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يتنا ر الذين اوتوا العلم وما يجحد بآفي صدويات بينات بل هو آ}

 {الا الظالمون

 صدق الله العلي العظيم
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 الى استاذي الفاضل مازن عمران كريم

للنجاح اناس يقدرون معناه ... وللابداع اناس يحصدونه ... فمنك تعلمنا ان للنجاح قيمة 

 ... ومعنى 

 ومنك تعلمنا كيف يكون التفاني والاخلاص في العمل ...

 ومعك امنا ان لا مستحيل في سبيل الابداع والرقي...

 والتقدير ...فانت اهل للشكر 

 فوجب علينا تقديرك ...

 والاحترام. فلك منا كل الثناء والتقدير 
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Introduction:- 

    In this researcher consists of two chapters in chapter one 

some basic definitions of fringe ,τ-subsing ,τ-ideal 

commentator and give some proper lies of  definition and 

the definition of derivation , tri-derivation , Jordon 

derivation . 

In chapter two give the definition of generalized higher tri-

derivation Jordan generalized higher tri-derivation higher 

tri-derivation , Jordan higher tri-derivation and the 

relationships below these coneepts.   
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Abstract 

     

In this study , we define the concepts of a generalized higher 

tri-derivation Jordan generalized higher tri-derivation and 

Jordan triple generalized higher tri-derivation on 𝛤- rings and 

show that a Jordan generalized higher tri-derivation on 2-torsion 

free prime 𝛤-ring is triple a generalized higher tri-derivation  
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Chapter One 

  



4 
 

Definition :1-1    "Γ-ring" 

   Let M and Γbe two additive abelion group if there exists 

amapping (a, α, b) ⟶ aαb of M × Γ × M ⟶ M   satisfying the 

following for all a, b, c ∈ M  and  α, β ∈ Γ. 

1- (a + b)αc = aαc + bαc 

a(α + B)b = aαb + aβb  

aα(b + c) = aαb + aαc  

2- (aαb)βc = aα(bβc) 

Then M is called a Γ-ring. 

 Definition :- 1-2   Γ-subring 

   Let (M, +, . ) be a Γ-ring and S nonempty subset of 𝐌 then 

(s, +, . ) is called a subring of (M, +, . ) if (s, +, . ) it self  Γ-ring . 
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Definition :- 1-3 '' ideal'' 

     Let M be Γ-ring and U be subset of M then U is called left 

(ring) ideal of M if  aαx ∈ U(xαaU) for all a ∈ 𝐌, x ∈ Uand α ∈

Γ and U is called ideal if it aleft and right ideal. 

Definition :- 1-4 ''commutitive Γ-ring '' 

       A Γ-ring (M, + , . ) is called commutative Γ-ring  if aαb =

bαa for all a, b ∈ 𝐌 , α ∈ Γ. 

 Definition:- 1-5 "commutator" 

     Let  (M, + , . ) be a Γ-ring then aαb − bαa is called 

commutater of a, b ∈ M, α ∈ Γ and denoted by [a, b]α. 

Definition :- 1-6 "2-torsion" 

   A Γ-ring (M, + , . ) is called 2-torsion free if 2a = 0 imphies 

a = 0 for all a ∈ M where 2 is a positive integer number. 

Definition 1-7 "prime Γ-ring" 

    A Γ-ring M is called prime if a ΓMΓb = 0 implies that a =

0 or b = 0 where a, b ∈ M. 

  



6 
 

Definition:- 1-8 "Semiprime" 

     A Γ-ring M is called semiprime if aΓ𝐌Γb = 0 implies that 

a = 0 where a ∈ 𝐌. 

Remark: 

    It is be clear that every prime Γ-ring is semiprime Γ-ring .But 

the converse is not true ingeneral .The following example show 

that a semi prime Γ-ring may be not prime Γ-ring. 

Example: 1-9 

    Let M be a prime Γ-ring,we put M = M1⨁M⨁M1 and  Γ =

Γ1⨁Γ1⨁Γ1 then m is Γ-ring.It is abvious hat M is semiprime Γ-

ring but not prime Γ-ring since if a ≠ 0 and b ≠ 0 where a, b ∈

𝐌 ,  then for all (α, β, 𝐌), (w, τ, s) ∈ Γ and (x, y, z) ∈ 𝐌 we have  

(a, 0,0)(α, β, 𝐌)(x, y, z)(σ, τ, s)(0,0, b) = (aαxσ0, oβyτ0, omzsb)

= (0,0,0) 

But (a, 0,0) ≠ (0,0,0)         and  

(0,0, b) ≠ (0,0,0) 
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Definition :- 1-10 " Permmuting" 

     To be permuting if D(a, b, c) = D(a, b, c) = D(b, a, c) =

D(b, c, a) = D(c, a, b) = D(c, b, a). 

Definition :-1-11 "Derivation" 

    An additive mapping D: M ⟶ M is called a derivation of M if  

d(aαb) = d(a)αb + aαd(b)for all a, b ∈ m and α ∈ Γ. 

Definition:- 1-12 

     A mapping D: M × M × M ⟶ M is called tri-additive 

mapping if : 

1- D(a + b, c, d) = D(a, c, d) + D(b, c, d) 

2- D(a, b + c, d) = D(a, b, d) + D(a, c, d) 

3- D(a, b, c + d) = D(a, b, c) + D(a, c, d) 
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Definition :- 1-13 "tri-Derivation" 

    A tri additive mapping D: M × M × M ⟶ M is called tri-

Derivation if : 

1- D(x1αx2, y, z) = x1α D(x2, y, z) + D(x1, y, z)αx2 

2- D(x, y1αy2, z) = y1α(x, y2, z) + D(x, y1, z)αy2 

3-  D(x, y, z1αz2) = z1α D(x, y, z2) + D(x, y, z1)αz2 

Definition :-1-14 "Jordan derivation" 

     An addivation mapping D: M ⟶ M ia called Jordan 

derivation of M if : 

d(aαa) = d(a)αa + aαd(a) for all a, b ∈ m and α ∈ Γ. 

 

Definition : 1-15 "Jordan tri-derivation" 

     A tri additive mapping D: M × M × M ⟶ M is called Jordan 

tri-derivation if  

1- D(aαa, b, c) = aαD(a, b, c) + D(a, b, c)αa 

2- D(a, bαb, c) = bαD(a, b, c) + D(a, b, c)αb 

3- D(a, b, cαc) = cαD(a, b, c) + D(a, b, c)αc 
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Chapter two 
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Introduction  

       In this chapter give the definition of generalized tri –

derivation , Jordan generalized tri-derivation , higher tri-

derivation , Jordan higher tri –derivation , triple  higher tri-

derivation generalized higher tri-derivation and relationships 

between these concepts. 
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Definition :- 2-1 "generalized tri-derivation" 

    A tri –additive mipping F: M × M × M ⟶ M is called 

generalized tri-derivation on M × M × M in to M if there 

exists tri-derivation 

 D: M × M × M ⟶ M such that. 

1- F(aαb, c, d) = F(a, c, d)αb + aαD(b, c, d) 

2- F(a, bαc, d) = F(a, b, d)αc + bαD(a, c, d) 

3- F(a, b, cαd) = F(a, b, c)αd + cαD(a, b, d) 

Definition: 2-2 

     A tri –additive mapping F: M × M × M ⟶ M is called Jordan 

generalized tri-derivation on m × m × m   in to m suchthat  

1- F(aαa, b, c) = F(a, b, c)αa + aαD(a, b, c) 

2- F(a, bαb, c) = F(a, b, c)αb + bαD(a, b, c) 

3-F(a, b, cαc) = F(a, b, c)αc + cαD(a, b, c) 
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Definition 2-3 "higher tri-dorivation" 

    Let M be a Γ-ring and D = (di)i∈N be a family of tri additive 

mapping from M × M × M into M such that d0(a, b, c) = a for 

all a, b, c ∈ M then D is called a higher tri-derivation on M ×

M × M  into M if for all a, b, c, d, e, f ∈ M , α ∈ Γ and n ∈ N such 

that  

dn(aαb, cαd, eαf) = ∑ di(a, c, e)αdj(b, d, f)

i+j=n

 

Definition :- 2-4 "Jordan higher tri-derivation" 

    Let M be a Γ-ring and D = (di)i∈N be a family of tri- additive 

mapping from M × M × M into M then D is called Jordan higher 

tri-derivation if  

dn(aαa, bαb, cαc) = ∑ di(a, b, c)αdj(a, b, c)

i+j=n
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Definition :- 2-5 "Jordan triple higher tri-derivation" 

    Let M be a Γ-ring and D = (di)i∈N be a family of tri-additive 

mapping from M × M × M in to M then D is called Jordan triple 

higher tri-derivation if: 

dn(aαbβa, cαdβc, eαfβe)

= ∑ di(a, c, e)αdj(b, d, f)dk(a, c, e)

1+j+k=n

 

Definition :- 2-6''generazied  higher tri-derivation" 

    Let M be a Γ-ring and F = (fi)i∈N be a family tri-additive 

mapping from M × M × M in to M such that f0(a, b, c) =

a for all a, b, c ∈ R then F is called a generalized higher tri- 

derivation from M × M × M into M  if there exists a higher tri-

derivation  D = (di)i∈N     from     M × M × M into M  such that 

for all n ∈ N we have  

fn(aαb, cαd, eαf) = ∑ fi(a, c, e)αdj(b, d, f)

i+j=n

 

For all a, b, c, d, e, f ∈ M       and   α ∈ Γ 
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Definition :- 2-7 "Jordan generalized higher  tri-derivation" 

     Let M be a Γ-ring and f = (fi)i∈N be a family of tri-additive 

mapping from M × M × M into M such that f0(a, b, c) =

0    for all a, b, c ∈ M then F is called Jordan generalized higher 

tri-derivation from M × M × M   into   M if there exists Jordan 

higher tri-derivation D = (di)i∈N      from     M × M × M into M  

such that for all n ∈ N we have  

𝐟𝐧(𝐚𝛂𝐚, 𝐛𝛂𝐛, 𝐜𝛂𝐜) = ∑ 𝐟𝐢(𝐚, 𝐛, 𝐜)𝛂𝐝𝐣(𝐚, 𝐛, 𝐜)

𝐢+𝐣=𝐧

 

Example:- 2-8   

Let M = {(
x y
0 0

) : x, y ∈ R}     R is real number M be a Γ-ring of 

2 × 2 matric and F = {(
r 0
0 0

) : r ∈ R} we use the usual 

addition and multiplication on matric of M × Γ × M × Γ × M we 

defined  

Fi: M × Γ × M × Γ × M → M   , i ∈ N by  

Fi ((
a1 b1 c1

0 0 0
0 0 0

) (
a2 b2 c2

0 0 0
0 0 0

)) = (
ka1 (1 + i)b 0

0 0 0
0 0 0

) 
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k =
(i2 − in + 1) + |i2 − in + 1| 

2
= {

1    if  i ∈ {0, n}

0    if i ∉ {0, n}
 

n ∈ N, 0 ≤ j ≤ n 

Then f is generalized higher tri-derivation on  Γ-ring becauce 

there exists  a higher tri-derivation 0n Γ-ring di: m × Γ × m ×

Γ × M → M    , i ∈ N 

Defined by 

di ((
a1 b1 c1

0 0 0
0 0 0

) , (
a2 b2 c2

0 0 0
0 0 0

)) = (
ma (m + i)b 0
0 0 0
0 0 0

) 

Such that m =
(1−i)+|1−i|

2
= {

1    if i = 0
0    if i ≠ 0

. 

For all (
a1 b1 c1

0 0 0
0 0 0

) . (
a2 b2 c2

0 0 0
0 0 0

) ∈ m 

Sol:- 

M × Γ × M × Γ × M → M 

f2((
a1 b1 c1

0 0 0
0 0 0

) (
r 0 0
0 0 0
0 0 0

) (
a2 b2 c2

0 0 0
0 0 0

), 

(
e1 f1 d1

0 0 0
0 0 0

) (
r 0 0
0 0 0
0 0 0

) (
e2 f2 d2

0 0 0
0 0 0

)) = 
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εf0 (
a1 b1 c1

0 0 0
0 0 0

) (
e1 f1 d1

0 0 0
0 0 0

) (
r 0 0
0 0 0
0 0 0

) d2 (
a2 b2 c2

0 0 0
0 0 0

) 

(
e2 f2 d2

0 0 0
0 0 0

) + f1 (
a1 b1 c1

0 0 0
0 0 0

) (
e1 f1 d1

0 0 0
0 0 0

) (
r 0 0
0 0 0
0 0 0

) 

d1 (
a2 b2 c2

0 0 0
0 0 0

) (
e2 f2 d2

0 0 0
0 0 0

)

+ f2 (
a1 b1 c1

0 0 0
0 0 0

) (
e1 f1 d1

0 0 0
0 0 0

) (
r 0 0
0 0 0
0 0 0

) 

d0 (
a2 b2 c2

0 0 0
0 0 0

) (
e2 f2 d2

0 0 0
0 0 0

)

= (
0 𝑏1 0
0 0 0
0 0 0

) (
𝑟 0 0
0 0 0
0 0 0

) (
𝑜 2𝑏 0
0 0 0
0 0 0

)

+ (
𝑎1 2𝑏2 0
0 0 0
0 0 0

) (
𝑟 0 0
0 0 0
0 0 0

) (
0 𝑏2 0
0 0 0
0 0 0

)

+ (
𝑎1 3𝑏1 0
0 0 0
0 0 0

) (
𝑟 0 0
0 0 0
0 0 0

) (
𝑎2 𝑏2 0
0 0 0
0 0 0

) 
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= (
0 0 0
0 0 0
0 0 0

) + (
𝑎1𝑟 0 0

0 0 0
0 0 0

) (
𝑏 𝑏2 0
0 0 0
0 0 0

)

+ (
𝑎1𝑟 0 0

0 0 0
0 0 0

) (
𝑎2 𝑏2 0
0 0 0
0 0 0

)

= (
0 0 0
0 0 0
0 0 0

) + (
𝑎1𝑟𝑎2 0 0

0 0 0
0 0 0

)

= (
𝑎1𝑟𝑎2 0 0

0 0 0
0 0 0

) 

𝑓2 (
𝑎1 𝑏1 𝑐1

0 0 0
0 0 0

) (
𝑟 0 0
0 0 0
0 0 0

) (
𝑎2 𝑏2 𝑐2

0 0 0
0 0 0

)

= (
𝑎1𝑟 0 0

0 0 0
0 0 0

) (
𝑎2 𝑏2 𝑐2

0 0 0
0 0 0

) = (
𝑎1𝑟𝑎2 0 0

0 0 0
0 0 0

) 

𝑑𝑛((
𝑎1 𝑏1 𝑐1

0 0 0
0 0 0

) (
𝑟 0 0
0 0 0
0 0 0

) (
𝑎2 𝑏2 𝑐2

0 0 0
0 0 0

) ,  

(
𝑒1 𝑓1 𝑑1

0 0 0
0 0 0

) (
𝑟 0 0
0 0 0
0 0 0

) (
𝑒2 𝑓2 𝑑2

0 0 0
0 0 0

)) 
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= ∑ fi (
a1 b1 c1

0 0 0
0 0 0

) (
e1 f1 d1

0 0 0
0 0 0

) 

(
r 0 0
0 0 0
0 0 0

) dj (
a2 b2 c2

0 0 0
0 0 0

) (
e2 f2 d2

0 0 0
0 0 0

)

= (
a1ra2 0 0

0 0 0
0 0 0

) 
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Lemma : 2-9 

Let M be a Γ-ring and  f =(fi)iϵNbe a Jordan generalized higher 

tri-derivation on M × M × M  into M associated with Jordan 

higher tri-derivation D = (di)iϵN of  M × M × M  into M 

Then for an a ,b ,c ,d ,e , f ϵ M , α ϵ Γ and  n ϵ N then following 

statements hold  

fn ( a 𝛂 b + b 𝛂 c , c 𝛂 d + d 𝛂 c , e 𝛂 f + f 𝛂 e ) 

= ∑ fii+j (a, c, e)𝛂di ( b, d, f) +  fi(a, c, e) 𝛂di (b, d, f) 

Proof :- Since f = (fi)iϵN be Jordan generalized higher  tri-

derivation on M×M×M  into  M  then  

fn [( a 𝛂 a + b 𝛂 b ) , ( c 𝛂 c + d 𝛂 d ) ,  ( e 𝛂 e + f 𝛂 f ) ] 

∑ fi ( a + b, c + d , e + f )𝛂di ( a + b, c + d, e + f)]

i+j=n

 

 

= ∑ [ fi ( a, c, e ) + Fi ( b, d, f)][di(a, c, e) + di(b, d, f)]

i+j=n

 

∑ fi(a, c, e)𝛂di ( a, c, e) + fi (a, c, e)𝛂di(b, d, f)

i+j=n

+ fi(b, d, f)𝛂di(a, c, e)

+ fi(b, d, f)𝛂 di(b, d, f) … … . (1) 
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On the other hand  

= fn (a𝛂a + a𝛂b + b𝛂a, c𝛂c + c𝛂d + d𝛂c + d𝛂d, e𝛂e + e𝛂f +

f𝛂e) 

−fn( a𝛂a, c𝛂c, e𝛂e) + fn(a𝛂b + b𝛂a, c𝛂d + d𝛂c, e𝛂f + f𝛂e)

+ fn(b𝛂b, d𝛂d, f𝛂f) 

= ∑ fi

i+j=n

 (a, c, e)𝛂di ( a, c, e)

+ fn( a𝛂b + b𝛂a, c𝛂d + d𝛂c, e𝛂f + f𝛂e)

+ ∑ (b, d, f)𝛂di(b, d, f) … … (2)

i+j=n

 

Compare  between (1) and (2) we get  

fn (a𝛂b + b𝛂a , c𝛂d + d𝛂c, e𝛂f + f𝛂e) 

= ∑ fi( a, c, e)𝛂di(b, d, f) + fi(b, d, f)𝛂di(a, c, e)

i+j=n

 

Lemma : 2-10  

Let M be a Γ-ring and  f =(fi)iϵNbe a Jordan triple 

generalized higher tri-derivation on M × M × M  into M 

associated with Jordan higher tri-derivation D = (di)iϵN of  M ×

M × M  into M 

Then for an a ,b ,c ,d ,e , f ϵ M , α ϵ Γ and  n ϵ N 
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fn (a𝛂b𝛂c + c𝛂b𝛂a, s𝛂d𝛂t + t𝛂d𝛂c , e𝛂f𝛂r + r𝛂f𝛂e) 

= ∑ fi (a, s, e)𝛂di (b, d, f)𝛂dk(s, t, r)

+ fi(c, t, r)𝛂di(b, d, f)𝛂dk(a, s, e) 

Proof :- 

Replacing a+c for a  and s + t  for c  and  e + r   for  e  

Proposition (2-9)  

fn (a + c) α  b α (a + c), ( s + t) α d α (s + t) , (e + r)α fα(e + r) 

∑ fi (a + c, s + t, e + r)α di(b, d, f)α  dk (a + c, s + t, e + r) 

 

= ∑ [ fi(a, s, e) + fi(c, t, r) α di(b, d, f)α [ dk(a, s, e) + dk (c, t, r)]  

=  ∑ fi (a, s, e) α di(b, d, f) α (a, s, e)

+ fi (a, s, e) α di(b, d, f) α dk (e, t, r)

+ fi(c, t, r)α di(b, d, f)α dk(a, s, e)

+ fi(c, t, r)α di(b, d, f)α dk (c, t, r) … … (1) 
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On the other hand 

fn (a + c) α  b α (a + c), ( s + t) α d α (s + t) , (e + r)α fα(e + r) 

fn( a   α b  α a + a α b α c + c α b α a + c α b α c, s α d α s

+ s α d α t + t α d α s + t α d α t, e α f α e + e α f α r

+ r α f α e + r α f α r) 

= fn(a α b α a, s α d α s , e α f α e)

+ fn(a α b α c + c α b α a, s α d α t

+ t α d α s , e α f α r + r α f α e)

+ fn( c α b α c, t α d α t, r α f α r) 

= ∑ fi (a, s, e) α dj(b, d, f) α  dk(a, s, e) + fn(a α b α c)

+ c α b α a, s α d α t + t α d α s, e α f α r + r α f α e)

+ ∑ fi(c, t, r)α dj(b, d, f)α dk(c, t, r) … … (2) 

Compare between (1) and (2)  

fn(a α b α c + c α b α a, s α d α t + t α d α s , e α f α r

+ r α f α e

= ∑ fi(a, s, e) α dj(b, d, f)α dk(s, t, r)

+ fi(c, t, r) α dj(b, d, f) α dk(a, s, e) 
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Proposition :2-11 

Let M be 2-torsion free ring then every Jordan generalized 

higher tri derivation on M×M×M into M such that a𝛂bβc= 

aβb𝛂c for all a,b,c ∈ M and α, β ∈  Γ is a Jordan triple 

generalized higher tri-derivation on M×M×M into M. 

Proof :- 

Replace aβb + bβa for b and cβd + dβc for d and eβf + fβe for 

f in lemma(2-9)  

fn [ a α (aβb + bβa) + (aβb + bβa)α a , c α (cβd + dβc)

+ (cβd + dβc)α c, e α(eβf + fβe) + (eβf + fβe)α e ]

= ∑ fi (a, c, e)αdi(aβb + bβa, cβd + dβc,

i+j=n

eβf + fβe

+ fi(aβb + bβa, cβd + dβc, eβf + fβe) α di(a, c, e)

= ∑ fi (a, c, e)αdj(aβb, cβd, eβf) + 𝑑𝑗(bβa, dβc, fβe)]

i+j=n

+ [fi(aβb + cβd + eβf ) + fi (bβa + dβc + fβe)]

+ α dj(a, c, e)      

= ∑ fi(a, c, e)(aβb, cβd, eβf) + fi(a, c, e) α dj (bβa, dβc, fβe)

i+j=n
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∑ fi(a, c, e)α[dj(a, c, e)βdk(b, d, f)]

k+i+j=n

+ fi(a, c, e)α[dj(b, d, f)β dk(a, c, e)]

+ fi(a, c, e)α dj(b, d, f)β dk (a, c, e)]

+ fi(b, d, f) α dj(a, c, e) β dk (a, c, e)  

=  ∑ fi (a, c, e) α

i+j+k=n

 dj(a, c, e) β dk(b, d, f)

+ 2 ∑ fi(a, c, e)α dj(b, d, f)β dk(a, c, e)

i+j+k=n

+ fi(b, d, f)αdj(a, c, e)β dk(a, c, e) … … (1) 

On the other hand  

fn(aα(aβb + bβa) + (aβb + bβa)α a , cα(cβd + dβc)

+ (cβd + dβc)α c, e α (eβf + fβe)

+ (eβf + fβe)α e) 
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fn(aαa βb + aαbβa + aαbβa + aαbβa +   b α aβa , c α cβd

+ cαdβc + dα cβc , e α eβf + eαfβe + eαfβe

+ f α eβe )

= fn(aαaβb + bαaβa, cαcβd + dαcβc, eαeβf + fαeβe)

+ fn( a α bβa , c α dβc , e α fβe )

+ fn ( a α bβa , c α dβc , e α fβe ) 

= ∑ fi

i+j=n

(a α a, cαc, eαe )β dj(b, d, f)

+ fi(b, d, f) dj( a α a , c α c, e α e)

+ 2 fn (a α bβa , c α dβc , e α fβe ) 

= ∑ fi(a, c, e) α di (a, c, e)βdk (b, d, f)

+ i (b, d, f)fα dj(a, c, e)β dk(a, c, e)  

+ 2fn( a α bβa , cαdβc , eαfβe ) … … (2) 

Compare between (1) and (2) we get  

2 ∑ fi (a, c, e)α dj (b, d, f)β dk(a, c, e)

= 2fn (a α bβa , c α dβc , e α fβe) 
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Since R is 2-torison free then  

fn(a α bβa , c α dβc , e α fβe)

= ∑ fi(a, c, e)α dj (b, d, f)β dk(a, c, e)

i+j+k=n

 

Definition 2-12 :- 

Let M be a Γ-ring and  F =(fi)iϵNbe a Jordan generalized 

higher tri-derivation on M × M  into M associated with Jordan 

higher bi-derivation D = (di)iϵN  on  M × M  into M. Then for 

all a,b,c,d,s,t ∈ M , α, β ∈ Γ and n ∈ N we define  

ϕn ( a,b,c,d) = Fn(a α b , c α d ) -  

∑ fi(a, c)α dj (b, d)

i+j=n

 

Lemma 2-13 :- 

Let M be a Γ-ring and  F =(fi)iϵNbe a Jordan generalized higher 

tri-derivation on M × M× M  into M associated with Jordan 

higher tri-derivation D = (di)iϵN on  M × M× M  into M. Then 

for all a,b,c,d,s,e,f ∈ M . 

i. Φ n (a, b, c, d, e, f)α = - Φ ( b, a, d, c, f, e)α 
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ii. Φ n (a + s, b, c, d, e, f)α = Φ n (a, b, c, d, e, f)α +

Φ n(s, b, c, d, e, f) 

iii. ∅n(a, b + s, c, d, e, f)α = ∅n(a, b, c, d, e, f)α +

∅n(a, s, c, d, e, f)α 

iv. ∅n(a, b, c + s, d, e, f)α = ∅n(a, b, c, d, e, f)α +

∅n(a, b, s, d, e, f)α 

v. ∅n(a, b, c, d + s, e, f)α = ∅n(a, b, c, d, e, f)α +

∅n(a, b, c, s, e, f)α 

vi.  ∅n(a, b, c, d, e + s, f)α = ∅n(a, b, c, d, e, f)α +

∅n(a, b, c, d, s, f)α 

vii. ∅n(a, b, c, d, e, f + s)α = ∅n(a, b, c, d, e, f)α +

∅n(a, b, c, d, e, s)α 

proof:- by Lemma 2-9 and the definition of ∅n(a, b, c, d)α 

Fn(aαb + bαa, cαd + dαc, eαf + fαe)

= ∑ fi(a, c, e)αdj(b, d, f) + fi(b, d, f)αdj(a, c, e)

i+j=n

 

Fn(aαb, cαd, eαf) + fn(bαa, dαc, fαe) = 

∑ fi(a, c, e)αdj(b, d, f) + ∑ fi(b, d, f)αdj(a, c, e)

i+j=ni+j=n

 

iii- (a, b + s, c, d, e, f) = 
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Fn(aα(b + s), cαd, eαf) − ∑ fi(a, c, e)αdj(b + s, d, f)

i+j=n

 

fn(aαb, +aαs, cαd, eαf)

−  ∑ fi(a, c, e)αdj(b, d, f) + dj(s, d, f)

i+j=n

 

= fn(aαb, cαd, eαf) + Fn(aαs, cαd, eαf)

− ∑ fi(a, c, e)αdj(b, d, f)

i+j=n

= ∅n(a, b, c, d, e, f)α + ∅n(a, s, c, d, e, f)α 

iv- ∅n(a, b, c + s, d, e, f) = Fn(aαb, (c + s)αd, eαf) − 

∑ fi(a, c + s, e)αdj(b, d, f)

i+j=n
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= fn(aαb, cαd + sαd, eαf)

− ∑ [fi(a, c, e) + fi(a, s, e]αdj(b, d

i+j=n

, f)

= fn(aαb, cαd, eαf) + fn(aαb, sαd, eαf)

− ∑ fi(a, c, e)αdj(b, d, f) + fi(a, s, e)αdj(b, d, f)

i+j=n

= fn(aαb, cαd, eαf)

− ∑  fi(a, c, e)αdi(b, d, f) + Fn(aαb, sαd, eαf)

i+j=n

− ∑ fi(a, s, e)αdj(b, d, f)

i+j=n

= ∅n(a, b, c, d, e, f)α + ∅n(a, b, s, d, e, f)α 

v- ∅n(a, b, c, d + s, e, f)α = fn(aαb, cα(d + s), eαf) 
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− ∑ fi(a, c, e)αdj(b, d + s, f)

i+j=n

= fn(aαb, cαd + cαs, eαf)

− ∑ fi(a, c, e)𝛼[dj(b, d, f) + dj(b, s, f)]

i+j=n

= Fn(aαb, cαd, eαf) + fn(aαb, cαs, eαf)

− ∑ fi(a, c, e)αdj(b, d, f)

i+j=n

− ∑ (a, c, e)αdj(b, s, f) 

i+j=n

= fn(aαb, cαd, eαf)

− ∑ fi(a, c, e)αdj(b, d, f) + fn(aαb, cαs, eαf)

i+j=n

− ∑ fi(a, c, e)αdj(b, s, f)

i+j=n

= ∅n(a, b, c, d, e, f)α + ∅n(a, b, c, s, e, f)α 

vi-  fn(aαb, cαd, eαf + sαf) − ∑ [fi(a, c, e) +i+j=n

fi(a, c, s)]αdj(b, d, f) = Fn(aαb, cαd, eαf) +

fn(aαb, cαd, sαf) − ∑ fi(a, c, e)αdj(b, d, f) −i+j=n

∑ fi(a, c, s)αdj(b, d, f) = fn(aαb, cαd, eαf) −i+j=n

∑ fi(a, c, e)αdj(b, d, f) + fn(aαb, cαd, sαf) −i+j=n

∑ fi(a, c, s)αdj(b, d, f) = ∅n(a, b, c, d, e, f)α +

∅n(a, b, c, d, f)α  
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vii. ∅n(a, b, c, d, f + s)α = fn(aαb, cαd, eα(f + s)) 

− ∑ fi(a, c, e)αdj(b, d, f + s)

i+j=n

 

= fn(aαb, cαd, eαf + eαs) 

− ∑ fi(a, c, e)α[fi(b, d, f) + dj(b, d, s)]                        

i+j=n

 

= fn(aαb, cαd, eαf) + fn(aαb, cαd, eαs)

− ∑ fi(a, c, e)αdj(b, d, f)

i+j=n

− ∑ fi(a, c, e)αdj(b, d, s) 

 

fn( aαb , cαd, eαs ) −  fi (a, c, e)αdi(b, d, s)

=  ϕn(a, b, c, d, e, f)α +  ϕ(a, b, c, d, e, s)α 

 

 

Lemma 2-14 

Let M be a 2-torison free and F=(fi)i∈ N  be a Jordan 

generalized higher tri-derivation on M×M×M into M associated 
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with Jordan higher tri-derivation D=(di) i∈ N  of  M×M×M into 

M then for all a,b,c,d,s,t,e,f∈M , α, β ϵ Γ and new if  

ϕt(a,b,c,d,e,f)α =0 for every t > 0 then :-  

ϕn(a, b, c, d, e, f)αβmβ[a, b]α + [a, b]αβmβ 

ϕn(a, b, c, d, e, f) 

Proof :-  

Let S.P ϵ R  

Since fn is tri-additive mapping then lemma(2.   ) iv we 

abtain  

fn(a α b)βmβ (b α a)

+ (b α a)βmβ (a α b), (c α d )βsβ(dαc)

+ (dαc)βsβ(cαd), (eαf)βpβ(fαe)

+ (fαe)βpβ(eαf) 

= ∑ fi(aαb, cαd, eαf)βdj(m, s, p)dk(bαa, dαc, (fαe)

𝑖+𝑗+𝑘=𝑛

+ fi(bαa, dαc, fαe)βdj(m, s, p)dk(aαb, cαd, eαf) 

= fn(aαb, cαd, eαf)βmβbαa + fn(bαa, dαc, fαe)βmβa

+ aαbβmβ(bαa, dαc, fαe) + bαaβmβ(aαb, cαd, eαf)

+ ∑ fi(aαb, cαd, eαf)βdj(m, s, p)βdk(bαa, dαc, fαe)

𝑖+𝑗+𝑘=𝑛

+ Fi(bαa, dαc, fαe)βdj(m, s, p)βdk(aαb, cαd, eαf) 
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= fn(aαb, cαd, eαf)βmβbαa + Fn(bαa, dαc, Fαe)βmβaαb

+ aαbβmβ dn(bαa, dαc, fαe) + bαaβmβdh(aαb, cαd, eαf)

+ ∑ fq(a, c, e)αdj(b, d, f)βdj(m, s, p)βdh(b, d, f)αdq(∗ a, c, e)

q+i+j

+ Fq(b, d, f)αdt(a, c, e)βdj(m, s, p)βdh(a, c, e)αdq(b, d, f) 

On the other hand lemma (2. )iii  

Fn(aαb, βmβbαa + bαaβmβaαb, cα(dβsβd)αd

+ dα(cβsβc)αd, eα(fβpβf)αe + fα(eβpβe)αf) 

= fn(aα(bβmβb)αa + bα(aβmβa)αb, cα(dβsβd)αc

+ dα(cβsβc)αd, eα(fβpβf)αe + fα(eβpβe)αf) 

fn = fn(a α(bβmβb)  α a , c α (dβsβd)α c , e α (fβpβf)α e

+  fn ( b α (a βmβa)αb, dα ( cβsβc)αd, fα(eβpβe)αf 

=  ∑ fq( a, c, e)α dk , bβmβb , dβsβd ,

q+g+k=n

fβpβf)dg(a, c, e)

+ fq(b, d, f)αdk(aβmβa, cβsβc, eβpβe)αdg(b, d, f) 
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= ∑ fq(a, c, e)α dt(b, d, f

h+t+g+q=n

) β di(m, s, p)βdn(b, d, f)α dg(a, c, e)

+ Fg(b, d, f)α dt(a, c, e)β di(m, s, p)β𝑑ℎ(a, c, e)αdg(b, d, f)

= ∑ fg

g+t=n

(a, c, e)α dt(b, d, f)βmβbαa

+ ∑ fg(b, d, f) α dt(a, c, e)βmβaαb

g+t=n

+ aαb βmβ ∑ dh(a, c, e)α dg(b, d, f)

h+g=n

+ ∑ fq(a, c, e)α dt(b, d, f)βdi( m, s, p)β dn (b, d, f)α dℎ( a, c, e )

q+t+h=n

+ fg(b, d, f)αdt(a, c, e)β𝑑𝑗  (m, s, p)βdh(a, c, e) 

α dg (b, d, f)…… (2) 

Compare between (1) and (2)  
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fn( a α b , c α d , e αα f)βmβb α a

− ∑ fg(a, c, e) α dt(b, d, f)βmβ bαa

g+t=n

+ fn(bαa, dαc, fαe) βmβ aαb

− ∑ fg (b, d, f)α dt (a, c, e)βmβ aαb

g+t+h=n

+ bαa βmβ dh(aαb , cαd, eαf)

− bαa βmβ ∑ dh(a, c, e)α dg(b, d, f) = 0

h+g=n 

 

[ fn(aαb, cαd, eαf − ∑ fg(a, c, e)αdt(b, d, f)]

h+g+t=n

 βmβ bαa

+ aαb βmβ [dh(bα, dαc, fαe)

− ∑ dh(b, d, f)α dg(a, c, e)] + [fn(bαa, dαc, fαe)

h+g=n

−  ∑ fg(b, d, f) αdt(a, c, e)βmβ aαb

+ bαaβmβ [dh(aαb, cαd , eαf)   

− ∑ dh(a, c, e)α

g+h=n

dg(b, d, f) = 0 

ϕn(a, b, c, d, e, f)α βmβbαa + aαbβmβ + Ψn(b, a, d, c, e, f)α

+  ϕn(b, a, d, c, e, f)α βmβ bαa + aαb βmβ 

                               Ψn(a, b, c, d, e, f)α = 0 
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ϕn(a, b, c, d, e, f)βmβbαa + ϕn(a, b, c, d, e, f)βmβaαb

+ bαaβmβ + ϕn(a, b, c, d, e, f)α 

−aαbβmβ Ψn(a, b, c, d, e, f)α = 0 

= ϕn[(a, b, c, d, e, f)βmβ](bαa − aαb)

+ (bαa − aαb)[βmβ Ψn(a, b, c, d, e, f)α ] 

= ϕn(a, b, c, d, e, f)α βmβ[b,a]α +[b,a]α βmβ Ψn(a, b, c, d, e, f)α =0 

ϕn(a, b, c, d, e, f)α  βmβ[a, b]α + [a, b]αβmβΨn(a, b, c, d, e, f)α  = 0 
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