  𝑍 ∈ ℂ: 0 <  𝑍 < 1, 0 < arg 𝑍 <
𝜋

2
  

We note that 𝑓 is conformal, since 𝑓 is analytic and univalent on 𝐷 

and onto 𝐷 ∩ 𝐻. 

 

Example (2.1.10) 

  Let g: 𝐷 → 𝐷 be a function given by g 𝑍 = 𝑍2, where 

𝐷 =  𝑍 ∈ ℂ: 0 <  𝑍 < 1, Im 𝑍 > 0, 𝑅𝑒 𝑍 > 0  

Note that 𝑓 is conformal onto the disk 𝐷, 

Since 𝑓 analytic, but not univalent; for instance  

𝑓  
1

2
 = 𝑓  

−1

2
 =

1

4
 

And 𝑓 ′ 0 = 0 which means that there is no neighborhood of 0 in 

which 𝑓 is univalent.  
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(2.2) Univalent Function defined by Libera Integral 

Operator 

 

Definitions (2.2.1)  

(1) Let 𝐸 =  𝑍:  𝑍 < 1  be a unite disk and  

𝐴 =  
𝑓: 𝑓 𝐴 = 𝑍 +  𝑎𝑘𝑍

𝑘

∞

𝑘=2

, 𝑍 ∈ 𝐸 is analytic in 𝐸 and normalized by 

                                                                                       𝑓 0 = 0, 𝑓 ′ 0 = 1

  

 

(2) we say that 𝑓 is bounded if there exists 𝑀 > 0 such that 

              𝑓 ′(𝑍) ≤ 𝑀 , ∀𝑍 ∈ 𝑁 

   

(3) for every 𝜃 ∈ 𝑅, the map  

𝑔 𝑍 = 𝑒−𝑖𝜃 + 𝑓 𝑒𝑖𝜃𝑍 = 𝑍 + 𝑒𝑖𝜃𝑎2𝑍
2 + 𝑒𝑖2𝜃𝑎3𝑍

3 + ⋯ 

Belongs to 𝑆. This property implies that for every integral 𝑘 ≥ 1 the 

set  𝑓𝑘 0 : 𝑓 ∈ 𝑆  is invariant under the rotation about 0. 

 

Definition (2.2.2) 

   Let  

𝐵 𝛼 =  𝑓: 𝑓 𝑍 = 𝑍 +  𝑎𝑘𝑍
𝑘

∞

𝑘=2

 such that 𝑅 𝑓′ 𝑍  > 𝛼𝑖𝑛 𝜖, 𝑤𝑒𝑟𝑒 0 ≤ 𝛼 < 1 ⊂ 𝐴 

The functions in 𝐵 𝛼  are called functions of bounded turning. 
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 Definition (2.2.3) 

  The Libera integral operator 𝐹 of 𝑓 ∈ 𝐴 is given by 

𝐹 𝑍 =
2

𝑍
 𝑓 𝑡 𝑑𝑡

𝑍

0

= 𝑍 +  
2

 𝑘 + 1 
𝑎𝑘𝑍

𝑘  

The n–th partial sums 𝐹𝑛 𝑍  of the Libera integral operator 𝐹 𝑍  are 

given by 

𝐹𝑛 𝑍 = 𝑍 +  
2

 𝑘 + 1 
𝑎𝑘𝑍

𝑘

∞

𝑘=2

 

 

Definition (2.2.4) 

  For function 𝑄 analytic in 𝐸 the convolution function 𝑃 ∗ 𝑄 takes 

values in the convex hull of the image on 𝐸 under 𝑄, where 𝑃(𝑍) 

analytic in 𝐸. 

The operator (*) stands for the Hadamard prod net or convolution of 

two power series  

𝑓 𝑍 =  𝑎𝑘𝑍
𝑘

∞

𝑘=1

           and            𝑔 𝑍 =  𝑏𝑘𝑍
𝑘

∞

𝑘=1

 

Denoted by: 

 𝑓 ∗ 𝑔  𝑍 =  𝑎𝑘𝑏𝑘𝑍
𝑘

∞

𝑘=1
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Lemma (2.2.5) 

  Let 𝜃 be a real number and 𝑀 and 𝑘 be natural numbers. Then: 

1

3
+  

cos 𝑘𝜃 

𝑘 + 2

𝑀

𝑘=2

≥ 0 

 

Lemma (2.2.6) 

𝑅   
𝑍𝑘

𝑘 + 2

𝑀

𝑘=1

 > −
1

3
 ,   ∀𝑍 ∈ 𝐸. 

Proof:- for 0 ≤ 𝑟 < 1 and for 0 ≤ 𝜃 ≤ 𝜋 write 

𝑍 = 𝑟𝑒𝑖𝜃 = 𝑟(cosθ + isinθ) 

By Demoiver's Law, we have  

𝑅   
𝑍𝑘

𝑘 + 2

𝑀

𝑘=1

 =  
𝑟𝑘 cos 𝑘𝜃 

𝑘 + 2

𝑀

𝑘=1

>  
cos 𝑘𝜃 

𝑘 + 2

𝑀

𝑘=1

 

By lemma 𝟐.𝟐. 𝟓, we conclude that  
cos 𝑘𝜃 

𝑘 + 2

𝑀

𝑘=1

 is grater than or equal to −
1

3
 

 

Lemma (2.2.7) 

  Let 𝑃(𝑍) be analytic in 𝐸, 𝑃 0 = 1, and 𝑅 𝑃(𝑍) >
1

2
  in 𝐸. 
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Theorem (2.2.8):- If  
1

4
≤ 𝛼 < 1 and 𝑓 ∈ 𝐵 𝛼 , then 

𝐹𝑛 ∈ 𝐵  
4𝛼 − 1

3
  

Proof:- let 𝑓 ∈ 𝐵 𝛼  and 
1

4
≤ 𝛼 < 𝑐1. Since 𝑅 𝑓 ′(𝑍) > 𝛼 we have 

𝑅  1 +
1

2 1 − 𝛼 
 𝑘𝑎𝑘𝑍

𝑘−1

∞

𝑘=2

 >
1

2
 

Applying the convolution properties of power series to 𝑓𝑛
′(𝑍). We may 

write  

𝑓𝑛
′ 𝑍 = 1 +  

2𝑘

𝑘 + 1

𝑛

𝑘=2

𝑎𝑘𝑍
𝑘−1 

            =  1 +
1

2 1 − 𝛼 
 𝑘𝑎𝑘𝑍

𝑘−1

∞

𝑘=2

 ∗  1 + (1 − 𝛼)  
4

𝑘 + 1

𝑛

𝑘=2

𝑍𝑘−1  

            = 𝑃(𝑍) ∗ 𝑄(𝑍) 

From lemma (2.2.6), for 𝑀 = 𝑛 − 1 we obtain  

𝑅   
𝑍𝑘−1

𝑘 + 1

𝑛

𝑘=2

 > −
1

3
 

Thus we have 

𝑅 𝑄 𝑍  = 𝑅  1 +  1 − 𝛼  
4𝑍𝑘−1

𝑘 + 1

𝑛

𝑘=2

 >
4𝛼 − 1

3
 

On the other hand, since 

𝑅  1 +
1

2 1 − 𝛼 
 𝑘𝑎𝑘𝑍

𝑘−1

∞

𝑘=2

 >
1

2
 

Therefore by lemma (2.2.7), 

𝑅 𝐹𝑛
′ 𝑍  >

4𝛼 − 1

3
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