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Abstract:

In this paper, we investigate the stability of nth order linear ordinary

differential non-homogeneous equation with initial conditions in the Hyers-
Ulam-Rassias sense.

Keywords: Differential equation, Differential inequality, Hyers-Ulam-Rassias
stability, Initial Value Problem, Integral Equation.
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1. Introduction

In 1940, S.M. Ulam while he was giving talk at Wisconsin University, he proposed the
following problem: Under what conditions does there exist an additive mapping
near an approximately additive mapping? for details see [18]. A year later, D.H.
Hyers in [4] gave an answer to the problem of Ulam for additive functions

defined on Banach spaces. Let E1 and E2 be two real Banach spaces and f: X; —X,
be a mapping. If there

exist an ¢ >0 such that
lf(x+y)—f(X) —fWI<g

for all x, y X1, then there exist a unique additive mapping g : X1— X2 with the
property
£ (X) —g(X)I <&

bx €X1. A generalized solution to Ulam’s problem for approximately linear mappings
was proved by Th.M. Rassias in 1978 [13]. He considered a mapping f : E1 — E?2

such that  — f(tx) is continuous in t for each fixed x. Assume that there exists
6>0and 0 >p <1 such that

IFx+y) —F) — F)I <6 dxl + i)
for any x, y € E1. After Hyers result, many mathematicians have extended Ulam’s
problem to other functional equations and generalized Hyers result in various
directions, see ([2], [5]).
Soon-Mo Jung [17], investigated the Hyers-Ulam stability of a system of first order
linear differential equations with constant coefficients. Miura et al [11], proved the
Hyers-Ulam stability of the first-order linear

differential equations of the form y’ (t) +g(t)y(t) = 0, where g(t) is a continuous
function, while Jung [14], proved the Hyers-Ulam stability of differential
equations of the form ¢(t)y'(t) = y(t). Furthermore, the result

of Hyers-Ulam stability for first-order linear differential equations has been
generalized in ([15], [16], [19]).

Javadian, E. Sorouri, G.H. Kim and M. Eshaghi Gordji [6], investigated generalized
Hyers-Ulam stability




of the second order linear differential equations of the form y"+ P(x)y’ + q(X)y = f (X)
with some conditions. Maher Nazmi Qorawani [10], investigated Hyers-Ulam
stability of second order linear differential equations

of the form 2" + p(x)z’ + (q(x) — a(x)) z = 0 and nonlinear differential equations of the
form 2"+ p()z' + q(x)z = h(x) |2/’ e = [ p(x)dx sgnz with initial conditions. Li
and Yan [8], investigated the Hyers-Ulam Stability of nonhomogeneous second

order Linear Differential Equations of the form y” + p(x)y + q(x)y + r(x) =0

under some special conditions. Pasc Gavruta, Jung, Li [3], investigated the Hyers-
Ulam stability for second order linear differential equations with boundary

conditions of the form y"+ A(x)y(x) = 0. Jinghao
Huang, Qusuay H. Algifiary, and Yongjin Li [7], proved the generalized superstability

of nth order linear differential equations with initial conditions of the form y(n)(x)
+ A(X)y(x) = 0. Recently, M.l. Modebei,

0.0. Olaiya, I. Otaide [12], investigated generalized Hyers-Ulam stability of second
order linear ordinary differential equation y "+ A(x)y = f (x) with initial condition.
In this paper, we investigate the Hyers-Ulam-Rassias Stability of nth order linear
ordinary differential equations with initial condtions
y(M + By = (X)
y@) =y" (8) =y (@) =... =y @) =0,
wherey € CN [a, b], # €C[a, b] and f : [a, b] — R continuous.

Let (X,I.1) be a real or complex Banach space with a,b €R where —co<a<b <o, C
be a positive real number. Let y : (a, b) — X be a continuouus function. We
consider the following differential equation

) ( E Py'k tel
(1.1)

and the following differential inequality

tel

||;'| ZI; |fc1 f]

k=0

and
(1.2)

)| = @lt),

| yt L PoytF (1

k=0

(1.3)




2. Preliminaries

2.1. The equation (1.1) is said to have the Hyers-Ulam stability for any ¢ >
0, there exist a real number K >0 such that for each approximate solution

ye d1(1, X) of (1.2) there exist a solution Y0 ¢C7(1, X) of (1.1) with
ly =0/ < Ke Viel (2.1)

2.2. The equation (1.1) is said to have the Hyers-Ulam-Rassias stability if
there exist 8p ¢ C(R+, R+) ,

such that for each approximate solution y ¢ A7 (1, X) of (1.3) there exist a
solution 0 € A7 (1, X) of (1.1) with

Jy-0/s6p(8  Vtel (2.2)

2.3, The equatlon y(n)(x) + BAX)UX) = 0 has the Hyers-Ulam stability with
initial cona’/tlon

a = 0, /f there exists a positive constant K with the
fo/OW/ng property oreveryc>0, y ¢ [a b], If

|-|Jl.':ru'l el

and a) = ¥y (a 3 .. = AN=1)(3) = 0, then there eX/stssomez e [a
gl/cgat;%g/mg + BXNAX) =0 and Aa) = 27 () = ... = AN-1)(5) =

(2.3)

INX) = AX)] = Ke.

We need the following Lemma to prove our main results.

Lemma 2.4 (Generalized Replacement Lemma)
Suppose that g : [a, b] — R is a continuous. Then.

Pl [Sn-2 G G e v fy =gyl o
f j [ / [ g(s)dsdsidss..ds, =/ —————o(s)ds, Vx € [a,}]
b i Ja Ja Ja Jo  in=1}1 '

Theorem 2.5 :
n!

— Then

AN () + BOUX) =0 (2.4)

I[fmax |B(x)| <




has the Hyers-Ulam stability with initial conditions

na)=y(a)=..=A"1)a) =0 (2.5)
where ye O[a, b], Be da, bl and f: [a, b] — R continuous.

Proof: For every ¢ > 0, By using the Taylor
formula, we have:

1)
y(ix) = yla) -—,Ll'fi'l’ —a)+ ..+ y m“ 1“ —&)"
Thus
ly(x)| = | “:][‘r” (x —a)®
< max |1 (x)| [EJ;‘HJ” vx € [a,b],
then 3
a)?

max |y(x)| < i‘ Imax [y (x) — Blx)y(x) + Blx)y(x)
A nt L I : ¢

Now using(_2.4), we obtain
Ill!':l — 0 ]J]

max Jy(x)| < max |y (x) — B(x)y(x)| +max|B(x)| max |y(x)
] ¥ )

-2 1[}—:?1 (b—a)"
€+

— max |f(x)| max [y(x)|.

Let 7= ((b — a7 max /AX)/) /n!., K=(b-a7](n1 -n).ltis
eass/ to see that 20(x) = 0 is a solution of
n)(x) — AxX)y = 0 with initial conditions (2.5).

ly — 20/ < Kc.

Hence (2.4) has the Hyers-Ulam-Rassias stability with initial conditions
(2.5).




3. Main Resuits

3.1 Hyers-Ulam-Rassias Stability of the IVP

In this section, we shall prove the Generalized Hyers-Ulam-Rassias Stability
of the IVP

y(N + By (x) = f(x) (3.1)
y@=y" @ =y"(a)=..=y@ D@=0, (3.2)

wherey eCN[a, b], B €Cl[a, b]and f : [a, b] — R continuous.

n
Theorem 3.1.1 Suppose /A x)] < M where M= (b —a)n,, ¢:[a b] — [0,
o) /n an increasing function  The equation (3.1) has the Hyers-Ulam-
Rassias stability if for 8p € C(R+, R+) and for each approximate solution y
e d[a, b] of
(3.1) satisfying.

|_u — Bloy(x) — f(x)| < @lx)

(3.3)

there exist a solution 20 € O [a, b] of (3.1) with condition (3.2) such that:

INX) —20(x)/ = ¢(X). (3.9)

Proof. From (3.3) we have that:

—g(x) < AN = BOUX) — F(X) < KX).

Integrating from ato x, and applying condition (3.2) we have

—  —————— |



_—_—————————————5

=

~ [ p()ds <y V(x) = [ plslysds— [ fis)ds < [ p(s)ds.

o dF

On further integration and also applying condition (3.2) we have

B3| X F =5
- [ [ @(s)dsds; < y'" 2-'(1}—] / Bs)y(s)dsds,
il o (] <
51 : 3 R ST
[ f_f[s;:ds:f&:] i_-’.[ / @ (s )dsdsy.
o 47 i o il i

Continuing the process finally we can get

[ [ s
E;.:xj—/g"'_/“ [ [ /,b[‘:llui‘?‘.'dﬁrfn dsy_1

Now applying Lemma (2.1.4), we obtain

X L= \,J*f 1 X (x —5)" | o X [.'L'—Sjl”_l o
__[, —{ 11 gis)ds < ylx) — ./” Wﬁlfs;}f[h}d}-—.” W-’f{hmh

oY (.1' 5}.'.'—]
< - w(s)ds.
N j;- (n—1)! pls)d
Hence we have

X e — gt 1
y(x) - / W50 (B(s)y(s)ds + f(s)ds)

T (y—38 ]rf 1
n—1)! E.L e

W (3.5)

If we choose Zy(x) such that it solves equation (3.1) with (3.2) such that:
X [_'L' - ]|“ =1

ol v =
Z0(x) (n—1)!

(B(s)zals)ds + f(s)ds),
thus we estimate

— g 1
y(x) —zolx)] = ‘MI} f [—}—] (B(s)y(s)ds + f(s)ds)
Ja 1
d ,__['r_”“ " 2 N * (x—s)"?
+ﬁ (n—1)! {P”}Msf"f“rf“‘}‘f“:'—_n Wlﬁfmnrqmwﬂ 5))| ds
: x [‘L 7',IJI 1 |r ]
y(x) ~20(x)| < [ Timo(s) S B(s)ly(s) — zols)] | ds

Now applying (3.5) and Theorem 2.1.5, we get

—  —————— |



_—_—————————————5

nl

u 1 =
<[ {lﬂ —o(s)ds +8)] [ :En b]}r [¥(5) — 20(5)| ds

n—1 n—1
|yf_r1--zu{x:||s[ﬂ [‘[”_3'”[ oe)is-+ M [ BTy (o) s

Applying Gronwall’s inequality, we have

X n—1 P ]
Iye) —2ox) {ﬁ {}En : i ‘P{GJ‘EE’{F{ L {u—s}l }

|y(x) — zo(x) EI” {JE” Hllf]‘?(ﬂds»ax?{ { }}
) -] <e [ L gsyas

With

&7
{':L‘XP{|:I!1_H }




3.2 Hyers—Ulam—Rassias stability of linear
differential equation of first order

The aim of this section is to improve the results by proving the Hyers—-Ulam—
Rassias stability of the following nonhomogeneous linear differential
eqguation of first order:

y (1) +9(b)y(t) +h(t) = 0. (3.6)

We assume that X is a complex Banach space and I = (a, b) is an

arbitrary interval. We moreover assume that g : I — C h : I — X and ¢
. I — [0, c0) are functions such that for arbitrary ¢ € I, g(t) and exp
[; g(u)duph(t) integrable on (a, c), and further such that §(t) exp{R[ g

(u)du)} is integrable on I, where we use R(w) to denote the real part of
complex numbers w.

We prove in Theorem 3.2.1 that if a continuously differentiable function y : I
— X satisfies the differential inequality

Iy (1) + g(Oy(t) + h(@®)] < @) (3.7)

for all t € I, then there exists a unique solution yo(t) of the differential
equation (3.6) such that:

i 3 b )
[ly(r) — yol(2)] =exp { —NR (f gl{u}du)} [ p(v) exp [‘H ([ g{u}du) } dv
'] W a

In the following theorem, we will prove the Hyers—Ulam—Rassias stability of
the nonhomogeneous linear differential equation (1). More precisely, we
solve the

differential inequality (2) for the class of functions y: 7 — X.




_—_—————————————5

Theorem 3.2.1 Let X be a complex Banach space and let I = (a, b) be

an open interval, wherea, b € R U {£o0}

are arbitrarily given with a < b. Assume thatg: I — Candh : I — X are
contintious functlons such that g(t) and exp{ the real part of complex
numbers w.

fa guXuyh(t) are integrable on (a, c) for each ¢ € I. Moreover, suppose
6: 1 [0, ®)isa function such that ¢(t) exp{R(> ¢ gludu)y is

integrable on I . If a continuously differentiable function y : I — X satisfies
the

differential inequality (2) for all t € I, then there exists a unique x € X such
that:

y(t) — exp{ f {i.r}du’ ( f exp {f g{u}du} frh-'}(h') H
= expi —R (] rf)du) } ] @(v)exp IEH (—l g{z:}du)} dv

Proof. For simplicity, we use the following notation:

! ! (H
z(1) ;== exp {f g[:r}du}_vﬂj +f exp {f g{ujdu!h{v}drr
o [*] a

for each t € | . By making use of this notation and by (3.7), we get

exp {f g{u)clu}y(r'} — exp {f g(u_]d.trly(.c}
| X o ; [
+f cxp{f g(ujdu}h{wda,"
i d v
— |:cxp {f g{u]du}_l'(tﬂ} dv
5 dl: o

I v
-}-[ exp!f g(u)drr}!i(l,')di,'

4 It I
exp ! [ g{uidu} {v'(v) + g(v)y(v) + h(v)}dv

fF exp [!ﬁ ([F g{zr]du) l :pft.!ldb"
o | (3.9)

—  —————— |

llz(r) — z(s)|| =

s




_—_—————————————5

foranys,te l.

Since @(t) exp{R fat g ((u)du)} is assumed to be integrable on I, we may select t0

€ |, for any given € >0, such _ _
that s, t > t0 implies "z(t) — z(s%" < . That is, {z(s)}se | is a Cauchy net and

hence there exists an x € X such that_
z(s) converges to x as s — b, since X is complete.
Finally, it follows from (3.9) and the above argument that forany t € |

v f v f Ll
vit) —exp {—j g{u}ldu} (_1' — j exp {j g{u}dzr} h(u}ldl!) H

1

t
exp {—f g(n}du} (z(t) — x)

[}
< exp 4 —R (f g{:r}du)} lz(2) — z(s)]|
+ exp {—fﬁ (f gm}dn)l llz(s) — x||
) I I
< exp [ —R (f g{n]du)} ‘f @(v) exp {E‘Fi (f g{u}du) } dv

{
+ exp {—‘H ([ g{n}d:r)l lz(s) — x|
3 vf b "
— exp {—EH (] g{u]du) } f @(v) exp I‘H (—/ g{u}du)} dv
i f o

ass — b, since z(s) — xass — b.

rove the uniqueness of x . Assume that x1 € X also satisfies

It now remains to pr
in place of Xx.

the inequality (3.8
Then, weqhavey (




P
exp | —f g(u]dn] (x] —x)
a
of h U
< Zexp { - (j g(u]dn) } f w(v)exp {‘H ([ g(u)du) } dv
o ! a

forany t € I . It follows from the integrability hypotheses that

v v
x1 — x| E?.j r:p(u}exp{iﬂ(f g{mdu)}dv—> 0
! o

as t — b.This implies the uniqueness of x







Remark 3.2.2. We may now remark that:

! ! Ir
Vi) = f.:xp{— [ g[n}dzr} (.x‘ = [ cxp{ [ g[”}d!!} f?l[l,'}du)

Is the general solution of the differential equation (3.6), where x is an
arbitrary element of x

Corollary3.2.3: Let X be a complex Banach space and let 1 = (a, b) be an
open interval, wherea,b € R U {£wo}

are arbitrarily given with a <b. Assume thatg: [ - Cand h: I — X are
continuous functions such that g (t)

and exp{R fat g ((u)du)}are integrable on (c ,b) for every ¢ € I. Moreover,
suppose ¢ : I — [ 0, ) is a function.

Such that Q(t) exp{Rfat g ((u)du)}is integrable on I. If a continuously

differentiable function y : I — X satisfies the differential inequality (3.7)
for all t €1. then there exists a unique x& X Such that

mf i I
i}'h’! = l.:.\;p,— l g{.!.r}:l.!:I (.'r —f exp { [ g[u}dth[rJdl')
o h h o B
g ool a3 - (] -
- ﬂ\ipl H (j ,L{irr]drr) I I ) exp I‘H (f J_r[r.-‘n.i:r) | du
b o i

foranytel

(3.10)
Proof. Let J=(-b,-a) and define functions g¢;: J—C, h;:J—X, y;.J—X,
and g1:J—/0,0) by gi(t)= 9a(-t), hi(t)=hi(-1), p1()=g1(-1),

respectively.
Using these definitions , We may transform the inequality(3.7) into

ly'1(t)- 91(t)y1(t)- ha(DI<pa(t)

foreacht e J.




Since g (t) is integrable on (c ,b) with ¢ € I, so is — gi(t)on (— b, — ¢ ) with
— ¢ € J.Similarly,other integrability

hypotheses imply that for any — ¢ € J,
L."P;,|'I‘ ‘f r-g.ruudulc—fnrm and w!mcwltﬂ(f f—,&ﬂl“”du)}

Al e f

are integrable on (—b ,— ¢ ) and on J, respectively. Hence, we can now use
Theorem (3.2.1) to conclude that there exists a
unigue x € X such that:

Vit —cxpl[ glcmdn] (_1.'—[ c.‘-‘.pl— [ 5¢|[:r3d:r=.l'r|[t-]d|')H
J—h J_n Jig
< cxplfﬂ([ gr:_ir.-]du)] [ .-,c-,-{l';n:.'-;p[—:".'?.([- m[mdn)’dp
oS —h o J—h

for any t € J. Indeed, we can verify by some tedious substitutions that this
inequality is equivalent to that in (3.10).

Remark 3.2.4. We remark that for any element x of X,

II r g =T 'y
Vi) = exp [ f gl'!:}darl (.'r [ EXp ! I g[af}a.iafl I![r']Lill)
1] Wf JB o

is a solution of the differential equation (3.6).

Remark3.2.5. If we replace C by R in the proofs of both Theorem 3.2.1
and Corollary3.2.2. we can see that Theorem 3.2.1

and Corollary 3.2.2 are also true for a real Banach space X. In both cases,
we naturally assume that g is a real-valued

continuous function.

Example
If we set h(1) =0 and ¢(t) = € in Theorem 1, we obtain the following
result: Let X be a complex Banach space and let | = (a ,b) be an open
interval, where a, b € R U{#o0} . Assume that g : I — C is a continuous

and integrable function on (a ,c) for each c € I such that exp{Rf;g ((u)du)}

is integrable on 1. If a continuously differentiable functiony : I — X
satisfies thedifferential inequality




¥’ () + e(Ovit)|| < e

for all t € I, then there exists a unique x € X such that:

i
vt} —exp I = f gm]drr] X
. ) )
< £exp i—‘."ﬂ (-/ f_:[uhju)lf exp i?l (f j.{lfh'lHjn')I du
L I i

foreacht el

3.3 Hyers—Ulam—Rassias stability of differential
equation with second order

Now, the main results of this section are given in the following theorems.

Theorem 3.3.1 If a twice continuously differentiable function
y : | — R satisfies the differential inequality

" + plx)y + glxiy +rix)| <€

(3.11)

forallt € I and for some ¢ > 0, and the Riccati equation uf(x) +
p(X)u(x) - u2(x) = g(x) has a particular solution, then there exists
a solutionv : I — R of (1.5) such that
lyi{x) - vix)| < Ke,
(3.12)

where K > 0 is a constant.



Proof: Lete>0andy: | — R be a continuously differentiable
function such that

' +plx)y +g(x)y +rix)| <

(3.13)

We will show that there exists a constant K independent of ¢ and v such

that |y — v| < Ke for some v € C2(1) satisfying vIT + p(x)V + q(X)v +
r(x) = 0.
Assume that céx) is a particular solution of Riccati equation uf(x) +
u

piix)u(x) - U4(X) =

g(x); 1f we set
g(x) = y'(x) + c(x)y(x), d(x) = p(x) - c(x),
(3.14)
then
g'(X) =y (X)+ c(X)Y (X)+ C(X)y(X), (3.15)
thus

9" () + d(x)g(x) + r(x)| =

Iy ()+(c()+d(x))y" +(c” ()+d(x)c(x)y(x) + r(x)l|

= y" +pX)y' +gx)y + r(x)| <e
(3.16)




Using the similar technique in [14], we can prove

w(x) = L'xp!J‘. { .f{.-:}:-ri::i ’{;;;q:'.-j £) L'xp{ [ { .i[x']hf.ﬂ}
- [ —ri{s) E!?.’|."'{ - [ (—d{t))dt ].-1'--]

= u'x].‘-{ [ { rf-!.'e_‘.-:ni.'«} I(_glil.‘f} - £) L-:xp{ [ If.i'[l‘]‘.-uf:} | [ ris) L-_'xp{ [ (d(t))dl }-ﬂ'.&]

satisfying
wl(x) + d(x)w(x) + r(x) =0, (3.17)
and there exists an L > 0 such that
| g(x) = w(x)| <Le (3.18)
By 9(x) =y’ (X)+c(x)y(x),
we get

ly' () + c(X)y(x) —w()| <e
(3.19)

Using the same technique as above, we know that

||
{y(b) —z'}e-KPH—J’ i—a--:,.r]m.a}
'[ E‘a:"[H}L."XP{ I i L‘[J'J]H'f}rf:u:|

i - h g
= L".\P{ [ (—cis))ds ] l{__t_rl_h_:- —e'}ﬁ.‘{p{J [e'-:.:}?:f.c] —f zu[afmxp{J (oft) yelt }Li.‘t‘]

12.11)

olx) = -.-m]:.-{ [ l:—r[*‘:'].ﬂ':-]




Satisfying
VI(X) + c(X)V(X) - w(X) =0, (3.20)
and there exists a K > 0 such that
y(x) — v(x)| < Ke.

(3.21)
The desired conclusion is proved.




Theorem 3.3.2 Let p(x), q(x), and r(x) be continuous real functions
on the interval | = (a, b) such that p(x) £ 0 and y0(x) is a nonzero
bounded particular solution p()_()g”+q(x)yr_+r(x)y =0.Ify:1-Risa
twice continuously differentiable function, which satisfies the
differential inequality

px)yrr + q(x)yr + r(x)y| <e (3.22)

for all t € I and for some ¢ > 0, then there exists a solutionv : | — R

such that
ly(x) — v(x)| < Ke (3.23)

where K > 0 is a constant, and v satisfies
P(X)V' +q(X)V +r(x)v =0,

Proof. Setting y(x) = yO(x)f;z (s)ds, we obtain

d:'"
Y (x) = _Ir.'.{l']J z(s)ds + yo(x)z(x)

and also

y'(x) = _I_F.:-I':.l:IJ z{s)ds + 2y (x)z(x) + wplx)z (x)

(3.24)
By a simple calculation, we see that
| laxdimn(x)z"{x) + [Z2p{x)anix) + glx)al
= |p ()™ (x) + glacdh' (ad + rixdrix)|
= €. (3.25)

~ Without loss of generality, we may assume that p(x)y0(x) > O.
Using the similar technique in [14], we know that




*2o(s)y(s) + g(s) ) P I3n(s)y (s) + g(s)
z1(x) = L-xl_-:,[ J) ! b fi5, ”1.‘_} |i|:.:|:h-| £) "'HF‘[J’ F A i ds

yols)

satisfies

plax)y (x)z) (x) + [ 2plx)y; (x) + glx)wn(x) |z (x) =0

and also

|2(x) - zZL(X)| < Le

forsomeL >0

() ( y(b) ) J' (o)
Al X)= | — T —E )= c1la s
i wnib) bt

satisfies
(X)) = Zi(x) =10
And also
z{x) = z(x)| < Q¢
for some Q > 0.
Consequently, we have

[y(x) = z2(x)yolx) | < Me

Wals)

From the inequalities —Le < z(X) — z1(x) < Le and the similar

technique in [14], we further get that

(3.26)

(3.27)

(3.28)

(3.29)

]




for some positive constant M.
Define v(x) = z2(X)y0(x). It then follows from the above

inequality that |z(Xx) - v(X)| < M & holds for every x € I. We can easily

verify that v satisfies p(x)v" + q(x)Vvl + r(x)v = 0. This completes the
proof of our theorem.

We can prove the following corollaries by using an analogous
argument. Hence, we omit the proofs.

Corollary3.3.3. Let p(x), g(x), and n(x) be continuous re
functions on the interval I = (&, b) such that p(x) /£ Q and r:
+ p(X)r + Ig(x)_ = 0. If y :I - R s a twice continuously
difterentiable function, which satisfies the differential inequality

|i'-”:-"-'1-'_lfh. +gix)y + r'-,'.‘L'fllz;l < E

(3.30)

for all t € I and for some ¢ > 0, then there exists a solutionv : | — R
such that

lw(x) = v{x)| < Kg, (3.31)

where K > 0 is a constant, and v satisfies p(x)v' + q(x)v + r(x)v = 0.

Corollary334 Let p(x), q(x), r(x), and s(x) be continuous real
functions on the interval | = (a, b) such that p(x) £0 and yQ(X) is a
nonzero bounded particular solution p(_x)yf”+q(x?y”+r(x_)yf+s(x)y=
0. If y:I—=R is a twice continuously differentiable function, which
satisfies the differential inequality

[pl)y” +gla)y” + r{x)y +s(x)y| < e

(3.32)




for all t € I and for some € > 0, then there exists a solution v
I — R such that:

lwi{x) —vlx)| < Ke,
(3.33)

where K > 0 is a constant, and v satisfies

POV +g)V +r(O)Vv+s(xX) v = 0.
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