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 In this study, we define the concepts of a 

generalized higher tri – derivation , Jordan 

generalized higher tri – derivation and Jordan triple 

generalized higher tri – derivation on rings and show 

that a Jordan generalized higher tri – derivation on 2 

– torsion free ring is a Jordan triple generalized 

higher tri derivation . 
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Introduction 

 In this research consists of two chapters in chapter one some 

basic definitions of ring , sub ring , ideal , commutator and give 

some properties of commutator and the definitions of derivation , 

tri – derivation , Jordan tri – derivation Jordan generalized tri – 

derivation . 

 In chapter two give the definition of higher tri – derivation , 

Jordan higher tri – derivation , Jordan triple higher tri – derivation 

, generalized higher tri – derivation , Jordan generalized higher tri 

– derivation and study the relationships between these concepts . 
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Chapter One 
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Introduction 

 In this chapter some basic definitions of ring , subring , ideal , 

commutator and give some properties of commutator and the 

definitions of derivation , tri – derivation , Jordan tri – derivation and 

Jordan generalized tri – derivation and some relationship between them 

. 
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Definition : 1 – 1 “Ring” 

 Let R be a nonempty set and let + , . be two binary operation 

defined on R then (R , + , .) is a ring if : 

1- (R , +) commutative group . 

2- (R , .) semi group . 

3- a . (b + c) = a . b + a . c 

 (b + c) . a = b . a + c . a 

For all a , b , c ∈ R . 

Definition 1 – 2 “Subring” 

 Let (R , + , .) be a ring and S be a nonempty subset of R then (s , 

+ , .) is called a subring of (R , + , .) if (s , + , .) itself ring . 

 

Definition 1 – 3 “Ideal” 

 Let (R , + , .) be a ring and I nonempty sub set of R then (I , + , .) 

is called an ideal of (R , + , .) if the following conditions are satisfying. 

1.    a – b ∈ I . 

2.  r . a ∈ I  and a . r ∈ I     for   all a , b ∈ I and r ∈ R . 
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Definition 1 – 4 “2 – torsion” 

 A ring (R , + , .) is called 2 – torsion free if 2 a = 0 implies a = 0 

for all a ∈ R where 2 is a positive integer number . 

 

Definition 1 – 5 “commutative ring” 

 A ring (R , + , .) is called commutative ring if ab = ba for all a , b 

∈ R . 

 

Definition 1 – 6 “ Commutator” 

 Let (R , + , .) be a ring define [a , b] as [a , b] = ab – ba is called 

commutator of a , b . 

 

Lemma : 

 If R is a ring then for all x , y , z ∈ R : 

1- [x , y] + [y , x] = 0 

2- [x + y , z] = [x , z] + [y , z] 

3- [x , y + z] = [x , y] + [x , z] 
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Definition 1 – 7 “Permmuting” 

A mapping D : R x R x R → R  is  said  

To be permmuting if  

D (a , b , c) = D (a , c , b) = D (b , a , c) 

= D (b , c , a) = D (c , a , b) = D (c , b , a) 

 

Definition “Prime ring” 

 A ring R is called prime if for any a , b ∈ R , a R b = {0} implies 

a = 0 or b = 0 . 

 

Definition 1 – 9 “Semi prime” 

 A ring R is called semi prime if for any a ∈ R   a R a = {0} implies 

a = 0 . 

 

Remark : 

 Every prime ring is semi prime ring but the convers is not true in 

general . 
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The following example show this fact: 

Example: 

 A ring (Z35 , +35 , 
.
35) is semi prime ring since for all a ∈ Z35 if a 

Z35  a = {0} implies a = 0 but we note that (Z35 , +35 , 
.
35) is not prime 

ring since 5  Z35  7 = {0}  but 5 ≠ 0 and 7 ≠ 0 . 

 

Definition 1 – 10 “tri-additive mapping” 

 A mapping D = R x R x R → R is called tri – additive mapping if: 

(1) D (a + b , c , d) = D (a , c , d) + D (b , c , d) 

(2) D (a , b + c , d) = D (a , b , d) + D (a , c , d) 

(3) D (a , b , c + d) = D (a , b , c) + D (a , c , d) 

Definition 1 – 11 “Derivation” 

 An additive mapping D : R → R is called a derivation of R if : 

D (a b) = D (a) b + a D (b)  for all a , b ∈ R . 

Definition 1 – 12 “tri – Derivation” 

 A tri additive mapping D : R x R x R → R is called tri – Derivation 

if : 
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(1) D (x1 x2 , y , z) = x1 D (x2 , y , z) + D (x1 , y , z)) 

(2) D (x , y1 y2 , z) = y1 D (x , y2 , z) + D (x , y , z) y3 

(3) D (x , y1 , z1 z2) = z1 D (x , y1 , z2) + D (x , y , z1) z 

 

Definition 1 – 13 “Jordan tri – derivation” 

 A tri additive mapping D : R x R x R → R is called Jordan tri 

derivation if : 

(1) D (a2 , b , c) = a D (a , b , c) + D (a , b , c) a 

(2) D (a , b2 , c) = b D (a , b , c) + D (a , b , c) b 

(3) D (a , b , c2) = c D (a , b , c) + D (a , b , c) c 

 

Definition 1 – 14 “generalized tri – derivation” 

 A tri – additive mapping F : R x R x R → R is called generalized 

tri – derivation on R x R x R into R if there exists tri – Derivation D : R 

x R x R → R such that : 

(1) F (ab , c , d) = F (a , c , b) b + a D (b , c , d) 

(2) F (a , bc , d) = F (a , b , d) c + b D (a , c , d) 

(3) F (a , b , cd) = F (a , b , c) d + c D (a , b , d) 
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Definitions 1 – 15 “Jordan generalized tri – derivation” 

 A tri – additive mapping F : R x R x R → R is called Jordan 

generalized tri – derivation on R x R x R into R if there exists Jordan tri 

– derivation on R x R x R into R such that : 

(1) F (a2 , b , c) = F (a , b , c) a + a D (a , b , c) 

(2) F (a , b2 , c) = F (a , b , c) b + b D (a , b , c) 

(3) F (a , b , c2) = F (a , b , c) c + c D (a , b , c) 
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On Jordan Generalized Higher TRI – Derivations on Prime Rings 

Introduction  

 In this chapter give the definition of higher tri – derivation , Jordan 

higher tri – derivation , Jordan triple higher tri – derivation , generalized 

higher tri – derivation , Jordan generalized higher tri – derivation and 

the relationships between these concepts . 

 

Definition 2 – 1 “higher tri – derivation” 

 Let R be a ring and D = (di)i ∈ N be a family of tri additive mapping 

on R x R x R into R such that do (a , b , c) = a for all a , b , c ∈ R then 

D is called a higher tri – derivation on R x R x R into R if for all a , b , 

c , d , e , f ∈ R and n ∈ N such that : 

𝑑𝑛 (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑓) =  ∑ 𝑑𝑖  (𝑎 , 𝑐 , 𝑒)𝑑𝑗  (𝑏 , 𝑑 , 𝑓)

𝑖+𝑗=𝑛

 

 

Definition 2 – 2 “Jordan higher tri – derivation” 

 Let R be a ring and D = (di)i ∈ N be a family of tri – additive 

mapping on R x R x R into R then D is called Jordan higher tri – 

derivation if 𝑑𝑛 (𝑎2 , 𝑏2 , 𝑐2) =  ∑ 𝑑𝑖  (𝑎 , 𝑏 , 𝑐)𝑑𝑗  (𝑎 , 𝑏 , 𝑐)𝑖+𝑗=𝑛  . 
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Definition 2 – 3 “Jordan triple higher tri – derivation” 

 Let R be a ring and D = (di) i ∈ N be a family of tri – additive 

mapping on R x R x R into R then D is called Jordan triple higher tri – 

derivations if : 

𝑑𝑛 (𝑎𝑏𝑎 , 𝑐𝑑𝑐 , 𝑒𝑓𝑒) =  ∑ 𝑑𝑖  (𝑎 , 𝑐 , 𝑒) 𝑑𝑗  (𝑏 , 𝑑 , 𝑓)𝑑𝑘  (𝑎 , 𝑐 , 𝑒)

𝑖+𝑗+𝑘=𝑛

 

 

Definition 2 – 4 “Generalized higher tri – derivation” 

 Let R be a ring and F = (fi)i ∈ N be family of tri additive mapping 

on R x R x R in to R such that fo (a , b , c) = a for all a , b , c ∈ R then 

F is called a generalized higher tri derivation on R x R x R into R if 

there exist a higher tri derivation D = (di)i ∈ N on R x R x R into R such 

that for all n ∈ N we have :  𝑓𝑛 (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑓) =  ∑ 𝑓𝑖 (𝑎 , 𝑐 , 𝑒)𝑑𝑗 (𝑏 , 𝑑 , 𝑓)𝑖+𝑗=𝑛  

for all a , b , c , d , e , f ∈ R . 

 

Definition 2 – 5 “Jordan generalized higher tri – derivation” 

 Let R be a ring and F = (fi)i ∈ N be a family of tri – additive mapping 

on R x R x R into R such that fo (a , b , c) = a for all a , b , c ∈ R then F 

is called Jordan generalized higher tri – derivation on R x R x R into R 
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if there exist Jordan higher tri – derivation D = (di)i ∈ N on R x R x R 

into R such that for all n ∈ /N we have 𝑓𝑛 (𝑎
2 , 𝑏2 , 𝑐2) =

 ∑ 𝑓𝑖 (𝑎 , 𝑏 , 𝑐)𝑑𝑗 (𝑎 , 𝑏 , 𝑐)𝑖+𝑗=𝑛  . 

 

Example 2 – 6 : 

 Let 𝑅 = {(
0 0 𝑎
0 𝑏 𝑐
0 0 0

)  , 𝑎 , 𝑏 , 𝑐 ∈ 𝑍  𝑏𝑒 𝑎 𝑟𝑖𝑛𝑔 

Under matrix addition and matrix multiplication . 

Define 𝑓𝑛 ∶ 𝑅 𝑥 𝑅 𝑥 𝑅 → 𝑅 , 𝑛 ∈ 𝑁 𝑏𝑦 

𝑓𝑛  ([
0 0 𝑎1
0 𝑏1 𝑐1
0 0 0

] , [
0 0 𝑎2
0 𝑏2 𝑐2
0 0 0

] , [
0 0 𝑎3
0 𝑏3 𝑐3
0 0 0

]) 

= 

{
 
 

 
 [

0 0 𝑎1
0 𝑏1 𝑐1
0 0 0

]  𝑖𝑓  𝑛 = 0

[
0 0 𝑎1 + 𝑎2 + 𝑎3
0 0 𝑛𝑐1
0 0 0

]    𝑖𝑓  𝑛 ≥ 1

 

𝑓𝑜𝑟 𝑎𝑙𝑙 [
0 0 𝑎1
0 𝑏1 𝑐1
0 0 0

] , [
0 0 𝑎2
0 𝑏2 𝑐2
0 0 0

] , [
0 0 𝑎3
0 𝑏3 𝑐3
0 0 0

]  ∈ 𝑅 

 Then F is generalized higher tri – derivation because there exists 

a higher tri – derivation dn = R x R x R → R n ∈ N defined by : 
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𝑑𝑛  ([
0 0 𝑎1
0 𝑏1 𝑐1
0 0 0

] , [
0 0 𝑎2
0 𝑏2 𝑐2
0 0 0

] , [
0 0 𝑎3
0 𝑏3 𝑐3
0 0 0

]) 

= 

{
 
 

 
 [

0 0 𝑎1
0 𝑏1 𝑐1
0 0 0

]  𝑖𝑓  𝑛 = 0

[
0 0 𝑎1 + 𝑎2 + 𝑎3
0 0 𝑛𝑐1
0 0 0

]    𝑖𝑓  𝑛 ≥ 1

 

𝑓𝑜𝑟 𝑎𝑙𝑙 [
0 0 𝑎1
0 𝑏1 𝑐1
0 0 0

] , [
0 0 𝑎2
0 𝑏2 𝑐2
0 0 0

] , [
0 0 𝑎3
0 𝑏3 𝑐3
0 0 0

]  ∈ 𝑅 

Such that fn (AB , CD , EF) 

= ∑ 𝑓𝑖  (𝐴 , 𝐶 , 𝐸)𝑓𝑗  (𝐵 , 𝐷 , 𝐹)

𝑖+𝑗=𝑛

 

For all A , B , C , D , E , F ∈ R 

 

Lemma 2- 7 

 Let R be a ring and F = (fi)i ∈ N be a Jordan generalized higher tri 

– derivation on R x R x R into R associated with Jordan higher tri – 

derivation D = (di)i ∈ N on R x R x R into R then for all a , b , c , d , e , f 

∈ R and n ∈ N . 

𝑓𝑛 (𝑎𝑏 +  𝑏𝑎 , 𝑐𝑑 +  𝑑𝑐 , 𝑒𝑓 +  𝑓𝑒) 
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= ∑ 𝑓𝑖  (𝑎 , 𝑐 , 𝑒)𝑑𝑗  (𝑏 , 𝑑 , 𝑓) + 𝑓𝑖  (𝑏 , 𝑑 , 𝑓)𝑑𝑗  (𝑎 , 𝑐 , 𝑒)

𝑖+𝑗=𝑛

 

Since F = (fi)i ∈ N be Jordan generalized higher tri – derivation on R x R 

x R into R then : 

𝑓𝑛 [(𝑎 + 𝑏)
2 , (𝑐 + 𝑑)2 , (𝑒 + 𝑓)2) 

= ∑ 𝑓𝑖  (𝑎 + 𝑏 , 𝑐 + 𝑑 , 𝑒 + 𝑓)𝑑𝑗  (𝑎 + 𝑏 , 𝑐 + 𝑑 , 𝑒 + 𝑓)

𝑖+𝑗=𝑛

 

= ∑ [𝑓𝑖  (𝑎 , 𝑐 , 𝑒) + 𝑓𝑖  (𝑏 , 𝑑 , 𝑓)

𝑖+𝑗=𝑛

] [𝑑𝑗  (𝑎 , 𝑐 , 𝑒) + 𝑑𝑗  (𝑏 , 𝑑 , 𝑓)] 

= ∑ 𝑓𝑖  (𝑎 , 𝑐 , 𝑒)𝑑𝑗  (𝑎 , 𝑐 , 𝑒) + 𝑓𝑖  (𝑎 , 𝑐 , 𝑒)𝑑𝑗  (𝑏 , 𝑑 , 𝑓)

𝑖+𝑗=𝑛

 

+ 𝑓𝑖  (𝑏 , 𝑑 , 𝑓)𝑑𝑗  (𝑎 , 𝑐 , 𝑒) + 𝑓𝑖  (𝑏 , 𝑑 , 𝑓)𝑑𝑗  (𝑏 , 𝑑 , 𝑓)………(1) 

On the other hand : 

𝑓𝑛 ((𝑎 + 𝑏)
2 , (𝑐 + 𝑑)2 , (𝑒 + 𝑓)2) 

= 𝑓𝑛 (𝑎
2 + 𝑎𝑏 + 𝑏𝑎 + 𝑏2 , 𝑐2 + 𝑐𝑑 + 𝑑𝑐 + 𝑑2 , 𝑒2 + 𝑒𝑓 + 𝑓𝑒 + 𝑓2) 

𝑓𝑛 (𝑎
2 , 𝑐2 , 𝑒2) + 𝑓𝑛 (𝑎𝑏 +  𝑏𝑎 , 𝑐𝑑 +  𝑑𝑐 , 𝑒𝑓 +  𝑓𝑒) 

+ 𝑓𝑛 (𝑏
2 , 𝑑2 , 𝑓2) 

= ∑ 𝑓𝑖  (𝑎 , 𝑐 , 𝑒)𝑑𝑗  (𝑎 , 𝑐 , 𝑒) + 𝑓𝑛 (𝑎𝑏 +  𝑏𝑎 , 𝑐𝑑 +  𝑑𝑐 , 𝑒𝑓 +  𝑓𝑒)

𝑖+𝑗=𝑛
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+ ∑ 𝑓𝑖  (𝑏 , 𝑑 , 𝑓)𝑑𝑗  (𝑏 , 𝑑 , 𝑓)………… . (2)

𝑖+𝑗=𝑛

 

Compare between (1) and (2) we get : 

Fn(ab + ba , cd + dc , ef + fe) 

= ∑ 𝑓𝑖  (𝑎 , 𝑐 , 𝑒)𝑑𝑗  (𝑏 , 𝑑 , 𝑓) + 𝑓𝑖  (𝑏 , 𝑑 , 𝑓)𝑑𝑗  (𝑎 , 𝑐 , 𝑒)

𝑖+𝑗=𝑛
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Proposition 2 – 8 

 Let R be 2 – torsion free ring then every Jordan generalized higher 

tri – derivation on R x R x R in to R is a Jordan triple generalized higher 

tri – derivation on R x R x R into R . 

Proof : 

Replace ab + ba for b and cd + dc for d and ef + fe for f in Lemma 2.7 

𝑓𝑛 [𝑎 (𝑎𝑏 + 𝑏𝑎) + (𝑎𝑏 + 𝑏𝑎)𝑎 , 𝑐 (𝑐𝑑 + 𝑑𝑐) + 𝑐𝑑 + 𝑑𝑐)𝑐 , 𝑒(𝑒𝑓

+ 𝑓𝑒) + (𝑒𝑓 + 𝑓𝑒)𝑒 

= ∑ 𝑓𝑖 (𝑎 , 𝑐 , 𝑒)𝑑𝑗  (𝑎𝑏 +  𝑏𝑎 , 𝑐𝑑 +  𝑑𝑐 , 𝑒𝑓 + 𝑓𝑒)

𝑖+𝑗=𝑛

 

+ 𝑓𝑖  (𝑎𝑏 +  𝑏𝑎 , 𝑐𝑑 + 𝑑𝑐 , 𝑒𝑓 + 𝑓𝑒)𝑑𝑗  (𝑎 , 𝑐 , 𝑒) 

= ∑ 𝑓𝑖  (𝑎 , 𝑐 , 𝑒)[𝑑𝑗  (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑓) + 𝑑𝑗  (𝑏𝑎 , 𝑑𝑐 , 𝑓𝑒)]

𝑖+𝑗=𝑛

 

+ [𝑓𝑖  (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑓) + 𝑓𝑖  (𝑏𝑎 , 𝑑𝑐 , 𝑓𝑒)]𝑑𝑗  (𝑎 , 𝑐 , 𝑒) 

= ∑ 𝑓𝑖  (𝑎 , 𝑐 , 𝑒)𝑑𝑗  (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑓) + 𝑓𝑖  (𝑎 , 𝑐 , 𝑒) 𝑑𝑗  (𝑏𝑎 , 𝑑𝑐 , 𝑓𝑒)

𝑖+𝑗=𝑛

 

+ 𝑓𝑖  (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑓)𝑑𝑗  (𝑎 , 𝑐 , 𝑒) + 𝑓𝑖  (𝑏𝑎 , 𝑑𝑐 , 𝑓𝑒)𝑑𝑗  (𝑎 , 𝑐 , 𝑒) 

= ∑ 𝑓𝑖  (𝑎 , 𝑐 , 𝑒)[𝑑𝑗  (𝑎 , 𝑐 , 𝑒)𝑑𝑘
𝑖+𝑗=𝑛

(𝑏 , 𝑑 , 𝑓)] 
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+ 𝑓𝑖  (𝑎 , 𝑐 , 𝑒)[𝑑𝑗  (𝑏 , 𝑑 , 𝑓)𝑑𝑘  (𝑎 , 𝑐 , 𝑒)] 

+ [𝑓𝑖  (𝑎 , 𝑐 , 𝑒)𝑑𝑗  (𝑏 , 𝑑 , 𝑓)]𝑑𝑘  (𝑎 , 𝑐 , 𝑒) 

+ [𝑓𝑖  (𝑏 , 𝑑 , 𝑓)𝑑𝑗  (𝑎 , 𝑐 , 𝑒)]𝑑𝑘  (𝑎 , 𝑐 , 𝑒) 

= ∑ 𝑓𝑖  (𝑎 , 𝑐 , 𝑒)𝑑𝑗  (𝑎 , 𝑐 , 𝑒)𝑑𝑘
𝑖+𝑗+𝑘=𝑛

 (𝑏 , 𝑑 , 𝑓) 

+ 2 ∑ 𝑓𝑖  (𝑎 , 𝑐 , 𝑒)𝑑𝑗  (𝑏 , 𝑑 , 𝑓)𝑑𝑘
𝑖+𝑗+𝑘=𝑛

 (𝑎 , 𝑐 , 𝑒) 

+ 𝑓𝑖  (𝑏 , 𝑑 , 𝑓)𝑑𝑗(𝑎 , 𝑐 , 𝑒)𝑑𝑘  (𝑎 , 𝑐 , 𝑒)…………(1)  

On the other hand : 

𝑓𝑛 (𝑎(𝑎𝑏 + 𝑏𝑎) + (𝑎𝑏 + 𝑏𝑎)𝑎 , 𝑐 (𝑐𝑑 + 𝑑𝑐)

+ (𝑐𝑑 + 𝑑𝑐)𝑐 , 𝑒 (𝑒𝑓 + 𝑓𝑒) + (𝑒𝑓 + 𝑓𝑒)𝑒) 

= 𝑓𝑛 (𝑎
2 𝑏 + 𝑎𝑏𝑎 + 𝑎𝑏𝑎 + 𝑏𝑎2 , 𝑐2𝑑 + 𝑐𝑑𝑐 + 𝑑𝑐2 , 𝑒2𝑓 + 𝑒𝑓𝑒 + 𝑒𝑓𝑒

+ 𝑓𝑒2) 

𝑓𝑛 (𝑎
2 𝑏 + 𝑏𝑎2 , 𝑐2𝑑 + 𝑑𝑐2 , 𝑒2𝑓 + 𝑓𝑒2) 

+ 𝑓𝑛 (𝑎𝑏𝑎 , 𝑐𝑑𝑐 , 𝑒𝑓𝑒) + 𝑓𝑛 (𝑎𝑏𝑎 , 𝑐𝑑𝑐 , 𝑒𝑓𝑒) 

= ∑ 𝑓𝑖  (𝑎
2 , 𝑐2 , 𝑒2)𝑑𝑗  (𝑏 , 𝑑 , 𝑓) + 𝑓𝑖  (𝑏 , 𝑑 , 𝑓)𝑓𝑗  (𝑎

2 , 𝑐2 , 𝑒2)

𝑖+𝑗=𝑛

 

+ 2 𝑓𝑛 (𝑎𝑏𝑎 , 𝑐𝑑𝑐 , 𝑒𝑓𝑒) 
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= ∑𝑓𝑖  (𝑎 , 𝑐 , 𝑒)𝑑𝑗  (𝑎 , 𝑐 , 𝑒)𝑑𝑘  (𝑏 , 𝑑 , 𝑓) 

+ 𝑓𝑖  (𝑏 , 𝑑 , 𝑓)𝑑𝑗  (𝑎 , 𝑐 , 𝑒)𝑑𝑘  (𝑎 , 𝑐 , 𝑒) 

+ 2 𝑓𝑛 (𝑎 𝑏𝑎 , 𝑐𝑑𝑐 , 𝑒𝑓𝑒)   …………………(2) 

Compare between (1) and (2) we get : 

2 ∑𝑓𝑖 (𝑎 , 𝑐 , 𝑒)𝑑𝑗  (𝑏 , 𝑑 , 𝑓)𝑑𝑘  (𝑎 , 𝑐 , 𝑒) 

= 2 𝑓𝑛 (𝑎𝑏𝑎 , 𝑐𝑑𝑐 , 𝑒𝑓𝑒) 

Since R is 2 – torsion free then : 

𝑓𝑛 (𝑎𝑏𝑎 , 𝑐𝑑𝑐 , 𝑒𝑓𝑒) = 

∑ 𝑓𝑖 (𝑎 , 𝑐 , 𝑒)𝑑𝑗
𝑖+𝑗+𝑘=𝑛

(𝑏 , 𝑑 , 𝑓)𝑑𝑘  (𝑎 , 𝑐 , 𝑒) 
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Lemma 2 – 9 : 

 Let R be a ring and F = (fi)i ∈ N be a Jordan triple generalized higher 

tri – derivation on R x R x R into R associated with Jordan higher tri- 

derivation D = (di) i ∈ N on R x R x R in to R then for all a , b , c , d , 

e , f , r , s , t ∈ R and n ∈ /N . 

fn (abc , cba , sdt + tds , efr + rfe) 

= ∑ 𝑓𝑖  (𝑎 , 𝑠 , 𝑒)𝑑𝑗
𝑖+𝑗+𝑘=𝑛

 (𝑏 , 𝑑, 𝑓) 𝑑𝑘  (𝑐 , 𝑡 , 𝑟) 

+ 𝑓𝑖  (𝑐 , 𝑡 , 𝑟)𝑑𝑗  (𝑏 , 𝑑 , 𝑓)𝑑𝑘  (𝑎 , 𝑠 , 𝑒) 

Proof : replacing a + c for a and s + t for c and e + r for f in proposition 

2 – 8 : 

fn ((a + c) b (a + c) , (s + t) d (s + t) , (e + r) f (e + r)) 

= ∑ 𝑓𝑖 (𝑎 +  𝑐 , 𝑠 + 𝑡 , 𝑒 + 𝑟)𝑑𝑗
𝑖+𝑗+𝑘=𝑛

 (𝑏 , 𝑑 , 𝑓)𝑑𝑘 (𝑎 + 𝑐 , 𝑠 + 𝑡 , 𝑒 + 𝑟) 

= ∑[𝑓𝑖  (𝑎 , 𝑠 , 𝑒) + 𝑓𝑖  (𝑐 , 𝑡 , 𝑟)]𝑑𝑗  (𝑏 , 𝑑 , 𝑓) 
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[𝑑𝑘  (𝑎 , 𝑠 , 𝑒) + 𝑑𝑘  (𝑐 , 𝑡 , 𝑟)] 

= ∑ 𝑓𝑖(𝑎 , 𝑠 , 𝑒)𝑑𝑗
𝑖+𝑗+𝑘=𝑛

 (𝑏 , 𝑑 , 𝑓)𝑑𝑘  (𝑎 , 𝑠 , 𝑒) 

+ 𝑓𝑖(𝑎 , 𝑠 , 𝑒)𝑑𝑗  (𝑏 , 𝑑 , 𝑓)𝑑𝑘  (𝑐 , 𝑡 , 𝑟) 

+ 𝑓𝑖  (𝑐 , 𝑡 , 𝑟) 𝑑𝑗  (𝑏 , 𝑑 , 𝑓)   𝑑𝑘  (𝑎 , 𝑠 , 𝑒) 

+ 𝑓𝑖  (𝑐 , 𝑡 , 𝑟) 𝑑𝑗  (𝑏 , 𝑑 , 𝑓) 𝑑𝑘  (𝑐 , 𝑡 , 𝑟)……………… . . (1) 

On the other hand : 

𝑓𝑛 ((𝑎 + 𝑐) 𝑏(𝑎 + 𝑐), (𝑠 + 𝑡)𝑑(𝑠 + 𝑡), (𝑒 + 𝑟)𝑓(𝑒 + 𝑟) 

= 𝑓𝑛 (𝑎𝑏𝑎 + 𝑎𝑏𝑐 + 𝑐𝑏𝑎 + 𝑐𝑏𝑐 , 𝑠𝑑𝑠 + 𝑠𝑑𝑡 + 𝑡𝑑𝑠 + 𝑡𝑑𝑡 , 𝑒𝑓𝑒 + 𝑒𝑓𝑟

+ 𝑟𝑓𝑒 + 𝑟𝑓𝑟) 

= 𝑓𝑛 (𝑎𝑏𝑎 , 𝑠𝑑𝑠 , 𝑒𝑓𝑒) 

+ 𝑓𝑛 (𝑎𝑏𝑐 +  𝑐𝑏𝑎 , 𝑠𝑑𝑡 + 𝑡𝑑𝑠 , 𝑒𝑓𝑟 + 𝑟𝑓𝑒) 

+ 𝑓𝑛 (𝑐𝑏𝑐 , 𝑡𝑑𝑡 , 𝑟𝑓𝑟) 

= ∑ 𝑓𝑖  (𝑎 , 𝑠 , 𝑒) 𝑑𝑗
𝑖+𝑗+𝑘=𝑛

 (𝑏 , 𝑑 , 𝑓) 𝑑𝑘  (𝑎 , 𝑠 , 𝑒) 



 

26 

 

+ 𝑓𝑛 (𝑎𝑏𝑐 + 𝑐𝑏𝑎 , 𝑠𝑑𝑡 + 𝑡𝑑𝑠 , 𝑒𝑓𝑟 + 𝑟𝑓𝑒) 

+ ∑ 𝑓𝑖  (𝑐 , 𝑡 , 𝑟)𝑑𝑗
𝑖+𝑗+𝑘=𝑛

 (𝑏 , 𝑑 , 𝑓) 𝑑𝑘  (𝑐 , 𝑡 , 𝑟)  …………(2) 

Compare between (1) and (2) we get : 

𝑓𝑛 (𝑎𝑏𝑐 + 𝑐𝑏𝑎 , 𝑠𝑑𝑡 + 𝑡𝑑𝑠 , 𝑒𝑓𝑟 + 𝑟𝑓𝑒) 

= ∑𝑓𝑖 (𝑎 , 𝑠 , 𝑒) 𝑑𝑗  (𝑏 , 𝑑 , 𝑓) 𝑑𝑘  (𝑐 , 𝑡 , 𝑟) 

+ 𝑓𝑖 (𝑐 , 𝑡 , 𝑟) 𝑑𝑗   (𝑏 , 𝑑 , 𝑓) 𝑑𝑘  (𝑎 , 𝑠 , 𝑒) 

 

Definition 2 – 10 : 

 Let R be a ring and F = (fi)i ∈ N be a Jordan generalized higher tri 

– derivation on R x R x R into R associated with Jordan higher tri – 

derivation D = (di)i ∈ N on R x R x R into R Then for all a , b , c , d , e , 

f ∈ R and n ∈ N we denoted by : 

∅𝑛(𝑎 , 𝑏 , 𝑐 , 𝑑 , 𝑒 , 𝑓)

= 𝑓𝑛 (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑓) − ∑𝑓𝑖  (𝑎 , 𝑐 , 𝑒)𝑑𝑗  (𝑏 , 𝑑 , 𝑓) 
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Lemma 2 – 11 : 

 Let R be a ring and F = (fi) i ∈ N be a Jordan generalized higher 

tri – derivation on R x R x R into R associated with Jordan higher tri – 

derivation D = (di)i ∈ N on R x R x R into R then for all a , b , c , d , s , 

e , f . 

(𝑖)∅𝑛 (𝑎 , 𝑏 , 𝑐 , 𝑑 , 𝑒 , 𝑓) =  ∅𝑛 (𝑏 , 𝑎 , 𝑑 , 𝑐 , 𝑓 , 𝑒) 

(𝑖𝑖) ∅𝑛 (𝑎 + 𝑠 , 𝑏 , 𝑐 , 𝑑 , 𝑒 , 𝑓) =  ∅𝑛 (𝑎 , 𝑏 , 𝑐 , 𝑑 , 𝑒 , 𝑓) 

+ ∅𝑛 (𝑠 , 𝑏 , 𝑐 , 𝑑 , 𝑒 , 𝑓) 

(𝑖𝑖𝑖)∅𝑛 (𝑎 , 𝑏 +   𝑠 , 𝑐 , 𝑑 , 𝑒 , 𝑓) =  ∅𝑛 (𝑎 , 𝑏 , 𝑐 , 𝑑 , 𝑒 , 𝑓) 

+ ∅𝑛 (𝑎 , 𝑠 , 𝑐 , 𝑑 , 𝑒 , 𝑓) 

(𝑣)∅𝑛 (𝑎 , 𝑏 , 𝑐 +  𝑠 , 𝑑 , 𝑒 , 𝑓) =  ∅𝑛 (𝑎 , 𝑏 , 𝑐 , 𝑑 , 𝑒 , 𝑓) 

+ ∅𝑛 (𝑎 , 𝑏 , 𝑠 , 𝑑 , 𝑒 , 𝑓) 

(𝑖𝑣)∅𝑛 (𝑎 , 𝑏 , 𝑐 , 𝑑 + 𝑠 , 𝑒 , 𝑓) 

= ∅𝑛 (𝑎 , 𝑏 , 𝑐 , 𝑑 , 𝑒 , 𝑓) + ∅𝑛 (𝑎 , 𝑏 , 𝑐 , 𝑠 , 𝑒 , 𝑓) 
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(𝑖𝑖𝑣)∅𝑛 (𝑎 , 𝑏 , 𝑐 , 𝑑 , 𝑒 + 𝑠 , 𝑓) 

= ∅𝑛 (𝑎 , 𝑏 , 𝑐 , 𝑑 , 𝑒 , 𝑓 + ∅𝑛 (𝑎 , 𝑏 , 𝑐 , 𝑑 , 𝑠 , 𝑓) 

(𝑖𝑖𝑖𝑣)∅𝑛 (𝑎 , 𝑏 , 𝑐 , 𝑑 , 𝑒 , 𝑓 + 𝑠) 

= ∅𝑛 (𝑎 , 𝑏 , 𝑐 , 𝑑 , 𝑒 , 𝑓) + ∅𝑛 (𝑎 , 𝑏 , 𝑐 , 𝑑 , 𝑒 , 𝑠) 

Proof : 

(i) by lemma 2 – 7 : 

𝑓𝑛 (𝑎𝑏 +  𝑏𝑎 , 𝑐𝑑 + 𝑑𝑐 , 𝑒𝑓 + 𝑓𝑒) 

= ∑ 𝑓𝑖  (𝑎 , 𝑐 , 𝑒)𝑑𝑗
𝑖+𝑗=𝑛

  (𝑏 , 𝑑 , 𝑓) + 𝑓𝑖  (𝑏 , 𝑑 , 𝑓) 𝑑𝑗  (𝑎 , 𝑐 , 𝑒) 

𝑓𝑛 (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑓) + 𝑓𝑛 (𝑏𝑎 , 𝑑𝑐 , 𝑓𝑒) 

= ∑ 𝑓𝑖  (𝑎 , 𝑐 , 𝑒)𝑑𝑗
𝑖+𝑗=𝑛

(𝑏 , 𝑑 , 𝑓) + ∑ 𝑓𝑖  (𝑏 , 𝑑 , 𝑓)𝑑𝑗
𝑖+𝑗=𝑛

 (𝑎 , 𝑐 , 𝑒) 

𝑓𝑛 (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑓) − ∑𝑓𝑖  (𝑎 , 𝑐 , 𝑒)𝑑𝑗  (𝑏 , 𝑑 , 𝑓) 

+ 𝑓𝑛 (𝑏𝑎 , 𝑑𝑐 , 𝑓𝑒) − ∑𝑓𝑖  (𝑏 , 𝑑 , 𝑓)𝑑𝑗  (𝑎 , 𝑐 , 𝑒) = 0 
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∅𝑛 (𝑎 , 𝑏 , 𝑐 , 𝑑 , 𝑒 , 𝑓) + ∅𝑛 (𝑏 , 𝑎 , 𝑑 , 𝑐 , 𝑓 , 𝑒) = 0 

∅𝑛 (𝑎 , 𝑏 , 𝑐 , 𝑑 , 𝑒 , 𝑓) =  − ∅𝑛 (𝑏 , 𝑎 , 𝑑 , 𝑐 , 𝑓 , 𝑒) 

 

(ii) 

∅𝑛 (𝑎 + 𝑠 , 𝑏 , 𝑐 , 𝑑 , 𝑒 , 𝑓) = 𝑓𝑛 [(𝑎 + 𝑠)𝑏 , 𝑐𝑑 , 𝑒𝑓] 

− ∑ 𝑓𝑖  (𝑎 + 𝑠 , 𝑐 , 𝑒)𝑑𝑗
𝑖+𝑗=𝑛

 (𝑏 , 𝑑 , 𝑓) 

= 𝑓𝑛 [𝑎𝑏 + 𝑠𝑏 , 𝑐𝑑 , 𝑒𝑓] − [∑𝑓𝑖  (𝑎 , 𝑐 , 𝑒) + 𝑓𝑖  (𝑠 , 𝑐 , 𝑒)] 

(𝑑𝑗  (𝑏 , 𝑑 , 𝑓)) 

= 𝑓𝑛 (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑓) + 𝑓𝑛 (𝑠𝑏 , 𝑐𝑑 , 𝑒𝑓) 

− ∑ 𝑓𝑖  (𝑎 , 𝑐 , 𝑒)  𝑑𝑗
𝑖+𝑗=𝑛

 (𝑏 , 𝑑 , 𝑓) − ∑ 𝑓𝑖  (𝑠 , 𝑐 , 𝑒)𝑑𝑗
𝑖+𝑗=𝑛

 (𝑏 , 𝑑 , 𝑓) 

= 𝑓𝑛 (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑓) − ∑ 𝑓𝑖  (𝑎 , 𝑐 , 𝑒)𝑑𝑗
𝑖+𝑗=𝑛

 (𝑏 , 𝑑 , 𝑓) 

+ 𝑓𝑛 (𝑠𝑏 , 𝑠𝑑 , 𝑒𝑓) − ∑ 𝑓𝑖
𝑖+𝑗=𝑛

 (𝑠 , 𝑐 , 𝑒) 𝑑𝑗  (𝑏 , 𝑑 , 𝑓) 

= ∅𝑛 (𝑎 , 𝑏 , 𝑐 , 𝑑 , 𝑒 , 𝑓) + ∅𝑛 (𝑠 , 𝑏 , 𝑐 , 𝑑 , 𝑒 , 𝑓) 
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 (iii) 

∅𝑛 (𝑎 , 𝑏 + 𝑠 , 𝑐 , 𝑑 , 𝑒 , 𝑓) = 𝑓𝑛 (𝑎 (𝑏 + 𝑠), 𝑐𝑑 , 𝑒𝑓) 

− ∑ 𝑓𝑖  (𝑎 , 𝑐 , 𝑒) 𝑑𝑗
𝑖+𝑗=𝑛

 (𝑏 + 𝑠 , 𝑑 , 𝑓) 

= 𝑓𝑛(𝑎𝑏 , 𝑎𝑠 , 𝑐𝑑 , 𝑒𝑓) 

− ∑ 𝑓𝑖  (𝑎 , 𝑐 , 𝑒) [𝑑𝑗
𝑖+𝑗=𝑛

 (𝑏 , 𝑑 , 𝑓) + 𝑑𝑗  ( 𝑠 , 𝑑 , 𝑓)] 

= 𝑓𝑛 (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑓) + 𝑓𝑛 (𝑎𝑠 , 𝑐𝑑 , 𝑒𝑓) 

− ∑ 𝑓𝑖  ( 𝑎 , 𝑐 , 𝑒) 𝑑𝑗
𝑖+𝑗=𝑛

(𝑏 , 𝑑 , 𝑓) − ∑ 𝑓𝑖  (𝑎 , 𝑐 , 𝑒) 𝑑𝑗
𝑖+𝑗=𝑛

 (𝑠 , 𝑑 , 𝑓) 

= 𝑓𝑛 (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑓) − ∑ 𝑓𝑖  (𝑎 , 𝑐 , 𝑒) 𝑑𝑗
𝑖+𝑗=𝑛

 (𝑏 , 𝑑 , 𝑓) 

+ 𝑓𝑛 (𝑎𝑠 , 𝑐𝑑 , 𝑒𝑓) − ∑ 𝑓𝑖  (𝑎 , 𝑐 , 𝑒) 𝑑𝑗
𝑖+𝑗=𝑛

 (𝑠 , 𝑑 , 𝑓) 

= ∅𝑛 (𝑎 , 𝑏 , 𝑐 , 𝑑 , 𝑒 , 𝑓) + ∅𝑛 (𝑎 , 𝑠 , 𝑐 , 𝑑 , 𝑒 , 𝑓) 
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(v) 

∅𝑛 (𝑎 , 𝑏 , 𝑐 + 𝑠 , 𝑑 , 𝑒 , 𝑓) = 𝑓𝑛 (𝑎𝑏 , (𝑐 + 𝑠)𝑑 , 𝑒𝑓) 

− ∑ 𝑓𝑖  (𝑎 , 𝑐 + 𝑠 , 𝑒) 𝑑𝑗
𝑖+𝑗=𝑛

 (𝑏 , 𝑑 , 𝑓) 

= 𝑓𝑛 (𝑎𝑏 , 𝑐𝑑 + 𝑠𝑑 , 𝑒𝑓) 

− ∑ [𝑓𝑖   (𝑎 , 𝑐 , 𝑒) + 𝑓𝑖  (𝑎 , 𝑠 , 𝑒)]  𝑑𝑗
𝑖+𝑗=𝑛

 (𝑏 , 𝑑 , 𝑓) 

= 𝑓𝑛 (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑓) + 𝑓𝑛 (𝑎𝑏 , 𝑠𝑑 , 𝑒𝑓) 

− ∑ 𝑓𝑖   (𝑎 , 𝑐 , 𝑒)  𝑑𝑗
𝑖+𝑗=𝑛

 (𝑏 , 𝑑 , 𝑓) + 𝑓𝑖 (𝑎 , 𝑠 , 𝑒) 𝑑𝑗  (𝑏 , 𝑑 , 𝑓) 

= 𝑓𝑛 (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑓) − ∑ 𝑓𝑖  (𝑎 , 𝑐 , 𝑒)  𝑑𝑗
𝑖+𝑗=𝑛

 (𝑏 , 𝑑 , 𝑓) 

+ 𝑓𝑛 (𝑎𝑏 , 𝑠𝑑 , 𝑒𝑓) − ∑ 𝑓𝑖  (𝑎 , 𝑠 , 𝑒) 𝑑𝑗
𝑖+𝑗=𝑛

 (𝑏 , 𝑑 , 𝑓) 

= ∅𝑛 (𝑎 , 𝑏 , 𝑐 , 𝑑 , 𝑒𝑓) + ∅𝑛(𝑎 , 𝑏 , 𝑠 , 𝑑 , 𝑒 , 𝑓) 
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(vi) 

∅𝑛 (𝑎 , 𝑏 , 𝑐 , 𝑑 + 𝑠 , 𝑒 , 𝑓) = 𝑓𝑛 (𝑎𝑏 , 𝑐 (𝑑 + 𝑠), 𝑒𝑓) 

− ∑ 𝑓𝑖  (𝑎 , 𝑐 , 𝑒) 𝑑𝑗
𝑖+𝑗=𝑛

 (𝑏 , 𝑑 +  𝑠 , 𝑓) 

= 𝑓𝑛 (𝑎𝑏 , 𝑐𝑑 +  𝑐𝑑 , 𝑒𝑓)

− ∑ 𝑓𝑖  (𝑎 , 𝑐 , 𝑒)[𝑑𝑗  (𝑏 , 𝑑 , 𝑓) + 𝑑𝑗  (𝑏 , 𝑠 , 𝑓)]

𝑖+𝑗=𝑛

 

= 𝑓𝑛 (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑓) + 𝑓𝑛 (𝑎𝑏 , 𝑐𝑠 , 𝑒𝑓) 

− ∑ 𝑓𝑖   (𝑎 , 𝑐 , 𝑒) 𝑑𝑗
𝑖+𝑗=𝑛

 (𝑏 , 𝑑 , 𝑓) 

− ∑𝑓𝑖  (𝑎 , 𝑐 , 𝑒)  𝑑𝑗  (𝑏 , 𝑠 , 𝑓) 

= 𝑓𝑛 (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑓) − ∑ 𝑓𝑖  (𝑎 , 𝑐 , 𝑒)  𝑑𝑗  (𝑏 , 𝑑 , 𝑓)

𝑖+𝑗=𝑛

 

+ 𝑓𝑛 (𝑎𝑏 , 𝑐𝑠 , 𝑒𝑓)  − ∑ 𝑓𝑖  (𝑎 , 𝑐 , 𝑒)  𝑑𝑗   (𝑏 , 𝑠 , 𝑓)

𝑖+𝑗=𝑛

 

= ∅𝑛 (𝑎 , 𝑏 , 𝑐 , 𝑑 , 𝑒 , 𝑓) + ∅𝑛 (𝑎 , 𝑏 , 𝑐 , 𝑠 , 𝑒 , 𝑓) 
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(vii) 

∅𝑛 (𝑎 , 𝑏 , 𝑐 , 𝑑 , 𝑒 + 𝑠 , 𝑓) = 𝑓𝑛 (𝑎𝑏 , 𝑐𝑑 , (𝑒 + 𝑠)𝑓) 

− ∑ 𝑓𝑖  (𝑎 , 𝑐 , 𝑒 + 𝑠) 𝑑𝑗  (𝑏 , 𝑑 , 𝑓)

𝑖+𝑗=𝑛

 

= 𝑓𝑛 (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑓 + 𝑠𝑓) 

− ∑ [𝑓𝑖  (𝑎 , 𝑐 , 𝑒) + 𝑓𝑖  (𝑎 , 𝑐 , 𝑠)] 𝑑𝑗   (𝑏 , 𝑑 , 𝑓)

𝑖+𝑗=𝑛

 

= 𝑓𝑛 (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑓) + 𝑓𝑛 (𝑎𝑏 , 𝑐𝑑 , 𝑠𝑓) 

− ∑ 𝑓𝑖   (𝑎 , 𝑐 , 𝑒)  𝑑𝑗  (𝑏 , 𝑑 , 𝑓) − ∑ 𝑓𝑖  (𝑎 , 𝑐 , 𝑠)  𝑑𝑗  (𝑏 , 𝑑 , 𝑓)

𝑖+𝑗=𝑛𝑖+𝑗=𝑛

 

= 𝑓𝑛 (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑓) − ∑ 𝑓𝑖    (𝑎 , 𝑐 , 𝑒) 𝑑𝑗  (𝑏 , 𝑑 , 𝑓)

𝑖+𝑗=𝑛

 

+ 𝑓𝑛 (𝑎𝑏 , 𝑐𝑑 , 𝑠𝑓) − ∑ 𝑓𝑖  (𝑎 , 𝑐 , 𝑠) 𝑑𝑗  (𝑏 , 𝑑 , 𝑓)

𝑖+𝑗=𝑛

 

= ∅𝑛 (𝑎 , 𝑏 , 𝑐 , 𝑑 , 𝑒 , 𝑓) + ∅𝑛 (𝑎 , 𝑏 , 𝑐 , 𝑑 , 𝑠 , 𝑓) 
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(viii) 

∅𝑛 (𝑎 , 𝑏 , 𝑐 , 𝑑 , 𝑒 , 𝑓 + 𝑠) = 𝑓𝑛 (𝑎𝑏 , 𝑐𝑑 , 𝑒 (𝑓 + 𝑠)) 

− ∑𝑓𝑖  (𝑎 , 𝑐 , 𝑒)𝑑𝑗  (𝑏 , 𝑑 , 𝑓 + 𝑠) 

= 𝑓𝑛 (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑓 +  𝑒𝑠)

− ∑ 𝑓𝑖  (𝑎 , 𝑐 , 𝑒) [𝑑𝑗  (𝑏 , 𝑑 , 𝑓) + 𝑑𝑗  (𝑏 , 𝑑 , 𝑠)]

𝑖+𝑗=𝑛

 

= 𝑓𝑛 (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑓) + 𝑓𝑛 (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑠) 

− ∑ 𝑓𝑖  (𝑎 , 𝑐 , 𝑒)𝑑𝑗  (𝑏 , 𝑑 , 𝑓) − ∑ 𝑓𝑖  (𝑎 , 𝑐 , 𝑒)𝑑𝑗  (𝑏 , 𝑑 , 𝑠)

𝑖+𝑗=𝑛𝑖+𝑗=𝑛

 

= 𝑓𝑛 (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑓) − ∑ 𝑓𝑖  (𝑎 , 𝑐 , 𝑒)𝑑𝑗  (𝑏 , 𝑑 , 𝑓)

𝑖+𝑗=𝑛

 

+ 𝑓𝑛 (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑠) − ∑ 𝑓𝑖  (𝑎 , 𝑐 , 𝑒)𝑑𝑗   (𝑏 , 𝑑 , 𝑠)

𝑖+𝑗=𝑛

 

= ∅𝑛 (𝑎 , 𝑏 , 𝑐 , 𝑑 , 𝑒 , 𝑓) + ∅𝑛  (𝑎 , 𝑏 , 𝑐 , 𝑑 , 𝑒 , 𝑠) 
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Lemma 2 – 12 

 Let R a 2 – torsion free and F = (fi)i ∈ N be a Jordan generalized 

higher tri – derivation on R x R x R into R associated with Jordan higher 

tri derivation D = (di)i ∈ N on R x R x R into R then for all a , b , c , d , e 

, f , r ∈ R and n ∈ N if ∅𝑡 (a , b , c , d , e , f) = 0 and Ψ𝑡 (a , b , c , d , e , 

f) = 0 for every t < n then ∅𝑛 (a , b , c , d , e , f) r [a , b] + [a , b] r Ψ𝑛 (a 

, b , c , d) = 0 

Proof : Let S , P ∈ R 

fn (ab r ba + ba r ab , cdsdc + dcscd , efpfe + fepef) 

= fn ((ab) r (ba) + (ba) r (ab) , (cd) s (dc) + (dc) s (cd) , (ef) p (fe) + (fe) 

p (ef)) 

By lemma 2 . 9 

= ∑ 𝑓𝑖  (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑓) 𝑑𝑗  (𝑟 , 𝑠 , 𝑝) 𝑑𝑘
𝑖+𝑗+𝑘=𝑛

 (𝑏𝑎 , 𝑑𝑐 , 𝑓𝑒) 

+ 𝑓𝑖  (𝑏𝑎 , 𝑑𝑐 , 𝑓𝑒)𝑑𝑗  (𝑟 , 𝑠 , 𝑝)𝑑𝑘  (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑓) 

= 𝑓𝑛 (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑓)𝑟𝑏𝑎 + 𝑓𝑛 (𝑏𝑎 , 𝑑𝑐 , 𝑓𝑒)𝑟 𝑎𝑏  
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+ 𝑎𝑏 𝑟 𝑑𝑛 (𝑏𝑎 , 𝑑𝑐 , 𝑓𝑒) + 𝑏𝑎 𝑟 𝑑𝑛 (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑓) 

+ ∑ 𝑓𝑖  (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑓)𝑑𝑗  (𝑟 , 𝑠 , 𝑝)𝑑𝑘

𝑖 ,𝑘<𝑛

𝑖+𝑗=𝑛

 (𝑏𝑎 , 𝑑𝑐 , 𝑓𝑒) 

+ 𝑓𝑖  (𝑏𝑎 , 𝑑𝑐 , 𝑓𝑒)𝑑𝑗  (𝑟 , 𝑠 , 𝑝)𝑑𝑘  (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑓) 

= 𝑓𝑛 (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑓)𝑟 𝑏𝑎 + 𝑓𝑛 (𝑏𝑎 , 𝑑𝑐 , 𝑓𝑒) 𝑟𝑎𝑏 

+ 𝑎𝑏 𝑟 𝑑𝑛 (𝑏𝑎 , 𝑑𝑐 , 𝑓𝑒) + 𝑏𝑎 𝑟 𝑑𝑛 (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑓) 

+ ∑ 𝑓𝑞 (𝑎 , 𝑐 , 𝑒)𝑑𝑡 (𝑏 , 𝑑 , 𝑓)𝑑𝑗  (𝑟 , 𝑠 , 𝑝)𝑑ℎ (𝑏 , 𝑑 , 𝑓)𝑑𝑔 (𝑎 , 𝑐 , 𝑒)

𝑞+ 𝑡,ℎ+𝑔<𝑛

𝑞+𝑡+𝑗+ℎ+𝑔=𝑛 

 

…………. (1) 

On the other hand : 

𝑓𝑛 (𝑎𝑏 𝑟 𝑏𝑎 + 𝑏𝑎 𝑟𝑎 𝑏 , 𝑐𝑑 𝑠 𝑑𝑐 + 𝑑𝑐𝑠 𝑐𝑑 , 𝑒𝑓 𝑝 𝑓𝑒 + 𝑓𝑒 𝑝 𝑒𝑓) 

= 𝑓𝑛 (𝑎 (𝑏𝑟𝑏) 𝑎 + 𝑏 (𝑎𝑟𝑎)𝑏 , 𝑐 (𝑑𝑠𝑑)𝑐 + 𝑑 (csc)𝑑 , 𝑒 (𝑓𝑝𝑓)𝑒

+ 𝑓 (𝑒𝑝𝑒)𝑓) 

= 𝑓𝑛 (𝑎 (𝑏𝑟𝑏)𝑎 , 𝑐 (𝑑𝑠𝑑)𝑐 , 𝑒 (𝑓𝑝𝑓)𝑒 )

+ 𝑓𝑛 (𝑏(𝑎𝑟𝑎)𝑏 , 𝑑 (csc)𝑑 , 𝑓 (𝑒𝑝𝑒)𝑓) 
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= ∑ 𝑓𝑞 (𝑎 , 𝑐 , 𝑒)𝑑𝑘
𝑞+𝑘+𝑔=𝑛

 (𝑏 𝑟 𝑏 , 𝑑 𝑠𝑑 , 𝑓𝑝𝑓)𝑑𝑔 (𝑎 , 𝑐 , 𝑒) 

+ 𝑓𝑞 (𝑏 , 𝑑 , 𝑓)𝑑𝑘  (𝑎 𝑟 𝑎 , csc, 𝑒𝑝𝑒) 𝑑𝑔 (𝑏 , 𝑑 , 𝑓) 

= ∑𝑓𝑞 (𝑎 , 𝑐 , 𝑒)𝑑𝑡  (𝑏 , 𝑑 , 𝑓)𝑑𝑗  (𝑟 , 𝑠 , 𝑝)𝑑ℎ (𝑏 , 𝑑 , 𝑓)𝑑𝑔 (𝑎 , 𝑐 , 𝑒) 

+ 𝑓𝑞 (𝑏 , 𝑑 , 𝑓)𝑑𝑡 (𝑎 , 𝑐 , 𝑒)𝑑𝑗  (𝑟 , 𝑠 , 𝑝)𝑑ℎ (𝑎 , 𝑐 , 𝑒)𝑑𝑔 (𝑏 , 𝑑 , 𝑓) 

= ∑ 𝑓𝑞 (𝑎 , 𝑐 , 𝑒)𝑑𝑡 (𝑏 , 𝑑 , 𝑓)𝑟 𝑏𝑎

𝑞+𝑡=𝑛

 

+ ∑ 𝑓𝑞 (𝑏 , 𝑑 , 𝑓) 𝑑𝑡 (𝑎 , 𝑐 , 𝑒) 𝑟 𝑎 𝑏

𝑞+𝑡=𝑛

 

+ 𝑎 𝑏 𝑟 ∑ 𝑑ℎ  (𝑏 , 𝑑 , 𝑓)𝑑𝑔 (𝑎 , 𝑐 , 𝑒)

ℎ+𝑔=𝑛

 

+ 𝑏 𝑎 𝑟 ∑ 𝑑ℎ  (𝑎 , 𝑐 , 𝑒)𝑑𝑔 (𝑏 , 𝑑 , 𝑓)

ℎ+𝑔=𝑛

 

+ ∑ 𝑓𝑞 (𝑎 , 𝑐 , 𝑒)𝑑𝑡  (𝑏 , 𝑑 , 𝑓)𝑑𝑗 (𝑟 , 𝑠 , 𝑝)𝑑ℎ (𝑏 ,   𝑑 , 𝑓)𝑑𝑔 (𝑎 , 𝑐 , 𝑒)

𝑞+𝑡 ,ℎ+𝑔<𝑛

 

+ 𝑓𝑞 (𝑏 , 𝑑 , 𝑓)𝑑𝑡 (𝑎 , 𝑐 , 𝑒)𝑑𝑗  (𝑟 , 𝑠 , 𝑝)𝑑ℎ (𝑎 , 𝑐 , 𝑒)𝑑𝑔 (𝑏 , 𝑑 , 𝑓)…… . . . . (2) 
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Compare between (1) and (2) : 

𝑓𝑛 (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑓)𝑟 𝑏𝑎 − ∑ 𝑓𝑞 (𝑎 , 𝑐 , 𝑒) 𝑑𝑡 (𝑏 , 𝑑 , 𝑓) 𝑟 𝑏𝑎

𝑞+𝑡=𝑛

 

+ 𝑎 𝑏 𝑟 𝑑𝑛 (𝑏𝑎 , 𝑑𝑐 , 𝑓𝑒) − 𝑎𝑏𝑟 ∑ 𝑑ℎ (𝑏 , 𝑑 , 𝑓)𝑑𝑔 (𝑎 , 𝑐 , 𝑒)

ℎ+𝑔=𝑛

 

+ 𝑓𝑛 (𝑏 𝑎 , 𝑑𝑐 , 𝑓𝑒)𝑟 𝑎 𝑏 − ∑ 𝑓𝑞
𝑞+𝑡=𝑛

 (𝑏 , 𝑑 , 𝑓)𝑑𝑡 (𝑎 , 𝑐 , 𝑒)𝑟 𝑎 𝑏 

+ 𝑏𝑎 𝑣 𝑑𝑛 (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑓) − 𝑏 𝑎 𝑟 ∑𝑑ℎ (𝑎 , 𝑐 , 𝑒)𝑑𝑔 (𝑏 , 𝑑 , 𝑓) = 0 

[𝑓𝑛 (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑓) − ∑ 𝑓𝑞 (𝑎 , 𝑐 , 𝑒)𝑑𝑡 (𝑏 , 𝑑 , 𝑓)] 𝑟 𝑏𝑎 

𝑞+𝑡=𝑛

 

+ 𝑎𝑏𝑟 [𝑑𝑛 (𝑏𝑎 , 𝑑𝑐 , 𝑓𝑒) − ∑ 𝑑ℎ (𝑏 , 𝑑 , 𝑓)𝑑𝑔  (𝑎 , 𝑐 , 𝑒)]

ℎ+𝑔=𝑛

 

+ [𝑓𝑛 (𝑏𝑎 , 𝑑𝑐 , 𝑓𝑒) − ∑𝑓𝑞 (𝑏 , 𝑑 , 𝑓)𝑑𝑡 (𝑎 , 𝑐 , 𝑒)] 𝑟 𝑎𝑏 

+ 𝑏𝑎𝑟 [𝑑𝑛 (𝑎𝑏 , 𝑐𝑑 , 𝑒𝑓) − ∑𝑑ℎ (𝑎 , 𝑐 , 𝑒)𝑑𝑔 (𝑏 , 𝑑 , 𝑓) = 0 

∅𝑛 (𝑎 , 𝑏 , 𝑐 , 𝑑 , 𝑒 , 𝑓)𝑟 𝑏𝑎 + 𝑎 𝑏𝑟 Ψ𝑛 (𝑏 , 𝑎 , 𝑑 , 𝑐 , 𝑓 , 𝑒) 
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+∅𝑛 (𝑏 , 𝑎 , 𝑑 , 𝑐 , 𝑓 , 𝑒)𝑟 𝑎 𝑏 + 𝑏 𝑎 𝑟  Ψ𝑛 (𝑎 , 𝑏 , 𝑐 , 𝑑 , 𝑒 , 𝑓) = 0 

By : 

∅𝑛 (𝑎 , 𝑏 , 𝑐 , 𝑑 , 𝑒 , 𝑓)𝑟 𝑏𝑎 − ∅𝑛 (𝑎 , 𝑏 , 𝑐 , 𝑑 , 𝑒 , 𝑓)𝑟 𝑎𝑏 

+ 𝑏𝑎𝑟 Ψ𝑛 (𝑎 , 𝑏 , 𝑐 , 𝑑 , 𝑒 , 𝑓) − 𝑎 𝑏 𝑟 Ψ𝑛 (𝑎 , 𝑏 , 𝑐 , 𝑑 , 𝑒 , 𝑓) = 0 

[∅𝑛 (𝑎 , 𝑏 , 𝑐 , 𝑑 , 𝑒 , 𝑓)𝑟](𝑏𝑎 − 𝑎𝑏) 

+ (𝑏𝑎 − 𝑎𝑏)[𝑟 Ψ𝑛 (𝑎 , 𝑏 , 𝑐 , 𝑑 , 𝑒 , 𝑓)] = 0 

∅𝑛 (𝑎 , 𝑏 , 𝑐 , 𝑑 , 𝑒 , 𝑓)𝑟 [𝑏 , 𝑎] 

+ [𝑏 , 𝑎]𝑟 Ψ𝑛 (𝑎 , 𝑏 , 𝑐 , 𝑑 , 𝑒 , 𝑓) = 0 
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