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Abstract: In this paper we give some definitions and spectral properties of fuzzy compact linear operator on fuzzy normed spaces also 

we introduce definitions compact in fuzzy normed spaces and fuzzy compact linear operator on fuzzy normed spaces and we prove 

theorems related to compact in fuzzy normed fuzzy compact linear operator on fuzzy normed spaces. For this purpose we shall use the 

operator 𝑻 −  𝝀𝑰 on fuzzy normed spaces and𝝀is value spectral and show relationship to fuzzy compact linear operator on fuzzy normed 

spaces and operator 𝑻 −  𝝀𝑰 on fuzzy normed spaces and𝝀 is value spectral. 
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1. Introduction 
 

The theory of fuzzy sets was introduced by L. A. Zadeh 

[1] in 1965.Aftar the pioneer work of Zadeh, many 

researchers have extended this concept in various 

branches, many other mathematicians have studied 

fuzzynormed space from several points of view [2].T. Bag 

and Samanta [8] in 2003 have definition compact set in 

fuzzy normed space. 

 

2. Preliminaries 

 

Definition (2.1): [3] Let ∗ be a binary operation on the set 

𝐼, i.e., ∗ : 𝐼 × 𝐼 → 𝐼 is a function. Then ∗ is said to be t-

norm (triangular-norm) on the set 𝐼 if the following 

axioms are satisfied:  

 

(1) 𝑎 ∗ 1 =  𝑎, for all 𝑎 ∈ 𝐼. 

(2) ∗ is commutative ( i.e. 𝑎 ∗ 𝑏 =  𝑏 ∗ 𝑎, for all 𝑎, 𝑏 ∈ 𝐼). 

(3) ∗ is monotone (i.e. if 𝑏, 𝑐 ∈ 𝐼 such that 𝑏 ≤ 𝑐, then 

𝑎 ∗  𝑏 ≤ 𝑎 ∗ 𝑐, for all 𝑎 ∈ 𝐼). 

(4) ∗ is associative (i.e. 𝑎 ∗  𝑏 ∗ 𝑐 =   𝑎 ∗ 𝑏 ∗ 𝑐, for all 

𝑎, 𝑏, 𝑐 ∈ 𝐼). 

 

If, in addition, ∗ is continuous then ∗ is called a continuous 

t-norm.  

 

The following theorem introduces the characteristics of the 

t-norm:  

 

Definition (2.2): [2] Let 𝑋 be a vector space over 𝐹,∗ be a 

continuous  t-norm on 𝐼, a function 𝑁: 𝑋 ×  0,∞ → [0, 1] 
is called fuzzy norm if it satisfies the following conditions: 

for all 𝑥, 𝑦 ∈ 𝑋 and 𝑡, 𝑠 > 0,  

(𝑁. 1) 𝑁 𝑥, 𝑡 > 0,  

(𝑁. 2)𝑁 𝑥, 𝑡 = 1 if and only if 𝑥 = 0,  

(𝑁. 3) 𝑁 𝛼𝑥, 𝑡 = 𝑁  𝑥,
𝑡

 𝛼 
 , for all 𝛼 ≠ 0,  

(𝑁. 4) 𝑁 𝑥, 𝑡 ∗ 𝑁 𝑦, 𝑠 ≤ 𝑁 𝑥 + 𝑦, 𝑡 + 𝑠 ,  

(𝑁. 5) 𝑁 𝑥, .  :  0,∞ →  0, 1  is continuous,  

(𝑁. 6) lim𝑡→∞ 𝑁 𝑥, 𝑡 = 1. 
(𝑋, 𝑁,∗) is called fuzzy normed space 

 

Theorem (2.3): [4] Let  𝑋, 𝑁,∗  be a fuzzy normed space. 

Then:  

 

(𝑖)𝑁(𝑥, . ) is non-decreasing with respect to 𝑡 for each 

𝑥 ∈ 𝑋. 

(𝑖𝑖) 𝑁 −𝑥, 𝑡 = 𝑁(𝑥, 𝑡) hence 𝑁 𝑥 − 𝑦, 𝑡 = 𝑁(𝑦 − 𝑥, 𝑡).  

 

Remark (2.4): [5]  
 

(1) For any 𝛼1,  𝛼2 ∈ (0, 1) with 𝛼1 > 𝛼2, there exists 

𝛼3 ∈ (0, 1) such that 𝛼1 ∗ 𝛼3 ≥ 𝛼2. 

(2) For any 𝛼4 ∈ (0, 1), there exists 𝛼5 ∈ (0, 1) such that 

𝛼5 ∗ 𝛼5 ≥ 𝛼4. 

 

Example (2.5): [6] Let (𝑋,  .  ) be a normed space.𝑎 ∗
𝑏 = 𝑎. 𝑏 for all 𝑎, 𝑏 ∈ 𝑋 and for all 𝑥 ∈ 𝑋, 𝑡 > 0 

 

𝑁 𝑥, 𝑡 =  

𝑡

𝑡 +  𝑥 
, 𝑥 ≠ 0

 1, 𝑥 = 0

  … … . . (2.5)  

 

Then  𝑋, 𝑁,∗ is fuzzy normed space. 

 

Theorem (2.6): [7] Let (𝑋, 𝑁,∗) be a fuzzy normed space, 

we further assume that,  

 

(𝑁. 7) 𝛼 ∗ 𝛼 = 𝛼 for all 𝛼 ∈  0, 1 ,  
(𝑁. 8) 𝑁 𝑥, 𝑡 > 0 for all 𝑡 > 0 then 𝑥 = 0. 

 

Define  𝑥 𝛼 = inf {𝑡 > 0: 𝑁(𝑥, 𝑡) ≥ 𝛼 }. Then 
  𝑥 𝛼 : 𝛼 ∈  0, 1   is an ascending family of norms on 𝑋. 
We call these norms as 𝛼-norms on 𝑋 corresponding to 

fuzzy norm 𝑁 on 𝑋. 

 

Proof: Let 𝛼 ∈ (0, 1). To prove  𝑥 𝛼  is a norm on 𝑋, we 

will prove the followings:  

 

(1)  𝑥 𝛼 ≥ 0 for all 𝑥 ∈ 𝑋,  

(2) 𝑥 𝛼 = 0 if and only if 𝑥 = 0,  

(3)  𝜆𝑥 𝛼 =  𝜆  𝑥 𝛼 ,  

(4)  𝑥 + 𝑦 𝛼 ≤  𝑥 𝛼 +  𝑦 𝛼 .  
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The prove of (1), (2)and (3) directly follows from the 

proof of the Theorem 2.1 in [8]. So, we now prove (4):  

 

 

 

 

 

 𝑥 𝛼 +  𝑦 𝛼 = inf  𝑡 > 0: 𝑁 𝑥, 𝑡 ≥ 𝛼  + inf  { 𝑠 > 0: 𝑁(𝑦, 𝑠) ≥ 𝛼 } 

= inf  { 𝑡 + 𝑠 > 0: 𝑁 𝑥, 𝑡 ≥ 𝛼, 𝑁(𝑦, 𝑠) ≥ 𝛼 } 

= inf  { 𝑡 + 𝑠 > 0: 𝑁 𝑥, 𝑡 ∗ 𝑁(𝑦, 𝑠) ≥ 𝛼 ∗ 𝛼 = 𝛼 } 

≥ inf  { 𝑡 + 𝑠 > 0: 𝑁(𝑥 + 𝑦, 𝑡 + 𝑠 ) ≥ 𝛼 } 

=  𝑥 + 𝑦 𝛼 , which proves (4). 

Let 0 < 𝛼1 < 𝛼2 < 1. 

 𝑥 𝛼1
= inf  {𝑡 > 0: 𝑁(𝑥, 𝑡) ≥ 𝛼1}and  𝑥 𝛼2

= inf  { 𝑡 > 0: 𝑁(𝑥, 𝑡) ≥ 𝛼2 }.Since 𝛼1 < 𝛼2,   𝑡 > 0: 𝑁 𝑥, 𝑡 ≥ 𝛼2 ⊂ { 𝑡 >

0: 𝑁(𝑥, 𝑡) ≥ 𝛼1 } 

⟹ inf{ 𝑡 > 0: 𝑁(𝑥, 𝑡) ≥ 𝛼2 } ≥ inf{ 𝑡 > 0: 𝑁(𝑥, 𝑡) ≥ 𝛼1 } 

⟹  𝑥 𝛼2
≥  𝑥 𝛼1

. 

 

Thus, we see that {  𝑥 𝛼 : 𝛼 ∈  0, 1 } is an ascending 

family of norms on 𝑋. 

 

3. Compact set in fuzzy normed space 
 

This section deals with Compact set in fuzzy normed space 

and some of their properties.  

 

Definition (3.1): [8] Let (𝑋, 𝑁,∗) be a fuzzy normed linear 

space. A subset 𝐵 of 𝑋 is said to be compact if any 

sequence {𝑥𝑛 } in 𝐵 has a subsequence converging to an 

element of 𝐵. 
 

Lemma (3.2): [9] Let (𝑋, 𝑁,∗) be a fuzzy normed space 

satisfying the condition (𝑁. 8) and 𝑥1 , 𝑥2 , … , 𝑥𝑛   be a finite 

set of linearly independent vectors of 𝑋. Then for each 

𝛼 ∈ (0, 1) there exists a constant 𝐶𝛼 > 0 such that for any 

scalars 𝛼1, 𝛼2, … , 𝛼𝑛 ,  

 𝛼1𝑥1 + 𝛼2𝑥2 + ⋯ + 𝛼𝑛𝑥𝑛 𝛼 ≥ 𝐶𝛼   𝛼𝑖 

𝑛

𝑖=1

 

Where  .  𝛼 is defined in the Theorem (2.6). 

 

Definition (3.3): [10] Let (𝑋, 𝑁,∗) be a fuzzy normed 

linear space and 𝐵 ⊂ 𝑋. 𝐵 is said to be fuzzy bounded if 

for each 𝑟, 0 < 𝑟 < 1, ∃ 𝑡 > 0 such that 𝑁 𝑥, 𝑡 > 1 −
𝑟, ∀ 𝑥 ∈ 𝐵. 
 

Theorem (3.4): Let(𝑋, 𝑁,∗) fuzzy normed linear space 

(𝑋, 𝑁,∗) satisfying the conditions  𝑁. 7 a subset 𝐵 of 𝑋 is 

compact then 𝐵 is closed and fuzzy bounded in (𝑋, 𝑁,∗). 

 

Proof: ⟹ Suppose that 𝐵 is compact we have to show 

that 𝐵 is closed and bounded. Let 𝑥 ∈ 𝐵.Then there exist 

sequence {𝑥𝑛 } in 𝐵 such thatlim𝑛→∞ 𝑁 𝑥𝑛 − 𝑥, 𝑡 = 1 

since 𝐵 is compact, there exist a subsequence {𝑥𝑛 𝑘
}of 

{𝑥𝑛 }converges to a point in 𝐵.Again {𝑥𝑛 } ⟶ 𝑥 so 

{𝑥𝑛 𝑘
} ⟶ 𝑥 and hence𝑥 ∈ 𝐵 then 𝐵 =  𝐵 there fore 𝐵 is 

closed. If possible suppose that 𝐵 is not bounded then ∃ 𝑟, 

0< 𝑟 <1 such that for each positive integer 𝑛, ∃ 𝑥𝑛 ∈ 𝐵 

such that 𝑁 𝑥𝑛 , 𝑛 ≤ 1 − 𝑟.since 𝐵 is compact there exist 

a subsequence{𝑥𝑛 𝑘
} of {𝑥𝑛 } converging to element 𝑥 ∈ 𝐵 

thus lim𝑘→∞ 𝑁 𝑥𝑛𝑘
− 𝑥, 𝑡 = 1∀ 𝑡˃0.Also 𝑁 𝑥𝑛 𝑘

, 𝑛𝑘 ≤

1 − 𝑟 

 

 

 

Now 

 1 − 𝑟 ≥  𝑁 𝑥𝑛 𝑘
, 𝑛𝑘 =  𝑁 𝑥𝑛 𝑘

− 𝑥 + 𝑥, 𝑛𝑘 − 𝑘 + 𝑘  

where 𝑘˃0 ⟹ 

1 − 𝑟 ≥  𝑁 𝑥𝑛 𝑘
− 𝑥, 𝑘 ∗  𝑁 𝑥, 𝑛𝑘 − 𝑘  

⟹ 1 − 𝑟 ≥ lim𝑘→∞ 𝑁 𝑥𝑛 𝑘
− 𝑥, 𝑘 ∗ lim𝑘→∞ 𝑁 𝑥, 𝑛𝑘 − 𝑘 

⟹ 

1 − 𝑟 ≥ 1 ∗ 1 = 1 by  𝑁. 7  and (𝑁. 5)⟹  𝑟 ≤ 0 which is 

contradiction Hence 𝐵 is bounded. 

 

Theorem (3.5): In a finite dimensional fuzzy normed 

linear space (𝑋, 𝑁,∗) satisfying the conditions 

 𝑁. 7  𝑎𝑛𝑑 (𝑁. 8) a subset 𝐵 of 𝑋 is compact if and only if 

𝐵 is closed and fuzzy bounded in (𝑋, 𝑁,∗). 

 

Proof: ⟹First we suppose that 𝐵 is compact we have to 

show that 𝐵 is closed and bounded. Let 𝑥 ∈ 𝐵.Then there 

exist sequence {𝑥𝑛 } in 𝐵 such that lim𝑛→∞ 𝑁 𝑥𝑛 − 𝑥, 𝑡 =
1 since 𝐵 is compact, there exist a subsequence {𝑥𝑛 𝑘

} of 

{𝑥𝑛 }converges to a point in 𝐵.Again {𝑥𝑛 } ⟶ 𝑥 so 

{𝑥𝑛 𝑘
} ⟶ 𝑥 and hence𝑥 ∈ 𝐵 then 𝐵 =  𝐵 there fore 𝐵 is 

closed. If possible suppose that 𝐵 is not bounded then ∃ 𝑟, 

0< 𝑟 <1 such that for each positive integer 𝑛, ∃ 𝑥𝑛 ∈
𝐵such that 𝑁 𝑥𝑛 , 𝑛 ≤ 1 − 𝑟.since 𝐵 is compact there 

exist a subsequence {𝑥𝑛 𝑘
} of {𝑥𝑛 } converging to element 

𝑥 ∈ 𝐵 thus lim𝑘→∞ 𝑁 𝑥𝑛 𝑘
− 𝑥, 𝑡 = 1 

∀ 𝑡˃0. 

Also 𝑁 𝑥𝑛 𝑘
, 𝑛𝑘 ≤ 1 − 𝑟 

Now 

1 − 𝑟 ≥  𝑁 𝑥𝑛 𝑘
, 𝑛𝑘 =  𝑁 𝑥𝑛 𝑘

− 𝑥 + 𝑥, 𝑛𝑘 − 𝑘 + 𝑘   

where 

 𝑘˃0 ⟹ 

1 − 𝑟 ≥  𝑁 𝑥𝑛 𝑘
− 𝑥, 𝑘 ∗  𝑁 𝑥, 𝑛𝑘 − 𝑘  

⟹ 1 − 𝑟 ≥ lim𝑘→∞ 𝑁 𝑥𝑛 𝑘
− 𝑥, 𝑘 ∗ lim𝑘→∞ 𝑁 𝑥, 𝑛𝑘 − 𝑘 

⟹ 

1 − 𝑟 ≥ 1 ∗ 1 = 1 by  𝑁. 7  and (𝑁. 5)⟹  𝑟 ≤ 0 which is 

contradiction  

Hence 𝐵 is bounded 

⟸ part (2): In this part, we suppose that 𝐵 is closed and 

fuzzy bounded in the finite dimensional fuzzy normed 

linear space (𝑋, 𝑁,∗). To show 𝐵 is compact, consider 

{𝑥𝑛 } an arbitrary sequence in 𝐵. Since 𝑋 finite 

dimensional,  

let dim 𝑋 = 𝑛 and {𝑒1 , 𝑒2, … , 𝑒𝑛 } be a basis of 𝑋. So for 

each 𝑥𝑘 , ∃ 𝛽1
𝑘 , 𝛽2

𝑘 , … , 𝛽𝑛
𝑘  ∈ 𝐵 such that  

𝑥𝑘 = 𝛽1
𝑘𝑒1 + 𝛽2

𝑘𝑒2 + ⋯ + 𝛽𝑛
𝑘𝑒𝑛 , 𝑘 = 1, 2, … 
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Since 𝐵 is fuzzy bounded, {𝑥𝑘} is also fuzzy bounded. So 

∃𝑡0 > 0 and 𝑟0 where 0 < 𝑟0 < 1 such that  

𝑁 𝑥𝑘 , 𝑡0 > 1 − 𝑟0 = 𝛼0 ∀𝑘 = 1, 2, … (2.1) 

Let  𝑥 𝛼 = ∧  𝑡: 𝑁 𝑥, 𝑡 ≥ 𝛼 , 𝛼 ∈  0, 1 . So by (2.1)  

we have 

 𝑥 𝛼0
≤ 𝑡0... (2.2)  

Since {𝑒1 , 𝑒2 , … , 𝑒𝑛} is linearly independent, by Lemma 

(3.2), ∃ 𝑐 > 0 such that ∀𝑘 = 1, 2, …,  
 𝑥𝑘 𝛼0

=   𝛽𝑖
𝑘𝑒𝑖

𝑛
𝑖=1  

𝛼0
> 𝑐   𝛽𝑖

𝑘  𝑛
𝑖=1 … (2.3)  

From (2.2) and (2.3) we have   𝛽𝑖
𝑘  𝑛

𝑖=1 ≤
𝑡0

𝑐
 for 𝑘 =

1, 2, … 

⟹ For each 𝑖,  𝛽𝑖
𝑘  ≤   𝛽𝑖

𝑘  𝑛
𝑖=1 ≤

𝑡0

𝑐
 for 𝑘 = 1, 2, … 

⟹ {𝛽𝑖
𝑘} is fuzzy bounded sequence, for each 𝑖 =

1, 2, … , 𝑛 ⟹ {𝛽𝑖
𝑘} has a fuzzy convergent subsequence say 

{𝛽𝑖
𝑘𝑙 }. ⟹ {𝛽1

𝑘𝑙 }, {𝛽2
𝑘𝑙 }, …, {𝛽𝑛

𝑘𝑙 } all are fuzzy convergent. 

Let 𝑥𝑘𝑙
= 𝛽1

𝑘𝑙𝑒1 + 𝛽2
𝑘𝑙𝑒2 + ⋯ + 𝛽𝑛

𝑘𝑙𝑒𝑛  and 𝛽1 =

lim𝑛→∞ 𝛽1
𝑘𝑙 , 𝛽2 = lim𝑛→∞ 𝛽2

𝑘𝑙 , …, 𝛽𝑛 = lim𝑛→∞ 𝛽𝑛
𝑘𝑙  and 

𝑥 = 𝛽1𝑒1 + 𝛽2𝑒2 + ⋯ + 𝛽𝑛𝑒𝑛 . Now ∀ 𝑡 > 0,  

we have 𝑁 𝑥𝑘𝑙
− 𝑥, 𝑡 = 𝑁( 𝛽𝑖

𝑘𝑙𝑒𝑖 −  𝛽𝑖𝑒𝑖 , 𝑡) 𝑛
𝑖=1

𝑛
𝑖=1  

= 𝑁   (𝛽𝑖
𝑘𝑙

𝑛

𝑖=1

− 𝛽𝑖 𝑒𝑖 , 𝑡) 

≥ 𝑁   𝛽1
𝑘𝑙 − 𝛽1 𝑒1 ,

𝑡

𝑛
 ∗ ∙∙∙ ∗ 𝑁   𝛽𝑛

𝑘𝑙 − 𝛽𝑛 𝑒𝑛 ,
𝑡

𝑛
  

= 𝑁  𝑒1,
𝑡

𝑛 𝛽1
𝑘𝑙−𝛽1 

  ∗ ∙∙∙ ∗  𝑁  𝑒𝑛 ,
𝑡

𝑛 𝛽𝑛
𝑘𝑙−𝛽𝑛  

 . 

Since lim𝑙→∞

𝑡

𝑛 𝛽
𝑖

𝑘𝑙−𝛽𝑖 
= ∞, we see that lim𝑙→∞  𝑒𝑖 ,

𝑡

𝑛 𝛽
𝑖

𝑘𝑙−𝛽𝑖  
 = 1 

⟹ lim
𝑙→∞

 𝑥𝑘𝑙
− 𝑥, 𝑡 ≥ 1 ∗ ∙∙∙ ∗ 1 = 1 ∀𝑡 > 0 

⟹ lim𝑙→∞ 𝑥𝑘𝑙
− 𝑥, 𝑡 = 1, ∀𝑡 > 0 … (2.4) 

 

Thus from (2.4) we see that  

lim
𝑙→∞

𝑥𝑘𝑙
= 𝑥 ⟹  𝑥 ∈ 𝐵 [since 𝐵 is closed ]. ⟹ 𝐵 is 

compact. 

 

Theorem (3.6): [7](RieszLemma) Let 𝑉be closed proper 

subspace of a fuzzy normed linear space (𝑋, 𝑁,∗) and let 𝜆 

be a real number such that 0 < 𝜆 < 1. Then there exists a 

vector 𝑥𝜆 ∈ 𝑋 such that 𝑁 𝑥𝜆  , 1 > 0 and 𝑁 𝑥𝜆  − 𝑥, 𝜆 =
0 for all 𝑥 ∈ 𝑉. 
 

Proof: Since 𝑉 is proper subspace of 𝑋, ∃ 𝜐 ∈ 𝑋 − 𝑉. 

Denote 𝑑 =∧𝑥∈𝑉∧   𝑡 > 0: 𝑁 𝜐 − 𝑥, 𝑡  > 0  . 
We claim that 𝑑 > 0, i.e. ∧𝑥∈𝑉∧   𝑡 > 0: 𝑁 𝜐 −  𝑥, 𝑡  >
0 =0  
⟹ for a given 휀 > 0, ∃ 𝑥 휀 ∈ 𝑌 such that ∧   𝑡 >
0: 𝑁𝜐− 𝑥, 𝑡 >0 <휀⟹𝑁𝜐−𝑥, 휀>0.Choose 𝛼∈0, 1 such that 

𝑁 𝜐 − 𝑥, 휀 > 1 − 𝛼. i.e. 𝑦 ∈ 𝐵 𝜐, 1 − 𝛼, 휀 . 

Since 휀 > 0 is arbitrary, it follows that 𝜐 is in the closure 

of 𝑉. 

Since 𝑉 is closed, it implies that 𝜐 ∈ 𝑉 which is a 

contradiction.  

Thus 𝑑 > 0. We now take 𝜆 ∈  0, 1 . So
𝑑

𝜆
> 𝑑. Thus for 

some𝑥0 ∈ 𝑉, we  

have 𝑑 ≤ ∧   𝑡 > 0: 𝑁 𝜐 − 𝑥0 , 𝑡 > 0 < 𝐾 ʹ <
𝑑

𝜆
 … (2.5) 

Let 𝑥𝜆 =
𝜐−𝑥0

𝑘ʹ
. Now  𝑥𝜆  , 1 = 𝑁( 

𝜐−𝑥0

𝑘ʹ
, 1). 

 i.e. 𝑁 𝑥𝜆 , 1 = 𝑁 𝜐 − 𝑥0 , 𝑘ʹ  … (2.6) 

Now ∧   𝑡 > 0: 𝑁  𝜐 − 𝑥0 , 𝑡  > 0  < 𝑘ʹ ⟹ 𝑁 𝜐 −
𝑥0 , 𝑘ʹ>0. 
From (2.6) we have 𝑁 𝑥𝜆  , 1 > 0.Now for 𝑥 ∈ 𝑣,  

∧   𝑡 > 0: 𝑁 𝑥𝜆 − 𝑥, 𝑡 > 0 
=∧  𝑡 > 0: 𝑁 𝜐 − 𝑥0 − 𝑘ʹ𝑥, 𝑘ʹ𝑡 > 0   

 =
1

𝑘ʹ
∧  𝑠 > 0: 𝑁 𝜐 − 𝑥0 − 𝑘ʹ𝑥, 𝑠  > 0  . 

i.e. ∧  𝑡 > 0: 𝑁 𝑥𝜆  − 𝑥, 𝑡  > 0   ≥  
𝑑

𝑘ʹ
  𝑠𝑖𝑛𝑐𝑒 𝑥0 + 𝑘ʹ𝑥 ∈

𝑉  
⟹ ∧   𝑡 > 0: 𝑁 𝑥𝜆  – 𝑥, 𝑡 > 0  > 𝜆 by (2.5) 

i.e. 𝑁 𝑥𝜆  – 𝑥, 𝜆 ≤ 0 ⟹  𝑁 𝑥𝜆  – 𝑥, 𝜆 = 0, ∀ 𝑥 ∈ 𝑉. 

 

Theorem (3.7): [7] Let (𝑋, 𝑁,∗) be a fuzzy normed linear 

space and 𝑥 ≠ 0. If suppose that 𝐴 =   𝑥 ∈ 𝑋: 𝑁 𝑥, 1 >
0 is compact, then 𝑋 is finite dimensional.  

 

Proof: If possible suppose that dim 𝑋 = ∞. Take𝑥1 ∈ 𝑋 

such that 𝑁 𝑥1 , 1 > 0. Suppose 𝑉1 is the subspace of 𝑋 

generated by 𝑥1.  

Since dim𝑉1 = 1, it is a closed and proper subset of 𝑋. 

Thus by the Lemma (3.6), ∃ 𝑥2 ∈ 𝑋 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑁 𝑥2 , 1 >

0 𝑎𝑛𝑑 𝑁(𝑥2 − 𝑥1 ,
1

2
) = 0. The elements 𝑥1, 𝑥2  generate a 

two dimensional proper closed subspace of 𝑋.By the 

Lemma (3.6), ∃ 𝑥3 ∈ 𝑋 with 𝑁 𝑥3, 1 > 0 such that  

𝑁  𝑥3 − 𝑥1 ,
1

2
 = 0, 𝑁  𝑥3 − 𝑥2 ,

1

2
 = 0. 

Proceeding in the same way, we obtain a sequence {𝑥𝑛 } of 

elements 𝑥𝑛 ∈ 𝐴 such that 𝑁 𝑥𝑛 , 1  > 0 𝑎𝑛𝑑 𝑁  𝑥𝑛 −

𝑥𝑚, 12=0 𝑚≠𝑛.  

It follows that neither the sequence {𝑥𝑛 } nor its any 

subsequence. 

converges. This contradicts the compactness of  𝐴. Hence 

dim 𝑋 is finite dimensional. 

 

4. Fuzzy compact linear operator on fuzzy 

normed space 
 

This section deals with fuzzy Compact linear operator on 

fuzzy normed space and some of their properties.  

 

Definition (4.1): Let 𝑋 and 𝑌 be a fuzzy normed spaces 

with norm 𝑁.An operator 𝑇: 𝑋 → 𝑌 is called fuzzy 
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compact linear operator if linear and if for every fuzzy 

bounded sub set 𝐵 of 𝑋 that 𝑇(𝐵) is compact in 𝑌. 

 

Definition (4.2): [7] Let  𝑋, 𝑁1,∗  and  𝑌, 𝑁2,∗  be a fuzzy 

normed spaces over the same field 𝐹. The operator 

𝑇:  𝑋, 𝑁1 ,∗ →  𝑌, 𝑁2 ,∗  is said to be fuzzy continuous at 

𝑥0 ∈ 𝑋 if for every 휀 ∈  0, 1  and all 𝑡 > 0 there exist 

𝛿 ∈  0, 1  and 𝑠 > 0 such that for all 𝑥 ∈ 𝑋:  

𝑁1 𝑥 − 𝑥0 , 𝑠 > 1 − 𝛿 ⟹  𝑁2 𝑇 𝑥 − 𝑇 𝑥0 , 𝑡 > 1 − 휀. 

 

Theorem (4.3): [11] Let 𝑇:  𝑋, 𝑁1,∗ → (𝑌, 𝑁2,∗) be a 

linear operator. Then 𝑇 is fuzzzy bounded if and only if 𝑇 

is fuzzy continuous. 

 

Theorem (4.4): [4] Let 𝑋, 𝑌 be fuzzy normed spaces and 

let 𝑓: 𝑋 → 𝑌 be a linear function. If 𝑓 is a fuzzy continuous 

at 0 then it is fuzzy continuous at every point.  

 

Lemma (4.5): Let 𝑋, 𝑌 be fuzzy normed spaces and space 

(𝑌, 𝑁,∗)satisfying the conditions  𝑁. 7 .Then every fuzzy 

compact linear operator 𝑇: 𝑋 → 𝑌 is fuzzy continuous and 

hence fuzzy bounded. 

 

Proof: Let 𝐵 is fuzzy bounded subset of 𝑋 and 𝑥 ∈ 𝐵 then 

𝑥 ∈ 𝑋. Let 𝑇 is not fuzzy continuous at 0, then ∃휀 ∈  0, 1  

and 𝑡 > 0, ∀𝛿 ∈  0, 1  and 𝑠 > 0  

such that  

𝑁1 𝑥 − 0, 𝑠 > 1 − 𝛿 ⟹  𝑁2 𝑇 𝑥 − 𝑇 0 , 𝑡  ≤ 1 − 휀 

⟹ 𝑁2 𝑇 𝑥 , 𝑡  ≤ 1 − 휀 since 𝑥 ∈ 𝐵 ⟹ 𝑇 𝑥 ∈ 𝑇 𝐵  

Since 𝑇: 𝑋 → 𝑌 fuzzy compact linear operator we have 

𝑇(𝐵) is compact in (𝑌, 𝑁,∗) from theorem (3.4) we have 

𝑇(𝐵) is bounded in 𝑌.  

 

Since  

𝑇 𝐵 ⊆ 𝑇(𝐵) then 𝑇 𝑥 ∈ 𝑇(𝐵) since 𝑁2 𝑇 𝑥 , 𝑡  ≤ 1 −
휀and 휀 ∈  0, 1  

 

There fore 𝑇(𝐵) is not bounded which is contradiction 

then 𝑇 is fuzzy continuous at 0 from theorem (4.4) we 

have 𝑇 is fuzzy continuous at every point therefore 𝑇 is 

fuzzy continuous, also from theorem (4.3) we have 𝑇 is 

fuzzy bounded. 

 

Theorem (4.6): Let 𝑋, 𝑌 be fuzzy normed spaces and 

𝑇: 𝑋 → 𝑌 is linear operator. Then 𝑇 is fuzzy compact 

linear operator if and only if it maps every fuzzy bounded 

sequence {𝑥𝑛 } in 𝑋 onto a sequence {𝑇(𝑥𝑛 )} in 𝑌 which 

has a fuzzy convergent subsequence. 

 

Proof: If 𝑇 is fuzzy compact linear operator and {𝑥𝑛 } is 

fuzzy bounded, then the closure of {𝑇(𝑥𝑛)} in 𝑌 is 

compact and from definition (3.1) shows that {𝑇(𝑥𝑛 )} 

contains a fuzzy convergent subsequence. Conversely, 

assume that every fuzzy bounded sequence {𝑥𝑛 } contains a 

subsequence {𝑥𝑛 𝑘
} such that {𝑇(𝑥𝑛 𝑘

)} fuzzy converges in 

𝑌.Consider any fuzzy bounded subset 𝐵 ⊂ 𝑋, and let {𝑦𝑛 } 

be any sequence in 𝑇 𝐵 .Then 𝑦𝑛 = 𝑇(𝑥𝑛 ) for some 

𝑥𝑛 ∈ 𝐵, and {𝑥𝑛 } is fuzzy bounded since 𝐵 is fuzzy 

bounded. By assumption, {𝑇(𝑥𝑛 )} contains a fuzzy 

convergent subsequence. Hence 𝑇(𝐵) by definition (3.1) 

because {𝑦𝑛} in 𝑇 𝐵  was arbitrary. By definition, this 

shows that 𝑇 is fuzzy compact linear operator. 

 

Theorem (4.7) [4]: Let {𝑥𝑛 }, {𝑦𝑛} be a sequences in fuzzy 

normed space 𝑋 and for all 𝛼1 ∈  0, 1  there exist 

𝛼 ∈  0, 1  such that 𝛼 ∗ 𝛼 ≥ 𝛼1 

 

(1)Every sequence in 𝑋 has a unique fuzzy convergence.  

(2)If𝑥𝑛 ⟶ 𝑥 then 𝑐𝑥𝑛 ⟶ 𝑐𝑥, 𝑐 ∈ 𝐹 −  0 , ( 𝐹is field) 

(3)If 𝑥𝑛 ⟶ 𝑥, 𝑦𝑛 ⟶ 𝑦 then 𝑥𝑛  +𝑦𝑛 ⟶ 𝑥 + 𝑦 

 

Theorem (4.8): Let 𝑋 and 𝑌 be a fuzzy normed spaces and 

for all 𝛼1 ∈  0, 1  there exist 𝛼 ∈  0, 1  such that 𝛼 ∗ 𝛼 ≥
𝛼1 and 𝑇𝑗 : 𝑋 → 𝑌is fuzzy compact linear operator where 

𝑗 = 1, 2.Then 𝑇1 + 𝑇2is fuzzy compact linear operator and 

also 𝑐𝑇𝑗 is fuzzy compact linear operator, where 𝑐 any 

scalar 𝑐 ∈ 𝐹 −  0 , ( 𝐹is field and 𝑗 = 1, 2 ). 

 

Proof: Let {𝑥𝑛 }fuzzy bounded sequence in fuzzy normed 

space 𝑋.Since 

 

𝑇𝑗 : 𝑋 → 𝑌is fuzzy compact linear operator where 𝑗 =

1, 2.Then from Theorem (4.6) we have {𝑥𝑛} contains a 

subsequence {𝑥𝑛 𝑘
} such that {𝑇1(𝑥𝑛 𝑘

)} and {𝑇2(𝑥𝑛 𝑘
)} are 

fuzzy converges in 𝑌, then from theorem (4.7) we have 

{𝑇1(𝑥𝑛 𝑘
) + 𝑇2(𝑥𝑛𝑘

)} is fuzzy converges in 𝑌 ⟹ {(𝑇1 +

𝑇2)(𝑥𝑛 𝑘
)} is fuzzy converges in 𝑌, therefore from theorem 

(4.6) we have 𝑇1 + 𝑇2is fuzzy compact linear operator. 

 

Also since {𝑇𝑗 (𝑥𝑛𝑘
)} is fuzzy converges in 𝑌 where 

𝑗 = 1, 2. Then by theorem (4.7) {𝑐𝑇𝑗 (𝑥𝑛 𝑘
)} is fuzzy 

converges in 𝑌 where where 𝑐 any scalar𝑐 ∈ 𝐹 −  0 , ( 𝐹is 

field).Then from theorem (4.6) we have 𝑐𝑇𝑗 is fuzzy 

compact linear operator, where 𝑐 any scalar 𝑐 ∈ 𝐹 −  0 , ( 
𝐹is field and 𝑗 = 1, 2 ). 

 

Theorem (4.9): Let 𝑋 and 𝑌 be a fuzzy normed spaces and 

space 

(𝑌, 𝑁,∗) satisfying the conditions  𝑁. 7 𝑎𝑛𝑑 (𝑁. 8)and 

𝑇: 𝑋 → 𝑌 is linear operator. Then if 𝑇fuzzy bounded and 𝑌 

is finite dimensional, the operator 𝑇 is fuzzy compact. 

 

Proof: Let {𝑥𝑛 } be any fuzzy bounded sequence in fuzzy 

normed space 𝑋. 

 

Then ∀0 < 𝑟 < 1, ∃ 𝑡˃0 such that 𝑁 𝑥𝑛 , 𝑡 > 1 − 𝑟, ∀ 𝑛. 

Also since 𝑇fuzzy bounded then there exist 𝑟1 > 0 such 

that for each 

 

𝑡1 > 0, 𝑁 𝑇 𝑥 , 𝑡1 ≥  𝑁  𝑥,
𝑡1

𝑟1
 , ∀𝑥 ∈ 𝑋. Since  𝑥𝑛 , 𝑡 >

1 − 𝑟, ∀ 𝑛 

1 − 𝑟 <  𝑁 𝑥𝑛 , 𝑡 = 𝑁  
𝑟1

𝑟1
𝑥𝑛 , 𝑡 = 𝑁  

𝑥𝑛

𝑟1
,

𝑡

𝑟1
 , ∀ 𝑛 

Put 𝑦𝑛 =
𝑥𝑛

𝑟1
⟹ 𝑦𝑛 ∈  𝑋, ∀ 𝑛 ⟹ 𝑁  𝑦𝑛 ,

𝑡

𝑟1
 > 1 − 𝑟, ∀ 𝑛 

Since 𝑁 𝑇 𝑥 , 𝑡1 ≥  𝑁  𝑥,
𝑡1

𝑟
 , ∀𝑥 ∈ 𝑋, 𝑡1 > 0 ⟹

𝑁 𝑇 𝑦𝑛 , 𝑡 ≥  𝑁  𝑦𝑛 ,
𝑡

𝑟1
 . 

Since 𝑁  𝑦𝑛 ,
𝑡

𝑟1
 > 1 − 𝑟, ∀ 𝑛 ⟹  𝑁 𝑇 𝑦𝑛 , 𝑡 > 1 − 𝑟, 

∀ 𝑛 
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1 − 𝑟 <  𝑁 𝑇 𝑦𝑛 , 𝑡 =  𝑁  𝑇  
𝑥𝑛

𝑟1

 , 𝑡 =  𝑁  
1

𝑟1

𝑇 𝑥𝑛 , 𝑡 

=  𝑁 𝑇 𝑥𝑛 , 𝑟1𝑡  

Put 𝑡2 = 𝑟1𝑡 ⟹ 𝑡2 > 0 

 

Then ∀0 < 𝑟 < 1, ∃ 𝑡2˃0 such that 𝑁 𝑇 𝑥𝑛 , 𝑡2 > 1 − 𝑟, 

∀ 𝑛, therefore {𝑇 𝑥𝑛 } is fuzzy bounded in 𝑌 since 𝑌 is 

finite dimensional then from theorem (3.5) we have 

{𝑇 𝑥𝑛 } is compact. It follows that {𝑇 𝑥𝑛 } has a fuzzy 

convergent subsequence. Since {𝑥𝑛 } was an arbitrary fuzzy 

bounded sequence in 𝑋, the operator 𝑇 is fuzzy compact 

by theorem (4.6). 

 

5. Spectral Properties of Fuzzy Compact 

Linear Operator on Fuzzy Normed Spaces 

 

In this section we consider spectral properties of fuzzy 

compact linear operator 𝑇: 𝑋 → 𝑋 on fuzzy normed spaces 

𝑋. For this purpose we shall again use the operator 

𝑇𝜆 = 𝑇 − 𝜆Ι and 𝜆 spectral value. 

 

Theorem (5.1): Let 𝑇: 𝑋 → 𝑋 be a fuzzy compact linear 

operator on a fuzzy normed spaces 𝑋. Then for every 

𝜆 ≠ 0 and 𝜆 eigenvalue then null space (eigenspace) 

𝒩(𝑇𝜆) of 𝑇𝜆 = 𝑇 − 𝜆Ι is finite dimensional. 

 

Proof: We show that 𝐴 =   𝑥 ∈ 𝑋: 𝑁 𝑥, 1 > 0  is 

compact in 𝒩(𝑇𝜆) and then apply theorem (3.7). Let {𝑥𝑛 } 

is fuzzy bounded such that ∀0 < 𝑟 < 1, 𝑁 𝑥𝑛 , 1 > 1 − 𝑟, 

∀ 𝑛 

 

Since 𝑁 𝑥𝑛 , 1 > 0, ∀ 𝑛 then {𝑥𝑛 } ⊂ 𝐴, since {𝑥𝑛 } is 

fuzzy bounded and 𝑇: 𝑋 → 𝑋 is fuzzy compact operator 

from theorem (4.6), then {𝑇 𝑥𝑛 } has fuzzy convergent 

subsequence {𝑇 𝑥𝑛 𝑘
 }. Now 𝑥𝑛 ∈ 𝐴 ⊂ 𝒩(𝑇𝜆) 

implies𝑇𝜆(𝑥𝑛) = 𝑇(𝑥𝑛) − 𝜆Ι(𝑥𝑛 ) = 0, so that 𝑥𝑛 =
1

𝜆
𝑇(𝑥𝑛 ) because 𝜆 ≠ 0. Consequently, {𝑥𝑛 𝑘

} = {
1

𝜆
𝑇 𝑥𝑛 𝑘

 } 

from theorem (4.7) we have {𝑥𝑛𝑘
} is fuzzy converges. Let 

𝑦 point converges (i.e. {𝑥𝑛 𝑘
} ⟶ 𝑦).Since 𝑦 ∈ 𝑋 and 𝑋 

fuzzy normed space we have 𝑁 𝑦, 1 > 0, so that 𝑦 ∈
𝐴.Hence 𝐴 is compact by Definition(3.1) because {𝑥𝑛} was 

arbitrary and {𝑥𝑛 } ⊂ 𝐴.This proves 𝒩(𝑇𝜆) is finite 

dimensional by theorem(3.7). 

 

Lemma (5.2): Let 𝑇: 𝑋 → 𝑋 be a fuzzy compact linear 

operator and 𝑆: 𝑋 → 𝑋 be a fuzzy compact linear operator 

on a fuzzy normed spaces 𝑋.Then 𝑇𝑆 and 𝑆𝑇 are fuzzy 

compact linear operator. 

 

Proof: Let 𝐵 ⊂ 𝑋 be any fuzzy bounded set. Since 𝑆 is 

fuzzy bounded linear operator therefore ∃ 𝑟˃0 ∋
 ∀𝑡˃0 such that 

𝑁 𝑆 𝑥 , 𝑡1 ≥  𝑁  𝑥,
𝑡

𝑟
 , ∀𝑥 ∈ 𝑋. 

Since 𝐵 is fuzzy bounded set then ∀0 < 𝑟1 <
1, ∃𝑡1˃0 such that 

 𝑁 𝑥1, 𝑡1 > 1 − 𝑟1, ∀ 𝑥1 ∈ 𝐵.⟹ 1 − 𝑟1 < 𝑁 𝑥1, 𝑡1 =

𝑁  
𝑟

𝑟
𝑥1, 𝑡1 = 𝑁  

𝑥1

𝑟
,
𝑡1

𝑟
 , ∀ 𝑥1 ∈ 𝐵. 

Put 𝑦 =
𝑥1

𝑟
⟹ 𝑦 ∈ 𝑋.Since 𝑆 is fuzzy bounded linear 

operator therefore ∃ 𝑟˃0 ∋  ∀𝑡˃0 such that 

𝑁 𝑆 𝑥 , 𝑡1 ≥  𝑁  𝑥,
𝑡

𝑟
 , ∀𝑥 ∈ 𝑋. 

Then 𝑁 𝑆 𝑦 , 𝑡1 ≥  𝑁  𝑦,
𝑡1

𝑟
 = 𝑁  

𝑥1

𝑟
,
𝑡1

𝑟
 > 1 − 𝑟1 ⟹

𝑁 𝑆 𝑦 , 𝑡1 > 1 − 𝑟1 

1 − 𝑟1 < 𝑁 𝑆 𝑦 , 𝑡1 = 𝑁  𝑆  
𝑥1

𝑟
 , 𝑡1 = 𝑁  

1

𝑟
𝑆 𝑥1 , 𝑡1 

= 𝑁 𝑆 𝑥1 , 𝑟𝑡1  

Put 𝑡2 = 𝑟𝑡1 ⟹ 𝑡2˃0.Let 𝑧 = 𝑆 𝑥1 .Hence ∀ 0 < 𝑟1 <
1, ∃𝑡2˃0 such that 

𝑁 𝑧, 𝑡2 > 1 − 𝑟1, ∀𝑧 ∈ 𝑆 𝐵 .Then 𝑆 𝐵  is fuzzy bounded 

set. Since 𝑇 is fuzzy compact operator then 𝑇 𝑆 𝐵   is 

compact in 𝑋.Since 𝑇 𝑆 𝐵  =  𝑇𝑆 𝐵  then 𝑇𝑆 𝐵  is 

compact in 𝑋 therefore 𝑇𝑆 is fuzzy compact linear 

operator by definition (4.1).We prove that 𝑆𝑇 is fuzzy 

compact linear operator. Let {𝑥𝑛 } be any fuzzy Bounded 

sequence in 𝑋. Since 𝑇 is fuzzy compact linear operator 

then by Theorem (4.6) {𝑇(𝑥𝑛 )} has convergent 

subsequence {𝑇(𝑥𝑛 𝑘
)}, since 𝑆 is fuzzy bounded 

then𝑟˃0 ∋ ∀𝑡˃0, such that: 𝑁 𝑆 𝑥 , 𝑡 ≥  𝑁  𝑥,
𝑡

𝑟
 , ∀𝑥 ∈

𝑋.Since {𝑇(𝑥𝑛 𝑘
)} is fuzzy converges 𝑦 ∈ 𝑋 ⟹

{𝑇(𝑥𝑛 𝑘
)} ⟶ 𝑦 ⟹ 

∀𝜖 ∈  0, 1 , ∀𝑡0˃0, ∃𝑛0 ∈ ℤ+such that 𝑁 𝑇(𝑥𝑛 𝑘
) −

𝑦, 𝑡0>1−𝜖, ∀𝑛≥𝑛0Since𝑁𝑆𝑥, 𝑡≥ 𝑁𝑥, 𝑡𝑟, ∀𝑥∈𝑋, 
𝑇(𝑥𝑛 𝑘

) − 𝑦 ∈ 𝑋.Hence 

𝑁 𝑆 𝑇(𝑥𝑛𝑘
) − 𝑦 , 𝑡0 ≥  𝑁  𝑇(𝑥𝑛 𝑘

) − 𝑦,
𝑡0

𝑟
  

Put 𝑡2 =
𝑡0

𝑟
⟹ 𝑡2˃0. Then 𝑁 𝑇 𝑥𝑛 𝑘

 − 𝑦, 𝑡2 > 1 − 𝜖, 

∀𝑛 ≥ 𝑛0 ⟹ 

𝑁 𝑆 𝑇(𝑥𝑛 𝑘
) − 𝑦 , 𝑡0 > 1 − 𝜖, ∀𝑛 ≥ 𝑛0𝑁 𝑆𝑇 𝑥𝑛 𝑘

 ) −

𝑆(𝑦), 𝑡0>1−𝜖 

∀𝑛 ≥ 𝑛0.Hence{𝑆𝑇(𝑥𝑛 𝑘
)} ⟶ 𝑆(𝑦).Hence {𝑆𝑇(𝑥𝑛 )} has 

fuzzy convergent Sequence. Therefore 𝑆𝑇 is fuzzy 

compact operator by theorem (4.6). 

 

Theorem (5.3) (Null spaces): In theorem (5.1) 

 

dim(𝒩 𝑇𝜆
𝑛 ) < ∞, 𝑛 =1.2…. 

 

Proof: 𝑇𝜆
𝑛 = (𝑇 − 𝜆𝛪)𝒏 =   𝒏

𝒌
 𝑇𝒌𝒏

𝒌=𝟎 (−𝝀)𝒏−𝒌 =

(−𝜆)𝑛𝛪 + 𝑇   𝒏
𝒌
 𝑇𝒌−𝟏𝒏

𝒌=𝟎  

 

This can be written  

 

𝑇𝜆
𝑛 = 𝑤 − 𝛽Ι, 𝛽 = −(−𝜆)𝑛  

 

Where 𝑤 = 𝑇𝑆 = 𝑆𝑇 and 𝑆 denotes the sum on the 

right. 𝑇 is fuzzy compact and 𝑆 is fuzzy bounded since 𝑇 is 

bounded by theorem (4.5). Hence 𝑤 fuzzy compact by 

lemma (5.2), so that we obtain  

 

dim(𝒩 𝑇𝜆
𝑛 ) < ∞, 𝑛 =1.2…. 

 

By applying theorem (5.1) 
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