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Abstract

In the present paper , we have studies and
discussed application of Rescheweyh
derivative of class of Meromorphic multivalent
functions. We obtain some interesting
properties . Like coefficient bounds . Convex
linear combination,growth an distortion
bounds and radii of starlikeness and convexity.

Key words:Meromorphic Multivalent function
, Ruschewey hderivative , Distortion bounds ,

Convex linear combination , Radius of
Starlikeness.
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1-Introduction:

Let ¢ “denote the class of functions of the form:
f(2) =277+ Z 7%, (@ = 0 = [1,2,..]). 1)
k=p

Which are analytic and meromorphic multivalent in the punctured
unit disk

U'={z.z€C ,0<|z| <1} =U/[0]

The Hadamard product (or convolution ) of two function :

(0]

f(z)=2zP+ z ap z%,g(z) =z7P + z b.z",
k=p

k=p

In ¢* is defined by

(f * D@ = f@ * 9@ =277 + ) hayz*
ke=p

Definition (1) [7,8]: The Ruscheweyh derivative of f of
order (1 + p — 1) denoted by DA*P~1 £ | is defined as

following :

If

f(z) =z7P + Y5, apz’, then




1
DHPIf() = oy ()

zP(1 —

- [(A+p+k+1)
= ‘p+E kK, A>-p,zeU"
Z L [(/1 p)(k 1)' aipz-, D,z

In particular , when p = 1, we have

DAf(2) = z7P + Z 0, Dy(N)z5 1> -1,z € U*
k=1

Definition (2):Let f € ¢*be given by (1).

The classe, (8, a, 1, A) is defined

gp(lgi a»’?:/l) -

{f € ¢*: nz2(DMP=1f(2)) +n(p+1)z(DMP-1f(2))’
"1 Z2(DMPLf(2)! +(n—)z(DAHP1f(2))!

B,(0<B<1,0<a<1,0<n<1,A>-ppkEe

N=1{12.1)z¢€ U*} (3)

Cho et al.[4]. Atshan and Buti [3].Altintas et
al[1].Liu[6]Joshi et al.[5]and Aouf and
Shammaky[2].Studied meromorphic univalent and

multivalent functions for another classes.




2-Coefficient Bounds

First in the following theorem . We obtain a necessary

and sufficient condition for f to be in the class
& (B, a,n, A).

Theorem (1) :Let f € ¢*. Thenf € &,(B,a,n, 1) ,if and

only if

k(mtk +p) — B((k+1n)

—[A+p+k+1)
;[(A+p)(k+1)!

—(1+a))a, <pplpt+ta+(1—n) (4)

For(0<p<1,0<a<10<n<1, A>—p,
plk €/N ={1,2,..},z€e U”*

Bo((p +a) + (1 —1n)) Sk
Kk +p) — B(Ck + ) — (1 + a)) 2D

k>p

fz) =z77 +

Proof : Assume that the inequality (4) holds true and let

|z| = 1 we have




[nz2 (D*P=1£ (D)) +n(p + Dz(@HPf(2)) |

— |22 (D771 @) + o0z (DHP (@) |

= [nmp(p +1)z7P

co

2[(/1+p+k+1)

(G p)(k & 1) ek (k = Dz*

k=p
—np(p +1)z7P

—[(A+p+k+1)
T+ 1) kZp A+ p)(k + 1)1 &

k

oo

—pp|(p+1z7? 2

k=p

[A+p+k+1)
[T p)Ce 1)1 kK

— 1)z —npz7?

aykz® + apz™P

—[A+p+k+1)
2[(/1+p)(k+1)!

oo

A+p+k+1)

Gt )k 5 D1 ke

[

k=p




[(A+p+k+1)

[(A+p)(k + 1)! ayz"

—Blp((p+a)+ (1 —m)z?

[A+p+k+1)

[+ p)(k + 1) az"

kK((1+a)—(k+n)

M8

i
S

[(A+p+k+1)
[A+p)G+ 1)~

nk(k + p) Bo((p + a)

IA
s

+
N\
—_
I
=
—/
\—/

[(A+p+k+1)
[A+p)(k+ 1) %

M8

Bk((k +m) — (1 + a))

i
3

= Z k(ntk +p) —B((k+n) — (1
k=p

[(/1+p+k+1)
BT YR T
—Br(p+a)+(1—n)) <0,

By hypothesis , hence by maximum modulus principle :
f € &,(B, a,n, A)conversely , suppose thatf €

& (B, a,n, ).




Hence

122 (D01 (2))" +n(p + D20 (2))
2O @)" + (1 - Dz(DFPf (@)

0 [(/1+p+k+1) k

_ Zie=p TP G p) Geryi®e? <B

= R .
p((+@)+(1-m)z P +EiL, k(Uerm) -+ @)y i ay 2k

Since |Re(z)| < |z| for all z , we have

[(A+p+k+1)

© SN k
Zie=p MR Ck + P15 ey 42
p((p+a nz v k((k +1 ) e
<pB

We can choose the value of z on the real axis , so that
z(DMP=1£(2)) isreal , letz — 1~. Through real values
, We get the inequality (4) .Sharpness of the result
following by setting

- Bp((p+a)+(1-7)) .
(z)=z"P+ K k>
! %k("(“p)-ﬁ(wm%(lm))

p (5)

The proof is complete.

akzk}




Corollary (1): Let f € &,(B, a,n, A)then

pp ((p+a)+ (1—n))

A < [(A+p+k+1)

R k(e +p) = Bl +1) — (L + @)

Where

0<f<10<a<10<n<1,1>-p,pk €N
={1,2,..},z€ U"

Theorem (2):The classe, (5, a,n, A1) is closed under

convex liner combination.

Proof :-Let the function

A+ p+k+ 1) .
fi(z) =z p+;[(l+p)(k+1)!ak'(ak,j =20,]

=12,p€EN (6)

Be in the class ¢, (B, a, 1, 1) it sufficient is show that

the function h(z) defined by

h(z) = (1-€)fi(2)+€ f2(2) € &,(B,a,n, 1), (0 <€
<1)




IS since

hz) =27? + Z[(1—e)k,1+e i o]2* (0 <€< 1)
=p

then making use theorem(1),we see that

S [(A+p+k+1)
£ 10+ )k + D!

—(1+a))[(1-€)ay,+E a,

= [(A k+1
=(1—e)2{( TPty )k(n(k+p)
k=p

k(ntk +p) — (B((k+1n)

A+p)k+ 1)

—B(Ue+m) — (1 + a))]ay,,+

[(A+p+k+1)

© k=p|(1,+-p)(k-+-1)!k[”(kf+'p)

= B(Ue+m) — (1 + a))]ay,

<(1-e)pp(p+1)—(m—a))+
EPp(p+1)—(m—a))
=pp(p+1)—(n—a))

(7)




h(z) € &,(B,a,n, A).

The proof is complete.




3-Distortion theorems

In the following theorem , we obtain growth an

distortion bounds for the functionf € ¢, (B, a,1,1)
Theorem(3):if the function f € &,(B, a,1, 1)
then for 0 < |z| < 1.

1 fp((p +a) + (1 —1n))

|zP|
|Z|p B . [(A+2p+1)
pl2pn — (0 +m) — L+ )]0

1
< If@)l SW

pp((p +a) — (1 —n))
p[2pn —B((p+n) — (1 +a))]

+ [(A+2p+1) |Z|p (8)

[((A+p)(p+1)!




The result is sharp and attained for

f(2)

1 Bo((p +a) — (1 —n))
+ [(A+2p+1) z8 - (9)

[(A+p)(p+1)!

S pi2pn — B0+ 1) — (1 + )]

Proof : Letf € &,(B, a,n, A1), then

If(2)| =|z7P + a,z*| <
; .

oo

<121 + 12 ) a

k=p

By theorem (1) , we have

[(A+2p+1)
[(A+p)(p+1)!

i . < Bp(( + @) + (1 1)
= plpn—=B(p+n) -1 +a))]




Thus

1
If (2l <P

N Br((p+a) + (1 —n)) 2P

~ ~ [(A+2p+1)
pl2pn —B((p+m) — A+ D) =

Similarly , we have

(0] (0 0]

> @zt 2 127 - 2P ) a

k=p

- pp((p+a) + (1 —n))
2P pl2pn - B(( + 1) — (1 + )]

p
[(A+2p+1) | |

[(A+p) (p+1)!

Hence result (8) follows . The proof is complete.




Theorem (4): If the function f € &,(8, a,n, 1) ,then for
0<|z| <1.

p Br*((p + @) + (1 —n))

1z|Pt1 2P~
z p[2pn —B((p + 1) — (1 + a))]

[(A+2p+1)
[(A+p)(p+1)!

< |f' @l

- p
= |z|p+1

pr*((p+a) + (1 —n))
pl2pn — B((0 + 1) — (1 + )] e

+ |z|P~1

The result is sharp and attained for the function given by

9).




Proof :-Let f € &,(f,a,n, 1) , then

, p _
@) < i + z ka|z]<
k=p

(0]
p _
< e + 1P ), pa
k=p

P Br*((p+a) + (1 —1n))

2P p2pn — (0 +m) - 1+ )]

On the other hand

[(A+2p+1)

@) 2 Z aylzle?

(0]
p _
= e~ 2P ), pa
k=p

p Bpr*((p+ a) + (1 —n))

2|7+t p[2pn —B((p + 1) — (1 + a))]

The proofis complete.

[(A+2p+1)

[(A+p)(p+1)!

|z|P~*

[(A+p)(p+1)!

|z|P~*




4-Radii of starlikeness and convexity

[n the following theorem we obtain radii of starlike

and convexity.

Theorem (5): Letf € €,(B,a,n, ), then f is
meromorphically multivalent starlike of order ¢,

(0 <6 <p). Inthedisk|z| < r,, where

r(B,a,nA06) =

1

~ ~ B [(A+p+k+1)\ ko
in {(p 8)k(m(k+p)—pB((k+n) (1+a))|'()_+p)(k+1)l
k

p
(k+2p—8)Bp((p+a)+(1-n)) } (1D

Proof It is sufficient to show that

z2f (2
f@

For|z| <r/(B,a,n,A6), we have

<p—-6,0<p<d)

z2f (2 | zf'(z) + pf(2)
f(2) f(2)

Pz P+ Xk arz® +pz7P + Y, p agz”
Z7P 4+ Y=y Ak zk

Yy




S+ P)anz| _ S p(k + pay |zl
z7 P+ Yz | T 1 =X aglz[<tP

The last expression above is bounded by p — § if

A k+1
Kk +p) — B(k +m) — (1 + a)) 124D

pp((p +a)+ (1 —n))

Or

1

}k+p (14)

[(A+p+k+1)
ol < {(p—S)k(n(k+p)—B((k+n)—(1+a))%

(k+2p-8)pp((p+a)+(1-1))

Theorem (5) follows easily from (14).




Theorem (6): Let | € ,(B,a,n, A), then f is
meromorphically multivalent convex of orderé ,

0 <6 <p,inthedisk|z| < r,where

TZ (:8' a, T], /11 5)

1
[A4+p+k+D)\ erp

__ (P=8)kmetp)=p(+m) - +a) e <P
- "{ k(k+2p=8)Bp((p+a)+(1-1)) (15)

Proof :-It is sufficient to show that

f'(2)

For|z| < r(B,a,n,A,8), we have

zf"(z
‘1+f() <p—6,0<p<$)

1'(2)

JMON ‘ 2f"(2) + L+ p)f'@)] _

‘Hf()

p(p+1)z= P43 k(k—Dagz* 1 —p(p+ 1Dz~ PTV+3 k(p+1)axz
—pz‘(P+1)+Zj€°°=p kapzk-1

k-1

| TRy k(k+p)agzF? - Yhep k(k+p)ag|z|**P
—pz=PHD4YR kapzk 1| T p-Xpl,k aglz|tP

The last expression above is bounded by p — 6 if

 k(k +2p— &
Z ( P )ak|Z|k+pS1 (17)

& rP=o)




Inview (16), it follows that (17) is true if

[(A+p+k+1
k(G +p) — B(Ck + ) — (1 + @) 1BkeD

Br(p +a) + (1 -2))

Or

1

[(4 k+1)\ k+p
ol < {p(p—S)k(n(k+p)—B((k+n)—(1+a))%

K+
(k+2p-8)pp((p+a)—(1-1)) } (18)

Theorem (6) follows easily from (18) .
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