(efed=defedodededdedededodededdedddejedddededdeddedddedd ddd-dd-jf-]-]

Republic of Iraq

Ministry of Higher Education & Scientific Research
AL-Qadisiyah University

College of Education

Department of Mathematics

On Skew Centralizing Traces of
Permuting n- Additive Mappings

A Research

Submitted by
Ayat Ghazy Nema

To the Council of the department of Mathematics/ College of Education,
University of AL-Qadisiyah as a Partial Fulfilment of the Requirements for

the Bachelor Degree in Mathematics

Supervised by

Asst. prof. Dr. Rajaa C. Shaheen

A.D. 2018 A.H.1439

nRRRRRnREnInRtRERTRIRRRRRERERRTRIRRERERRRRIRRRnRRRunRuRnanRRanRung
rRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR

(efedodededodededdedededodededdedddejeddodeded defdefddefd ddd-fd-jf-]-]



(efed=defedodededdedededodededdedddejedddededdeddedddedd ddd-dd-jf-]-]

ksl il s o 201555 Zol5T 5d Uy
& cosalllII slyly sy Lag el

£9 4/ 5o ¢/ 9Sind /5y g

Leloleloteolotolototeolotoiolotototofotofototoloofolotolotofolodolodolofolotolofolofolofolololofolofolololofolslolololotols)o]s]
TrRTRRTTTRTGRRRTRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR

(efedodededodededdedededodededdedddejeddodeded defdefddefd ddd-fd-jf-]-]



(efed=defedodededdedededodededdedddejedddededdeddedddedd ddd-dd-jf-]-]

Snlabdl§ _suei

o) sens il bl a5 i e oDl 5ecall 5 pallal] s s e
Y ey Y g g Ja g e (s bl Uil 5 aand] 25 (ales g 4] 5 4l i
(e A piell) Cpali il ol s 8 ) S )il S all< 2

el jall oad] ie bl La) jad Cindll 138 aladl 6 ] G se i CulS il 5 (Candl
Cilpealy ) a8 i) paand iliial g 5 Sk allSs i

lls sl jia¥ls _aiilly S OlalS mran a8Y Lol yin) i) 6 LR))

s Lio gl olhae (o o oloti Lol il y 5 all o]

Leloleloteolotolototeolotoiolotototofotofototoloofolotolotofolodolodolofolotolofolofolofolololofolofolololofolslolololotols)o]s]
TrRTRRTTTRTGRRRTRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR

(efedodededodededdedededodededdedddejeddodeded defdefddefd ddd-fd-jf-]-]



(efed=defedodededdedededodededdedddejedddededdeddedddedd ddd-dd-jf-]-]

Dedication

For all those who planted in side me the love of
science and learning
(My parents)

And to everyone who helped me throughout the
fulfillment of my research

(My sisters and friends)

Leloleloteolotolototeolotoiolotototofotofototoloofolotolotofolodolodolofolotolofolofolofolololofolofolololofolslolololotols)o]s]
TrRTRRTTTRTGRRRTRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR

(efedodededodededdedededodededdedddejeddodeded defdefddefd ddd-fd-jf-]-]



(efed=defedodededdedededodededdedddejedddededdeddedddedd ddd-dd-jf-]-]

A bstract

Let Rbe aring and D : R™ — R be n-additive mapping. A map d :
R — R is said to be the trace of D if d(x) = D(x,x, ...,x) for all x €eR.
Suppose that are endomorphism of R. For any a,beR. Let <
a,b > p)= aa(b) + p(b)a. In the present paper under certain suitable
torsion restrictions it is shown that D = 0 if R satisfies either <
d(x),x™ > p=0 for all xeR or << d(x),x > p),x™ =0 for all
xeR. Further, if <d(x),x > eZ(R). the center of R, for all xe R or <
d(x)x — xd(x),x >= 0 for all xeRthen it is proved that d is
commuting on R. Some more related results are also obtained for additive

mapping on R.
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1) m- Torison free:- A ring R is said to be n- Torison free if nx = 0

implies that x = 0 for all xeR.

2) m!- Torison free:- If R is n!- Torsion free, then it is d- Torison free

any divisor d of n!.

3) Prime:- Recall that the ring R is said to beprime if the product of any
two non- zero ideals of R is non- zero equivalently aRb = {0} with

a,beR impliesthata = 0or b = 0.

4) Semi prime:- A ring R is said to be semi prime if it has non-zero
nilpotent ideals. Equivalently, aRa = {0} with aeR implies that a = 0.
5) Commutator:- The commutator xy —yx by [x,y] and the skew

commutator xy + yx by < x,y >.

6) <X, ¥ >@p aNd [X,¥]@p):- Let a, B be endomorphism of R. For the

convenience the sum xa(y) + B(y)x and xa(y) — B(y)x will be

7) denoted by < x,y >4 p) and [x, y] 4 p) respectively.

Leloleloteolotolototeolotoiolotototofotofototoloofolotolotofolodolodolofolotolofolofolofolololofolofolololofolslolololotols)o]s]
TrRTRRTTTRTGRRRTRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR

(efedodededodededdedededodededdedddejeddodeded defdefddefd ddd-fd-jf-]-]



(efed=defedodededdedededodededdedddejedddededdeddedddedd ddd-dd-jf-]-]

8) (a, B) — Commuting:- The mapping f is called (a, 8)- Commuting

f:R — R when[f(x),x]qp) = 0 forall xeR.

9) (a, B)- centralizing:- A mapping f:R — R is said to be (a,p)-

centralizing on R, if [f (x), x](q,p)€Z (R) for all xeR.

10) (a, B)- skew centralizing:- A mapping f:R — R is said to be
(a, B)-skew centralizing on R, if < f(x),x >4 ) €Z(R) for all xeR.
11) (a, B)- skew commuting:- In particular, if < f(x),x > ) €Z(R)

for all xeR, then f is called («, #)- skew commuting on R.

12) Permuting - A map D:R™—> R is said to be permuting if
D(x1, %3, vy Xn) = (D(Xr(1)s Xr2)s +» Xm(my) Tor all meS, and x;eR
wherei = 1,2,...,n.

13) Permuting n- derivation:- A permuting map D: R™ — R is said to be

permuting n- derivation if it is n- additive that mean:

D(xy, Xg, ey Xi + X{, ooy X)) = D(Xq, Xg, ooy Xjy e, X)) +

D(xy,%9, ..., x';, .., X)) and
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!
D (x4, X, i) XiX{, i) Xp) =
1A 1A
xXiD (%1, %9, o, X iy oo, X))+ D(X1, X3, oo, Xg, oo, X)X for all x;,x;€R,
1<i<n.

Leloleloteolotolototeolotoiolotototofotofototoloofolotolotofolodolodolofolotolofolofolofolololofolofolololofolslolololotols)o]s]
TrRTRRTTTRTGRRRTRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR

(efedodededodededdedededodededdedddejeddodeded defdefddefd ddd-fd-jf-]-]



(efed=defedodededdedededodededdedddejedddededdeddedddedd ddd-dd-jf-]-]

Throughout this paper R will denote an associative ring with the center
Z(R) Aring R is said to be n-torsion free if nx = 0 impliesthat x = 0
for all x eR. If R is n!-torsion free, then it is d-torsion free for any divisor
d of n!. Recall that the ring R is said to be prime if the product of any two
non-zero ideals of R is non-zero. Equivalently, aRb = {0} with a,b e R
impliesthata = 0 or b = 0. Aring R is said to be semi prime if it has
no non-zero nilpotent ideals. Equivalently, aRa = {0} with a € R implies
thata = 0. As usual, we denote the commutator xy — yx by [x, y] and
the skew commutator xy +yx by < x,y > Let <a,f > be
endomorphism of R. For the convenience the sum xa(y) + B(y)x and
xa(y) —B(y)x will be denoted by <x,y>,p and [x,y]qp
respectively. A mapping f: R — R is said to be (a, 8)- centralizing on R,
if [f(x),x]@peZ(R) for all xeR. In the special case when
[f (%), x] () = O for all xeR. The mapping f is called (a, 8)-commuting
on R. A mapping f: R — R is said to be («, B)-skew centralizing on R. If
< f(x),x > p) €Z(R) for all xeR. In particular, if < f(x),x >p=0
for all xeR, then f is called (a, $)-skew commutingon R. Ifa = =1
(the identity map on R then f is called simply centralizing, commuting.

Skew centralizing and skew commuting respectively, the following
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example due to Jung and Chang [9] assures that there exists map f:R = R
which is (a, 8)- skew commuting on R but not skew commuting on R).

w X . .
Let R = {(y Z) /w,x,y,zeZ} be the ring of all 2 X 2 matrices over z,

the ring of integers let a, B: R — R be mappings defined by
«(y =05 Qmsly )= o)

define the mapping f: R - R by f (;v )ZC) = (V(l)/ 8)

then f is (a, B)- skew commuting on R but not skew commuting on R

the study of centralizing and commuting mappings was initiated by a
well-known theorem due to Posner [18] which states that existence of a
non-zero centralizing derivation on prime ring Rmust be commutative
This theorem has been extended by many authors in different ways (see
eg., Bresar [7], Vukman [20] and references therein) Also Bell and Lucier
[6] obtained some results concerning skew commuting and skew
centralizing additive maps in which the condition of primness is replaced
by the existence of a left identity Further Jung and Chang [9] obtained the
similar results for biadditive maps in rings with left identity. Deng and
Bell [5] extended the notion of commuting to n-commuting, where n is an
arbitrary positive integer, by defining a mapping f:R - R to be n-

commuting on R if [x", f(x)] = 0 for all xeR. By the analogy with the
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definition of n-commuting introduced by them, for n > 2, Park and Jung
[15] introduced the concept of n-skew commuting (resp. n- skew
centralizing) mapping on R. A mapping f : R — R is said to be n-skew
commuting (resp. n-skew centralizing) on R if < f(x),x™ >= 0 (resp. <
f(x),x™ > €eZ(R) forall xeR. Amap f : R — R issaid to be (a,B)- n-
skew (resp. (a,pB)-n- skew centralizing) on R < f(x),x" > z=0
(resp. < f(x),x™ >(q,p) €Z(R) holds for all x e R. One interesting topic
of all related works is to study the skew commuting and skew centralizing
mappings involving the traces of symmetric biadditive maps on rings
which was done by Jung and Chang [9]. For a fixed positive integer n a
map D:R™—> R is said to be permuting if D(xq, Xy, ..,%X,) =
D (Xr(1)s X(2)s » Xm(ny) fOr all me S, and x;€ R where i = 1,2,...,n The
notion of permuting n-derivation was defined by Park [14] as follows: a
permuting map D: R™ — R is said to be permuting n-derivation if it is n-
additive that mean

D (X1, Xg, ey Xi + X[, oo, X)) = D (X1, Xg, ooy Xjy wee, Xpp) +

D(xq, x5, .., x';, ..o, Xy )and D (X1, Xg, ey Xi X[, ey X)) =
xiD(xq, x5, o, X' gy e, X0 ) D(Xq1, Xg, ooy X4, o, Xp)x; Tor all x;, x/€eR
1<i<n. Letn=2 be a fixed integer. A map d:R — R defined by
d(x) = D(x,x, ..., x) for all xeR where D: R™ — R is a permuting map, is

called the trace of D. Moreover, it can be easily seen that
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D(xqy, %5, e, —=Xj, oy Xp) = =D (X1, X5, ..., X, ..., X)) for all x;eR, i =
1,2,...,n Various results with respect to the traces of permuting n -
derivation are obtained, see for reference [14]. The main objective of this
paper is to consider some special skew commuting (skew centralizing)
mappings («, £)- skew commuting mapping this paper generalize, extend
and compliment several results obtained earlier. For example Theorem 3

of [9], Theorem 4 of [9], Theorem 5 of [17], etc- to mention a few only.
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For any additive mapping «,B:R = R and x,y,zeR, we will use the
following basic identities without any specific mention

<Y +2Z>0p=<XY >@p +<X,Z>¢gpzand

<X+ Y,2>0p=<XZ>4gp +<¥,Z>4gp) fD:R" > Risa
permuting n-additive mapping with the trace d, then it can be easily seen

that

dix+y) =d@) +d) + X (D) D, %, .., x, ¥, Y, ..., y) for all

n—i times i times

x, yeR. Using similar arguments as used in the proof of Theorem 2.3 of

[14], one can easily obtain the following lemma.

Let n > 2 be a fixed integer and R be a n!-torsion free ring Suppose that
D:R™ — R is a permuting n- additive map with the trace d : R = R. If
d(x) = 0, then D(xq, x5, ..., x,) = 0.

The following lemma will be used frequently throughout the text:
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Let n be a fixed positive integer and R be a n!-torsion free ring. Suppose
that v, y,, ..., y,€R satisfy Ay, + A2y, + -+ A"y, = 0 (or eZ(R)) for
A=12,..,n. Theny;, = 0(or y;eZ(R)) for all i.

Recently, Jung and Chang [9] proved that if R isa (n + 1)! —torsion free
ring with left identity e and G:R X R = R is a symmetric biadditive
mapping with the trace g of G, such that g is n — (a, 8)-skew commuting
on R, then G = 0. We begin with n-additive mapping D: R™ — R with
the trace d of D, such that d is m — (a, ) —skew commuting on R, then
D = 0.

Theorem 2.3:-

Let n>2 and m > 1 be fixed integer and let R be a (m+n —1)!-
torsion free ring with left identity e. Suppose that D:R™ - R is a
permuting n-additive mapping with trace d:R - R. If d is (a, ) — m-
skew commuting on R, where a, 8 are endomorphism and epimorphism
of R respectively, then D = 0.

Proof:-

It is given that, for all xeR.

(2.1) <d(x),e™ > p=dx)a(x™) + f(x™)d(x) =0

Since B is an epimorphism, B(e) is also a left identity of R. Hence using
(2.1), we have.

(2.2) <d(e),e™ > p=<d(e),e >ygp=d(e)ale) +d(e) =0
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Since R is also 2-torsion free, multiplying by a(e) from right side gives
d(e)a(e) = 0. Hence by (2.2), we find that d(e) = 0. Substituting e +
kx for x, where 1 < k < m + n — 1, in the hypothesis we obtain,

< d(e+ kx), (e + kx)™ >4 = 0 for all xeR. This implies that,

(2.3) <d(e) +dkx) + X (7)D(ese, ..., e, kx, kx, ..., kx),

n—itimes i times

(e + km)™ > 5= 0, Or

kPy(x,e) + k?Py(x,€) + -+ kM =Dp . y(x,e) =0 for all xeR,
where P;(x,e) is the sum of terms involving x and e such that
P.(x,ke) = k*P,(x,e),t = 1,2,..,m+n—1. Using hypothesis and
Lemma 2.2, we have,

(2.4) P.(x,e) = 0 for all xeR,and forall t =1,2,....m+n — 1.

In particular, we have for all xeR, P;(x,e) = 0. This yield that n <
D(x,e,e,..,e),e > p= 0. Since R is (m + n — 1)! — torsion free, we
find that < D(x,ee,..,e)e >@p)=0 for all xeR, or
D(x,ee,..,e)a(e) + B(e)D(x,e,...,e) = 0. Since B(e) is left identity
we get. D(x, e, ...,e)a(e) + D(x,e,...,e) = 0.

Multiply by a(e) from right and use the torsion restriction to get
D(x,e,...,e)a(e) = 0. Hence above equation reduces to

(2.5) D(x,e,...,e) = 0.

Also from (2.4), we have P,(x,e) = 0 for all xeR that is
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(3) <D(x,x,e..,e)e>upntn<D(xee,..,e),x

+(n— Dxe > 5= 0.

Since R is (m + n — 1)!-torsion free, in view of (2.5), the above equation
reduces to < D(x,x,e..,e),e>gp=0. Now applying the same

technique as used to obtain (2.5), we get

(2.6) <D(x,x,e..,e)ye>=0

Proceeding in the similar manner we get, D (xx .., X,ee, ...,e> =0
n—i times i times

foralll1<i<n-1

Again expanding Proceeding in the similar manner we get, P.(x,e) in
(24) and using (2.7) we find that <d(x),e >p =0, implies
d(x)a(e) + d(x) = 0. On right multiplying by a(e) the above equation
reduces to 2d(x)a(e) = 0 and hence d(x)a(e) = 0. Therefore, we have
d(x) = 0. For all xeR. Hence in view of Lemma 2.1 we conclude that
D = 0.

Corollary 2.4 ([9], Theorem 1):-

Let R be a 2-torsion free ring with left identity e and «,f be
endomorphism and epimorphism of R respectively. Let G:R X R — R be
a symmetric biadditive mapping and g the trace of G. If g is («, B)-skew
commuting on R, then ¢ = 0. Using similar techniques as used in the

proof of Corollary 2 of [9] we have.
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let n > 2 be a fixed integer, R be a n!-torsion free ring with left identity e
and a, B be endomorphism and epimorphism of R respectively. If f is an
additive map on R such that the mapping x —< f(x),x > p) is (a, B)-
skew commuting on R, then f = 0.

Proof:-Define amap D: R™ = Rby D(xy, x5, ..., Xp) =<

f(x1),x2 >@p) +< f(x2), X3 > p+ -+

< f(xn=1), Xn >(ap) < f(xn), x1 >(qp) for all x;,x,,...,x,€R and a
mapping d: R - R by d(x) = D(x, x, ..., x) for all xeR. It can easily be
shown that D is permuting n-additive map and d is the trace of D. In
view of the hypothesis, using torsion restriction on R, we have d(x) =
n < f(x),x >p) Which is (a,8)- skew commuting on R, and so by
Theorem 2.3 we obtain d = 0. that is, f is (f)-skew-commuting on R
and hence it follows that

(2.8) f(e)a(e) +p(e)f(e) = f(e)a(e) + f(e) = 0.

Implies 2f(e)a(e) =0 = f(e)a(e). This in view of (2.8) yields that
f(e) = 0. Therefore, f(x + e) = f(x) for all xeR.

Since < f(x +e),x + e > 3= 0. from the above relation we find that

f(x)a(e) + f(x) = 0 for all eR. On right multiplying by a(e) and using
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torsion restriction on R we have f(x)a(e) = 0, which results inf(x) = 0
for all xeR.

Theorem 2.6:-

Letn > 2bea fixed integer and R be a n!-torsion free ring with left
identity e which admits a permuting n-additive map D: R™ — R with
trace d : R — R. If d is skew centralizing on R, then d is commuting on
R.

Proof:- Since e is left identity, we first remark that the relation [x,e]y =
0 for all x, y €R. It is given that

(2.9) <d(x),x >=d(x)x + xd(x)eZ(R) for all xeR. Hence
(2.9) becomes,

(2,10) <d(e),e >=d(e)e+ed(e)eZ(R)

On commuting the above equation with e we get [d(e),e] + [d(e),e] =
0. On right multiplying by e we have 2[d(e),e] = 0 or [d(e),e] = 0.
Using this relation, above equation reduces to [d(e),e] = 0. Also we
have, d(e)e = d(e) and hence from (2.10) we get 2d(e)eZ(R), that is
d(e)eZ(R). Substituting e + kx for x, 1 < k < n in the hypothesis we

obtain that, for all x e R, < d(e + kx),e + kx > €Z(R). This implies that

< d(e) +d(kx) + Z?;ll(?)D <e, e, .., e, kx, kx, ...,kx) e+ kx>

n—1 times i times

eZ(R)
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Or kP;(x,e) + k?Py(x,e) + -+ k™P,(x,e)eZ(R) for all xeR. Where
P;(x, e) is the sum of terms involving x and e such that

P.(x, ke) = k'P,(x,e),t =1,2,...,n.

(2.11) P:(x,e)eZ(R) for all xeR, forallt = 1,2,...,n

In particular, for all xeR, we have

Pi(x,e) =<d(e),x >+n < D(x,e,e,...,e),e > €Z(R).

Since d(e)eZ(R), we have

(2.12) 2xd(e) + nD(x,e,¢€,...,e)e + D(x, ¢, ..., €))eZ(R).

On commuting the above equation with e and using the fact that

[x,e]y = 0 for all x, y eR we obtain

n([D(x,e,...,e),ele + [D(x,e,...,e),e]) = 0 and hence
[D(x,e,..,e),ele+ [D(x,e,..,e),e] =0. Since R is n!-torsion free
ring, on right multiplying by e we have, 2[D(x,e,...,e),e]le = 0 and
hence, [D(x, e, ...,e),e]e = 0. Therefore, we get

(2.13) [D(x,e,...,e),e] = 0, for all xeR, that is

D(x,e,...,e),e = D(x,e,...,e). Now it follows from (2.12) that

(2.14) 2xd(e) + 2nD(x,e, ...,e)eZ(R).

Since R is n!- torsion free, (2.14) yields that

(2.15) 2n[D(x,e,...,e),x] = [D(x,e, ...,e),x] = 0. For all xeR.
Also from (2.11) we have P,(x,e)eZ(R). For all xeR, that is

(72‘) <D(x,xe,..,e)e>+n<D(xe,..,e),x > eZ(R).
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On using (2.15) above equation reduces to,

(2.16) (0)(D(x, xe,...,e)e + D(x,x,e, ..., ))) +
2nxD(x, e, ...,e)eZ(R).

On commuting (2.16) with e and using (2.13) we get,

(;‘)([D(x,x, e,..,e)ele+ [D(x,x,e,..,e)e]) =0. Since R is n!-
torsion free, we have[D(x, x, ¢, ...,e),e + [D(x, x,¢, ...,e),e] = 0.

On right multiplying by e and using torsion restriction on R we find that
[D(x,x,e,...,e),e] = 0, which further reduces to[D(x, x, e, ...,e),e] = 0,
or D(x,x,e,..,e),e=D(x,x,e,..,e) for all xeR. Therefore one can
rewrite  (2.16)  as (;‘)ZD(x, x,e,..,e) +2nxD(x,e, ...,e)eZ(R).
Commuting the above equation with x and using (2.15) yields that
(7)2[D(x,x,e,...,e),x] = 0. Now since R is n!-torsion free we obtain
that [D(x, x,e,...,e),x] = 0. On proceeding in the same manner, we

obtainfori1 <i<n-—1.

(2.17) D (x, X, .., X,ee, ...,e),e = 0. For all xeR. Also

n—i times i times

(2.18) D (x,x, .., X,e,e, ...,e),x = 0. For all xeR. Again from

n—itimes i times

(2.11) and using (2.18) we find that,
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<d(x),e>+n(D(x,x, ...,x,e),x > eZ(R). On simplification we obtain
that, d(x)e +d(x) + nD(x,x, ...,x,e),x + xD(x,x, ..., x,e))eZ(R).
This further yields that

(2.19) d(x)e + d(x) + 2nxD(x, x, ..., x,e)eZ(R). For all xeR.
Now on commuting the above expression with e and using (2.17) we get,
[d(x),ele + [d(x),e] = 0 = [d(x),e]e. for all xeR. Therefore,
[d(x),e] = 0forall xeR. or

we have d(x)e = d(x).Thus (2.19) can be rewritten as 2d(x) +
2nxD(x, x, ..., x, e). On commuting with x and using (2.18) we find that,
[d(x),x] = 0 for all xeR.

Theorem 2.7:-

Let n > 2 and m > 1 be fixed positive integers and R be a (m + n)!-
torsion free ring with left identity e. If R admits a permuting n-additive
map D :R™— R such that the trace d: R — R satisfies <<
d(x),x > p),x™ > p= 0. for all xeR, where a, § are endomorphism
and epimorphism of R respectively, then D = 0.

Proof:- We have, <<d(x),x >p),x™ >@p= 0. for all xeR.This
yields that << d(x),x >, Xx™ >@p= d(e)a(e) +d(e),e > p=
Oord(e)a(e) +d(e)a(e) + d(e)a(e) + d(e) = 0.0n right multiplying
by a(e) we get, 4d(e)a(e) = 0. This implies that d(e)a(e) = 0 and

hence d(e) = 0. Now on replacing x by e + kx for 1 <k <m+n in
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our hypothesis we get, << d(e + kx),e + kx >4 5, (e + kx)™ >4 5)=

0. for all xeR or,

<<d(e) +d(kx) + X7 (})D <e, e, .. e kx kx, .., kx> e+

n—itime i time
kx > p), (e + kx)™ >4 )= 0. Using hypothesis and d(e) = 0 we have,
(220) 0 =<< d(kx),e >(a’[;), (e + kX)m >(0!;B)

+<< d(kx), kx > p), (€ + k)™ >4 gy +<<

Z?;ll(?) D (e, e, .. e, kx kx, ...,kx) kx> py, (€ + kX)™ > (05

n—i time i time
Or kPy(x,e) + k?Py(x,e) + -+ k™ " Ppiny(x,e) =0 for all xeR,
where P,(x,ke) = k'P.(x,e),t = 1,2,...,m +n. Using hypothesis and
Lemma 2.2, we have,

(2.21) P.(x,e) = 0 for all xeR, forall t=1,2,...,m+n. In
particular, for all xeR

P;(x,e) =0,. that is, n << D(x,e, ...,e),e >(ap) € >ap)= 0. Torsion
restriction implies << D(x,e,...,e),e >(gp), € > p= 0. Simplifying
the latter relation we find that, 3D(x,e, ...,e)a(e) + D(x,e, ...,e) = 0.
On right multiplying by a(e) we obtain 3D(x, e, ...,e)a(e) = 0. Since R
is (m+ n)!- torsion free we have, D(x,e,...,e)a(e) = 0. Hence the
above equation reduces to,

(2.22) D(x,e,...,e) = 0forall xeR.
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Also from (2.21) we have P,(x,e) = 0 for all xeRTherefore from (2.20)
we findthat 0 = () << D(x,x,e,...,e),e >(ap)€ >ap)

tn << D(x,e,..,e),e > p, X+ (M —1Dx >4p

+n << D(x,e,..,8),X >p)€ >w@p)
Using (2.22), and torsion restriction of R, the above equation reduces to
<< D(x,x,e,..,€),e >p € >@p=0. which on simplification
becomes
(2.23) D(x,x,e,...,e) for all xeR. On proceeding in the same way

forl1 <i<n-—1, we find that,

(2.24) D (x X, ..., X,e,e, ...,e) = 0. Also, since B,(x,e) = 0,d(x) = 0.

n—itime itime

Hence in view of Lemma 2.1 we conclude that D = 0.

Let n > 2 and m > 1 be fixed positive integers and R be a n!-torsion free
ring with left identity e. If R admits a permuting n-additive map

D:R™ — R such that the trace d: R — R satisfies << d(x),x >,x™ > =
0 for all x e R, then D = 0.

Using similar techniques as used in Theorem 5 of [17], we obtain that
Letn > 2 and m > 1 be fixed positive integers and R be a n!-torsion free

left with left identity e. If f is an additive map on R such that the
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mapping x —< f(x),x > is m-skew centralizing on R, then f is
commuting on R

Proof:- We define a mapping D: R™ — R by

D(xy, %2, oy xn) = [f (x1), %2] + [f (x2), x3] + -+ + [f (1), 20 ] +

[f Cxn), x4].

for all x4, x5, ..., x,€R. Then it can be easily seen that D is permuting n-
additive mapping on R, also d(x) = D(x,x,...,x) = n[f(x),x] for all
xeR. is the trace of D. Since it follows from the hypothesis that <<
d(x),x >,x™ > €Z(R). for all xeR. on commuting it with x we obtain
[< flx),x > x™+,x™ < f(x),x >=0 for all xeR. This implies that
[< f(x), x> x]x™+x™[< f(x),x>x] =0 for all xeR. Since
[< y,x >, x] =<[y,x],x >, for all x,ye R, the latter verification yields
that < [f(x),x] >, x™ +,x™ < [f(x),x] > =0, for all xeR. Since R is
n!-torsion free, we obtain < d(x),x > x™ + x™ < d(x),x >= 0
for all xe R. This implies that << d(x),x >,x™ >= 0for all xeR.
Hence it follows from Corollary 2.8 that d =0 on Rand sofis
commuting on R.

Let n > 2 be fixed positive integers and R be a (n + 1)!-torsion free ring
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with left identity e which admits a permuting n-additive mapping
D:R™ —» R. With trace d : R — R satisfying < [d(x),x],x >= 0 for
all x eR. Then d is commuting on R.

Proof:- By our assumption < [d(x),x],x >= 0, for all xe R and hence
we have

(2.25) < [d(e),e],e >= [d(e),ele + [d(e),e] = 0.

On right multiplying by e and using torsion restriction, (2.25) becomes
[d(e),ele = 0, which further reduces to[d(e),e] = 0. Now
considering [d(x + e),x + e] and using (2.25) we get,

(2.6) [d(x + e),x+ e] = [d(x) + d(e) +

Z?;ll(’il)D (e, e, .. e,x, X ...,x,x),x +e

n—1times i times

= [d(x),x] + [d(x),e] + [d(e),x]

n—1
n
+z (i)D<e,e,...,e,x,x,...,x,x>

i=1 n—1times i times
n—1
n
+ (i)D €, ..,6,X,X, .., X, €
i=1 n—1 times i times

On replacing x by e + kx, where 1 <k < n + 1 in the hypothesis
and using (2.25), we obtain, for all xeR,
< [d(e + kx),e + kx],e + kx >= 0

This implies that,
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(2.27) 0 =< [d(kx), (kx)] + [d(kx),e] + [d(e), kx]

n-—1

+[2 (Tl_l)D<e,e,...,e,x,x,...,x>,e]

i=1 n-1times i times

n—1

n
+z (i)D(e,e,...,e,x,x,...,x),kx],kx+e >

n—1 times i times

Or kP (x,e) + k?Py(x,e) + -+ k™p,(x,e) + k"*1p, ., (x,e) = 0 for
all xeR, where P.(x,e) is the sum of terms involving x and e such that
kP.(x,ke) = k'P.(x,e), t = 1,2,..,n,n + 1. Using hypothesis and
Lemma 2.2, we have,

(2.28) P.(x,e) = 0,for all xeR,for allt = 1,2,...,n + 1. In
view of (2.27), in particular, we find that

0 =P,(x,e) =< [d(e),x],e > +n < [D(x,e,...,e),e],e > for

all xe R. or

(2.29) [d(e),x] + n[D(x,e,...,e),e] = 0, for all xeR. Also from
(2.28), we obtain P,(x,e) =0, that is

0 =<[d(e),x],x >+ <n[D(x,e,..,e),x],e>

+<n[D(x,...,e),el,x > +< (Z)[D(x, x,e,..,e)el,e>

0 =<[d(e),x],x + n[D(x,e,...,e),x],e > +< n[D(x,...,e ), e], x+<
(721) [D(x,x,e, ...,e),e],e > for all xeR. On using (2.29) we get,

< n[D(x,e,...,e),x] + (Z)[D(x,x, e, ..,e)el,e >= 0.or
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(2.30) n[D(x,e,..,e),x] +(3)[D(x,x,e,...,e),e] =0 forall xeR.
On proceeding in a similar manner, as the above we find that

(2.31) (" )IDex,....x),e] +(",)[D(eex,..,x),x] = 0.
Also, for B,(x,e) = 0 we get,

0 =<[d(x),el,e>+< (", )[D(eex,..,x),x]x>

+< (" )IDex, ... x),xl,e >+<(,",)[D(ex,...,x),el,x >= 0.
Using (2.31) we obtain,

(2.32) [d(x),e] + (nfl)[D(e,x, .,Xx),x] =0 for all x e R. In
view of (2.32), the relation (2.26) becomes [d(x+e),x+ e] =
[d(x),x]. Now

<[d(x+ e),x+e],x + e >= 0 implies that < [d(x),x],x + e >= 0.
This on simplification reduces to < [d(x),x],x > + < [d(x),x],e >=
0 or [d(x),x] = 0 for all xe R.

Corollary 2.11:-

Let n > 1 be a fixed integer and R be a n!-torsion free ring with left
identity e. If R admits a permuting n-additive mapping D: R™ — R with
trace d : R — R such that < d(x),x > is commuting on R for all x R,
then d is commuting on R.

Proof:- By our assumption < d(x),x > iscommuting on R, we have [<

d(x),x >,x] = 0 for all xeR. Using the fact < [y,x],x >= [<
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y,x >,x] for all x,y eR. We have < [d(x),x],x >= 0 for all x €R.

Hence in view of Theorem 2.10 we obtain the required result.
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