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Abstract

In this study, we define the concepts of a
generalized higher tri — derivation , Jordan
generalized higher tri — derivation and Jordan triple
generalized higher tri — derivation on rings and show
that a Jordan generalized higher tri — derivation on 2
— torsion free ring is a Jordan triple generalized
higher tri derivation .



Introduction

In this research consists of two chapters in chapter one some
basic definitions of ring , sub ring , ideal , commutator and give
some properties of commutator and the definitions of derivation ,
tri — derivation , Jordan tri — derivation Jordan generalized tri —
derivation .

In chapter two give the definition of higher tri — derivation ,
Jordan higher tri—derivation, Jordan triple higher tri —derivation
, generalized higher tri — derivation , Jordan generalized higher tri

— derivation and study the relationships between these concepts .



Chapter One



Introduction

In this chapter some basic definitions of ring , subring , ideal ,
commutator and give some properties of commutator and the
definitions of derivation , tri — derivation , Jordan tri — derivation and

Jordan generalized tri — derivation and some relationship between them



Definition : 1 — 1 “Ring”
Let R be a nonempty set and let + , . be two binary operation
definedon Rthen (R, +,.)isaringif:
1- (R, +) commutative group .
2- (R, .) semi group .
3-a.(b+c)=a.b+a.c
(b+c).a=b.a+c.a
Foralla,b,ceR.
Definition 1 — 2 “Subring”
Let (R, +,.) bearing and S be a nonempty subset of R then (s,

+,.)is called a subring of (R, +,.) if (s, +, .) itself ring .

Definition 1 — 3 “Ideal”
Let (R, +,.) be aring and | nonempty sub set of R then (I, +, .)
is called an ideal of (R, +, .) if the following conditions are satisfying.
1. a-bel.

2. r.a€el anda.rel for alla,belandreRrR.



Definition 1 — 4 “2 — torsion”
Aring (R, +,.)is called 2 — torsion free if 2a =0 impliesa=0

for all a € R where 2 is a positive integer number .

Definition 1 — 5 “commutative ring”
Aring (R, +,.) is called commutative ring if ab = ba foralla, b

ER.

Definition 1 — 6 *“ Commutator”
Let (R, +,.) be aring define [a, b] as [a, b] = ab — ba is called

commutator ofa, b.

Lemma :

If Risaring thenforallx,y,z€eR:
-Ix,yl+ly.x]=0
2-[x+y,z]=[x,z]+ 1y, 7]

3-[X,y+Z]:[X,y]+[X,Z]



Definition 1 — 7 “Permmuting”

A mappingD: RXRXR — R is said
To be permmuting if

D(@,b,c)=D(a,c,b)=D(b,a,c)

=D(b,c,a)=D(c,a,b)=D(c,b,a)

Definition “Prime ring”
Aring R is called prime if foranya,b € R, aR b = {0} implies

a=0orb=0.

Definition 1 — 9 “Semi prime”
Aring R is called semi prime if foranya € R aR a= {0} implies

a=0.

Remark :
Every prime ring is semi prime ring but the convers is not true in

general .
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The following example show this fact:
Example:

A ring (Zss , +35, '35) IS semi prime ring since for all a € Zss if a
Z3s a = {0} implies a = 0 but we note that (Z3s , +35, "35) IS not prime

ring since5 Zzs 7={0} but5+0and7+0.

Definition 1 — 10 “tri-additive mapping”

A mapping D =R xR xR = R s called tri — additive mapping if:
()D(@+b,c,d)=D(a,c,d)+D(b,c,d)
2)D(@,b+c,d)=D(a,b,dy+D(a,c,d)
3)D@,b,c+d)=D(a,b,c)+D(a,c,d)

Definition 1 — 11 “Derivation”

An additive mapping D : R — R is called a derivation of R if :

D(@b)=D@b+aD(b) foralla,beR.
Definition 1 — 12 “tri — Derivation”
A tri additive mapping D : Rx Rx R — R is called tri — Derivation

if :

11



(D MXix2,y,2)=x1D(X2,y,2)+D(x1,Y,2))

(2)D(x,y1¥2,2)=y1D(X,y2,2)+D(X,y,2) Y3

DX,y1,2122)=z1D(X,yl,z)+D (X,y,71) 2

Definition 1 — 13 “Jordan tri — derivation”

A tri additive mapping D : R X R Xx R = R is called Jordan tri
derivation if :
(1)D(@?,b,c)=aD(a,b,c)+D(,b,c)a
(2)D(a,b?,c)=bD(a,b,c)+D(a,b,c)b

3)D(a,b,c)=cD(a,b,c)+D(,b,c)c

Definition 1 — 14 “generalized tri — derivation”

A tri — additive mapping F : R X R X R = R is called generalized
tri — derivation on R x R x R into R if there exists tri — Derivation D : R
X R X R — R such that :
()F@b,c,d=F(a,c,b)b+aD(b,c,d)
(2)F(@,bc,d)=F(a,b,d)c+bD(,c,d)

(3)F(@,b,cd)=F(a,b,c)d+cD(a,b,d)
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Definitions 1 — 15 “Jordan generalized tri — derivation”

A tri — additive mapping F : R X R X R = R is called Jordan
generalized tri — derivation on R x R X R into R if there exists Jordan tri
— derivation on R X R X R into R such that :
(1)F@,b,c)=F(a,b,c)a+aD(a,b,c)
(2)F(a,b?,c)=F(a,b,c)b+bD(a,b,c)

3)F(a,b,c?=F(a,b,c)c+cD(a,b,c)

13



Chapter Two



On Jordan Generalized Higher TRI — Derivations on Prime Rings

Introduction

In this chapter give the definition of higher tri — derivation, Jordan
higher tri — derivation , Jordan triple higher tri — derivation , generalized
higher tri — derivation , Jordan generalized higher tri — derivation and

the relationships between these concepts .

Definition 2 — 1 “higher tri — derivation”

Let R be aring and D = (d;)ien be a family of tri additive mapping
onRxR xR into Rsuchthatdo(a,b,c)=aforalla,b,c &R then
D is called a higher tri — derivationon Rx Rx R intoR if foralla, b,

c,d,e, feRandn e N such that :

dn (ab,cd ,ef) = z d;(a,c,e)d; (b,d,f)

i+j=n

Definition 2 — 2 “Jordan higher tri — derivation”
Let R be a ring and D = (dj)i e n be a family of tri — additive
mapping on R X R x R into R then D is called Jordan higher tri —

derivation if dn (a®,b*,c?) = Yi4j=nd; (a,b,c)d; (a,b,c).
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Definition 2 — 3 “Jordan triple higher tri — derivation”
Let R be a ring and D = (d;) i e n be a family of tri — additive
mapping on R X R X R into R then D is called Jordan triple higher tri —

derivations if :

dn (aba ,cdc,efe) = z d; (a,c,e) d; (b,d,f)dy (a,c,e)

i+j+k=n

Definition 2 — 4 “Generalized higher tri — derivation”

Let R be a ring and F = (fi)i e n be family of tri additive mapping
onRXRxRintoRsuchthatf,(a,b,c)=aforalla,b,c R then
F is called a generalized higher tri derivation on R X R X R into R if
there exist a higher tri derivation D = (d;)ien 0N R X R X R into R such
that for all n € N we have : fn(ab,cd,ef) = Y jonfi(a,c,e)dj (b,d,f)

foralla,b,c,d,e,feER.

Definition 2 — 5 “Jordan generalized higher tri — derivation”
Let R be aring and F = (f;)ie n be a family of tri —additive mapping
onRXxRxRinto Rsuchthatf,(a,b,c)=aforalla,b,ceRthenF

Is called Jordan generalized higher tri — derivationon R X R X R into R

16



If there exist Jordan higher tri — derivation D = (diJien ON R X R X R

into R such that for all n € /N we have f, (a?,b?,c?) =

St jenfia,b,)dj (a,b,c).

Example 2 -6 :

0O 0 a
LetR = (0 b c) ,a,b,c € Z bearing
0O 0 O

Under matrix addition and matrix multiplication .

Definef,, :RxRxR - R,n €N by

0 0 a41 0 O a,] [0 O aj
In ([O b, 61] ,[0 b, CZ] ,[0 b4 c3]>
0 0 O 0 0 O 0 0 O

( 0 0 a
[0 by c¢|if n=0
— 0O 0 O
0 0 a;+ a,+ as
[0 0 ncy ifn=>1
"o 0 0

0 0 a1 [0 0 a] [0 0 as
fOT'all [O b1 C1];|:0 bz C2];|:O b3 C3 €R

o 0 01 10O O o0 1LO O O

Then F is generalized higher tri — derivation because there exists

a higher tri — derivationdn =R X R X R —- R n € N defined by :

17



0 0 a41 0 O a,] [0 O aj
0O 0 O 0 0 O 0O 0 O

( 0 0 a4
[0 by c¢|if n=0
_ 0O 0 O
0 0 a4+ a,+ aj]
[0 0 ncy ifn=>1
\0 0 0

ER

0 0 a1 0 0 az_ O O a3
fOT' all [O bl Cl] ’ [0 bz Car | [0 b3 C3
0O 0 O O 0 0110 O O

Such that f, (AB , CD , EF)

= z fi(4,C,E)f; (B,D,F)

i+j=n

ForallA,B,C,D,E,FER

Lemma 2- 7

Let R be a ring and F = (f;)i e n be a Jordan generalized higher tri
— derivation on R X R x R into R associated with Jordan higher tri —
derivation D = (di)ienoOn RXR xR into Rthen foralla,b,c,d,e,f
€ERandneN,

fn(ab + ba,cd + dc,ef + fe)

18



= z fita,c,e)d; (b,d,f)+f;(b,d,f)d;(a,c,e)

i+j=n
Since F = (fi)i e n be Jordan generalized higher tri — derivationon R X R

X R into R then :
falla+b)*,(c+d)?*,(e+f)?)

_ z fita +b,c+d,e+f)d(a+b,c+d,e+f)

i+j=n

- Z [fi (a,c,e)+fi(b,d,P][dj(a,c,e)+d;(b,d,f)]

i+j=n

= z fita,c,e)d;(a,c,e)+fi(a,c,e)d;(b,d,f)

i+j=n

+fib,d,f)d;(a,c,e)+ fi(b,d,f)d;(b,d,f)...... (D)

On the other hand :

fo ((@+Db)?,(c+d)?, (e +1)?)

=fo(@*+ab+ba+ b*,c>+cd+dc+ d*,e* +ef +fe+ f?)
fn (@%,c?,e?) + f, (ab + ba,cd + dc,ef + fe)

+ fo (b%,d?, f?)

= z fila,c,e)dj(a,c,e)+ f, (ab+ ba,cd + dc,ef + fe)

i+j=n
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4 z fi(b,d,)d (b,d,f) o (2)

i+j=n
Compare between (1) and (2) we get :

Fn(ab + ba, cd + dc, ef + fe)

- Z fi(a,c,e)d; (b,d,f)+fi(b,d,f)d (a,c,e)

i+j=n

20



Proposition 2 — 8
Let R be 2 —torsion free ring then every Jordan generalized higher
tri — derivation on R X R X R into R is a Jordan triple generalized higher
tri — derivationonRxR xR into R.
Proof :
Replace ab + ba for b and cd + dc for d and ef + fe for f in Lemma 2.7
fnla (ab + ba) + (ab + ba)a,c (cd + dc) + cd + dc)c,e(ef

+ fe) + (ef + fe)e

_ z fi(a,c,e)d; (ab+ ba,cd + dc,ef + fe)

i+j=n

+ fi (ab + ba,cd +dc,ef + fe)d; (a,c,e)

_ z fi(a,c,e)ld; (ab,cd ,ef) + d; (ba,dc, fe)]

i+j=n

+ [fi (ab,cd ,ef) + f; (ba,dc, fe)ld; (a,c,e)

= z fi(a,c,e)dj(ab,cd,ef) + f; (a,c,e)d; (ba,dc,fe)

i+j=n

+ fi (ab,cd ,ef)d; (a,c,e) + f; (ba,dc,fe)d; (a,c,e)

— Z fi(a,c,e)[dj (a,c,e)dy (b,d,f)]

i+j=n
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+ fi(a,c,e)[d; (b,d,f)dy (a,c,e)]
+[fl (a,c,e)dj (b;d;f)]dk (a,c,e)

+[fi (b,d.f)d; (a,c,e)ldy (a,c,e)

= Z fila,c,e)d; (a,c,e)dy (b,d,f)

i+j+k=n

+ 2 Z fila,c,e)dj (b,d,f)dy (a,c,e)

i+j+k=n

+fi(b,d,f)di(a,c,e)dy (a,c,e)........(1)

On the other hand :

fn (a(ab + ba) + (ab + ba)a,c (cd + dc)
+ (cd + dc)c,e (ef + fe) + (ef + fe)e)

= f, (@®* b + aba + aba + ba?,c*d + cdc + dc? ,e*f + efe + efe
+ fe?)

fn(a? b+ ba?,c?d + dc?,e*f + fe?)

+ f,, (aba ,cdc ,efe) + fn (aba,cdc,efe)

= Y fila?,c,eNd; (b,d ) +fi (b,d,)f (a7 e?)

i+j=n

+ 2 f, (aba,cdc ,efe)

22



= Zfi (a,c,e)dj(a,c,e)dy (b,d,f)

+fi(b,d,f)d;(a,c,e)dy (a,c,e)
+ 2 f,(aba,cdc,efe) ... ...(2)

Compare between (1) and (2) we get :

2 Zfi (a,c,e)d; (b,d,f)dy (a,c,e)

= 2 fn (aba,cdc,efe)
Since R is 2 — torsion free then :

fn(aba,cdc,efe) =

Z fi(a,c,e)d;(b,d,f)dg (a,c,e)

i+j+k=n

23



Lemma2-9:

Let R be aring and F = (f;)ie n be a Jordan triple generalized higher
tri — derivation on R X R x R into R associated with Jordan higher tri-
derivationD=(di)ieNonRxR xR intoRthenforalla,b,c,d,

e, f,r,s,teERandn€/N.

fn (abc, cbha, sdt + tds , efr + rfe)

= z fl-(a,s,e)dj (b,d,f)dk(C,t,T)

i+j+k=n
+ fi(c,t,r)d; (b,d,f)dy (a,s,e)

Proof : replacing a + ¢ foraand s + t for c and e + r for f in proposition

2-8:

fn((@a+c)b(a+c),(s+t)d(s+t),(e+r)f(e+r)

= Z filat c,s+t,e+r)d; (b,d,f)d,(a+c,s+t,e+7)

i+j+k=n

= Z[fi (a,s,e)+fi(c,t,r)ld; (b,d,f)

24



[dy (a,s,e) + di (c,t,r)]

= ) fila,s,0)d; (b,d, Ny (@,5,¢)

i+ /T R=n
+fila,s,e)d; (b,d,fdg (c,t,7)
+fi(c,t,r)d;(b,d,f) dy(a,s,e)

+fi(c,t,7)d (b,d,f)dg (€,6,7) e e e (1)
On the other hand :
fo((@+c)bla+c),(s+t)d(s+1),(e+r)f(e+7)

= f, (aba + abc + cha + cbc ,sds + sdt + tds + tdt ,efe + efr

+rfe+rfr)
= f, (aba,sds ,efe)
+ f,, (abc + cba,sdt + tds ,efr + rfe)

+ f, (cbc, tdt ,rfr)

= Z fia,s,e)d; (b,d,f)d(a,s,e)

i+j+k=n

25



+ f, (abc + cba ,sdt + tds ,efr + rfe)

4 z filc,t,v)d; (b,d,f)d (€ t,7) e (2)

i+j+k=n
Compare between (1) and (2) we get :

fn (abc + cbha,sdt + tds ,efr + rfe)
- Zfi (a,s,e)d; (b,d,f)dy(c,t,r)

+ fi(c,t,r)d; (b,d,f)dg(a,s,e)

Definition 2 - 10 :

Let R be aring and F = (f;)i e n be a Jordan generalized higher tri
— derivation on R X R x R into R associated with Jordan higher tri —
derivation D = (di)ienONnRXR xR intoR Then foralla,b,c,d, e,

f € Rand n € N we denoted by :

@n(a,b,c,d,e,f)

= f, (ab,cd ,ef) — Zfi (a,c,e)d; (b,d,f)
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Lemma2-11:

Let R be aring and F = (fi) i € N be a Jordan generalized higher
tri — derivation on R X R X R into R associated with Jordan higher tri —
derivation D = (d))ienon RXx R x R into Rthenforalla,b,c,d,s,

e, f.

()0, (a,b,c,d,e,f)= 0,(b,a,d,c,f,e)

(i) d,(a+s,b,c,d,e,f)= @,(a,b,c,d,e,f)

+®n (S;byc)d)e)f)

(ii))@,, (a,b+ s,c,d,e,f)= 0,(a,b,c,d,e,f)

+ 0, (a,s,c,d,e,f)

v)0, (a,b,c+ s,d,e,f)= 0, (a,b,c,d,e,f)

+0,(a,b,s,d,e,f)

(iv)®,, (a,b,c,d+s,e,f)

= @n (a;b;C;d;e:f)-l_ Qn (a,b,c,s,e,f)
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(iiv)@,, (a,b,c,d,e+s,f)

= @, (a,b,c,d,e,f+ @, (a,b,c,d,s,f)
(iiiv)®,, (a,b,c,d,e,f +s)

= @,(a,b,c,d,e,f)+ @,(a,b,c,d,e,s)
Proof :

(i) by lemma 2 -7 :

fn(ab+ ba,cd +dc,ef + fe)

= z fi(a,c.e)d;, (b,d,f)+f (b.d,f)d;(a,c,e)

i+j=n
fn(ab,cd,ef) + f,, (ba,dc, fe)

= > fi@c,db.d. N+ D fib.d,Nd @,ce)

i+j=n i+j=n

f.(ab,cd ,ef) — Zfl-(a,c,e)dj b.d,f)

+fo(ba,de,fe) = ) fi(b,d,Nd; (a,c,e) =0
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Qn (a,b,c,d,e,f)+ @n(b;a,d,C,f,e)ZO

¢, (a,b,c,d,e,f) = —-0,(b,a,d,c,f,e)

(i)
0,(a+s,b,c,d,e,f)=f,[(a+s)b,cd,ef]

— Z fila+s,c,e)d; (b,d,f)

i+j=n
= f, lab + sb,cd , ef] —[Zﬁ-(a,c,e)+ﬁ(s,c,e)]

(¢ .d.9)
= f, (ab,cd,ef) + f,, (sb,cd , ef)

- Z fita,c,e) d; (b,d,f)— Z fi(s.c,e)d; (b,d,f)

i+j=n i+j=n

=faab,cd,ef) = ) fi(a,c.ed; (b,d,f)

i+j=n

+f, (sb,sd ,ef) — Z fi(s,c.e)d; (b,d,f)

i+j=n

=@, (a,b,c,d,e,f)+ @,,(s,b,c,d,e,f)

29



(iii)
@, (a,b+s,c,d,e,f)=f,(a(b+s)cd,ef)

— Z fila,c,e)d; (b+s,d,f)

i+j=n

= f,(ab,as,cd,ef)

- D filac,o)ld (b,d, )+ ds(5,d.f]

i+j=n
= f, (ab,cd ,ef) + f,, (as,cd ,ef)

- Z fita,c,e)d;(b,d,f)— Z fita,c,e)d; (s.d,f)

i+j=n i+j=n

= f. (ab,cd,ef) — z fita,c,e)d; (b,d,f)

i+j=n

+ f, (as,cd ,ef) — z fila,c,e)d; (s,d,f)

i+j=n

= @n (a;b;C;d;e:f)-l_ Qn (a,s,c,d,e,f)
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(V)

@, (a,b,c+s,d,e,f)=f,(ab,(c+s)d,ef)

_ Z fila,c+s,e)d; (b,d,f)

i+j=n

= f, (ab,cd + sd , ef)

- D Ifi @c.+fi(as, o) & (b.d,f)

i+j=n
= f, (ab,cd ,ef) + f,, (ab,sd ,ef)

- Z fi (a,c.e)d; (b,d,f)+fia,s,e)d;(b,d,f)

i+j=n

— £ (ab,cd ,ef) — Z fita,c.e)d; (b,d,f)

i+j=n

+f, (ab,sd,ef) — z fia,s,e)d; (b,d,f)

i+j=n

= @n (a,b,C,d,ef)‘I' Qn(a’b’s’d’e’f)
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(vi)

@, (a,b,c,d+s,e,f)=f,(ab,c(d+5s)ef)

— Z fila,c,e)d; (b,d+ s,f)

i+j=n
= f, (ab,cd + cd,ef)

- ) fi@.c, o (b,d,)+d; b5, f)

i+j=n
= f, (ab,cd ,ef) + f,, (ab,cs ,ef)

- Z fi(a,c,e)d; (b,d,f)

i+j=n

— Zfi(a,c,e) di (b,s,f)

— f. (ab,cd , ef) — z fila,c.e)d (b,d,f)

i+j=n

+ f, (ab,cs,ef) — Z fila,c,e) d; (b,s,f)

i+j=n

= @,(a,b,c,d,e,f)+ @,(a,b,c,s,e,f)
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(vii)
@, (a,b,c,d,e+s,f)=f,(ab,cd,(e+s)f)

— Z fila,c,e+s)d;(b,d,f)

i+j=n
= f, (ab,cd ,ef + sf)

- D lfi@c,o)+fi@c,d; (b,d,f)

i+j=n
= f, (ab,cd ,ef) + f,, (ab,cd,sf)

- Z fi(a,c.e) di(b,d,f) - z fita,c,s) d;(b,d,f)

i+j=n i+j=n

= £, (ab,cd,ef) — Z fi @,c,e)d; (b,d,f)

i+j=n

+f, (ab,cd,sf) - z fita,c,s)d;(b,d,f)

i+j=n

= @, (a,b,c,d,e,f)+ @,(a,b,c,d,s,f)
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(viii)
0, (a,b,c,d,e,f+s)=f, (ab,cd,e(f+s))

_ Zfi(a,c,e)dj (b,d,f+5)

= f, (ab,cd,ef + es)

_ z fi(a,c,e)[d; (b,d,f)+d;(b,d,s)]

i+j=n

= f, (ab,cd,ef) + f, (ab,cd,es)

— Z fila,c,e)d; (b,d,f)— Z fila,c,e)d;(b,d,s)

i+j=n i+j=n

= f, (ab,cd ,ef) — Z fila,c,e)d;(b,d,f)

i+j=n

+ £, (ab,cd , es) — Z fi(a,c,e)d; (b,d,s)

i+j=n

= @,(a,b,c,d,e,f)+ @, (a,b,c,d,e,s)
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Lemma?2-12

Let R a 2 — torsion free and F = (fi)i e n be a Jordan generalized
higher tri — derivation on R X R x R into R associated with Jordan higher
tri derivation D = (dj))ienOn RX R x R into Rthenforalla,b,c,d,e
,f,reRandneNif@g,(a,b,c,d,e,f)=0and¥; (a,b,c,d,e,
f)=0foreveryt<nthen®, (a,b,c,d,e,f)r[a,b]+[a,b]r¥, (a

,b,c,d)=0
Proof:LetS,P€ER
fn (abrba+barab, cdsdc + dcscd , efpfe + fepef)

=fn ((ab) r (ba) + (ba) r (ab) , (cd) s (dc) + (dc) s (cd) , (ef) p (fe) + (fe)

p (ef))

By lemma 2.9

= z fi (ab,cd ,ef) d; (r,s,p)dy (ba,dc,fe)

i+j+k=n
+ fi (ba,dc, fe)d; (r,s,p)dy (ab,cd ,ef)

= fp (ab,cd ,ef)rba + f, (ba,dc, fe)r ab
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+abrdn (ba,dc,fe)+ bardn(ab,cd,ef)

i,k<n

+ Z fi (ab,cd ,ef)d; (r,s,p)dy (ba,dc,fe)

i+j=n
+ fi (ba,dc, fe)d; (r,s,p)dy (ab,cd ,ef)
= f, (ab,cd,ef)r ba+ f, (ba,dc, fe) rab

+abrdn (ba,dc,fe)+ bardn(ab,cd,ef)

q+ t,h+g<n

+ Z fg(a,c,e)d, (b,d,f)d; (r,s,p)dy (b,d,f)d, (a,c,e)

qt+t+j+h+g=n

On the other hand :
fn(abrba+barab,cdsdc+dcscd,ef pfe+ fepef)

= f, (a (brb) a+ b (ara)b,c (dsd)c + d (csc)d ,e (fpf)e

+f (epe)f)

= f, (a (brb)a,c (dsd)c,e (fpf)e)

+ fu (b(ara)b ,d (cso)d , f (epe)f)
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= ) fala,c,e)d brb,dsd,fp)dg (a,c,e)

qt+k+g=n

+f, (b,d,f)d, (ara,cscepe)d, (b,d,f)
- Efq (a,c,e)d, (b,d,f)d; (r,s,p)dy (b,d,f)d, (a,c,e)
+fq (b,d,f)dt (a,c,e)dj (T,S,p)dh (a,C,e)dg (b’d’f)

- Z f, (@, c,e)d, (b,d,f)rba

q+t=n

+ Z faob,d,f)de(a,c,e)rab

q+t=n

+abr Z dp (b,d,f)dg (a,c,e)

h+g=n

+bar z dh (a;C;e)dg (b;d'f)

h+g=n

4 z f, (@ c,e)d, (b,d,f)dj (r,s,p)dn (b, d,f)dy (a,c,e)

q+t ,h+g<n

+f, (b,d,f)d, (a,c,e)d; (r,s,p)dp (a,c,e)dy (b,d,f) .......(2)
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Compare between (1) and (2) :

fn(ab,cd ,ef)r ba — Z fqla,c,e)d: (b,d,f)r ba

g+t=n

+abrdn(ba,dc,fe)— abr 2 dp, (b,d,f)dg (a,c,e)
h+g=n

+fn(ba,dc,fe)rab— z fqo (b,d,f)d;(a,c,e)rab

g+t=n

+bavdn(ab,cd,ef)—bar2dh (a,c,e)dy (b,d,f)=0

[fn (ab,cd,ef)— Z fq (a;C;e)dt (b,d,f)]rba

q+t=n

+ abr [dn (ba,dc , fe) — Z dp (b.d,f)d, (@,c,e)
h+g=n

+[fn (ba!dc!fe)_ qu (b;d,f)dt (a,C,e)]TClb

+ bar [dn (ab ,cd ,ef) — zdh (a,c,e)dy (b,d,f)=0

@, (a,b,c,d,e,f)rba+abr¥, (b,a,d,c,f,e)
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+@, (b,a,d,c,f,erab+bar ¥,(a,b,c,d,e,f)=0

By :

Qn (Cl,b,C,d,e,f)Tba— ®n (a,b,C,d,e,f)T'ab

+ bar ¥, (a,b,c,d,e,f)—abr¥,(a,b,c,d,e,f)=0

[0, (a,b,c,d,e,f)r](ba— ab)

+ (ba — ab)[r¥,, (a,b,c,d,e,f)]=0

@, (a,b,c,d,e,f)r[b,a]

+[b,a]r¥, (a,b,c,d,e,f)=0
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