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1- Introduetion :

Let >p denote the class of function F(Z2)

of the form:-
f(2) == =Yipanz® .  peIN (1,1)

which are analytic and multivalent in punctured
U*={z:ze¢and 0<|z|<1}=U\{0}Unit disk

We denote by ¥ (8,P) and Yk (B,P)

respectively the classes of meromorphic multivalent
starlike function of order g and meromorphic multivalent
convex function of order g .

Definition 1 :- A Function F (z) in the class Yp isin

the class ), if itis given by

(@)= =Spa,Z" (an20,peIN )(1.2)

We define the Hadmard product ( or convolution ) of fand g by
(f+0) (2) =5+ X, anby 2"=(@+1)Z. (13)

For positive real values of ay,...04 and B ,..., Bs

(,Bj#(),- 1,..., j: 1,2 ,...,S),

We now define the generalized by pergemetric function




qFs (ays...., ag)(B1, ....Ps ; 2)

(al)n (“q)n FAS

qFs (o,....0q; B .. s 12)=35=, B (Bm —(1,4)

(g<ss+1;q,seINO=INU{0};ZeU},
(1.5)
Where (0)

(0 v=0
V= {6(6+ DO +2)..(6+7r—1); veN

Corresponding to the function hp (ay,...,0q; B1,..., Bs; Z)
defined by :

hp( dgs...., g, Bu ... s, 2)= ZPqFs = (o, ..,0q B1-...Bs 12) (1.6)
We consider alinear operator

Hp (aa,...,0q01,....0s) : 2 p —>>Dp.

Which is defined by means of the following Hadamard

product (or convolution ):

Hp(ay,...,0q81, ... 5s) T (2)=hp (ay,...,0q81, ... 55 2)+F(2) (1.7)

We observe that .for afaction f (z) of the form (1.2); we

have




Hp(as,...0q; Br.-- ) f(2) = 5 znp((;g” Eﬁ"))” nZ (L8

If , for converence , we write

Hp ’ q .S ( al)= Hp ( all"'laq; ﬁll'-'/ ﬁS)I (19)

Then one can easily verify form the definition (1.7) that

Z(Hp ,q,s (a1) T (2) = asHp,q.s (01+1) (Z) ~(os+p) Hp.q.s (o) F(2)
(1.10)

The linear operator Hp,q,s (a1) was investigated recently by liu
and srivastara[10].

Some interesting sub classes of analgtic function associated with
the generalized hyper geometric function , were considered
recently by ( for example ) Dziok and srivastara ([6] and [7]).

Gangadheranetal .[8] and Liu [9] .

Definition : A functionf (z) in the class $ pis in the class Sp (q, s, o,

A,B, A ) if it satisfies the condition .

z(Hp, q,5(e)f(2))
Hp,q,s(a;)f (2)

+p

<1, (zeU) (1.11)
z(Hp, q,s(a)f (2))
Hp,q,s(a1)f(2)
for fixed parameters A, B ,A (-1 <B <A<1; 0 <A<p; peN)
and 1,°f(Z) is given by (1.4)

+ [pB+(A-B) (p-A)]




L+ +
Let us write ), p( (q,s,01,A,B,1)=); p N Yy (@,s,0,A,B,1)

Here, we under take the systematic study of anew subclass

2; (9,s,01,AB, 1 ).

Such type of study has been already under taken by several
anthors , like Aouf [1.2] choetal [5],

Mograetal [11] and Atshan and kulkarni [3,4]




2- coefficient bounds

In the following theorem , we obtain a sufficient condition for a
function f (z) to be in the class Y, (q ,s,01,A,B, h )

Theorem :- Letf (z) e Y. I

(a1)n - (Ag)n
(ﬁl)n (,Bs)nn!

<(A-B)(p-1) (2-1)

% = (064D) (14B) +(A-B) (p- ) oo

Thenf(z)isintheclass > ,(q,s, a;,AB, 1)

pI’OOf:- Assume (2-1) holds for all admissible values A,B, A

Let the expression .
J(f) = | Z (H,p,q,s(al) f(2)) +p(Hp,q,s(a) f(2) |-

.5(cy) f(2)) + [PB+(A - B)(p -1 ) ] Hp,q.5(0t) f(2)

(2.2)

Since

o (@), (@),

. _1
l,” £(2) = X, = p (ﬁl)n (ﬁs)nn'

a, Z" then

G /__ 1 0 (al)n (aq)n n-1
7P =+ 2 0 (G52 e

Therefore , we have for 0<| Z|= r<1




( (@1)n - (ag)n .)an 7"+ p Zip

—l-n L &+
JMO=lp5 +X, = (B)p - (B n!

. (@), (q)n n
Zn=pP( gy gy D 7
(@) - (@

q)n
B o By 220+

PB+(A-B) (p- )% + 3y, = o

‘B(pz—p Zn_ n(
@D - (@n Y.
B ) D) ‘

_ g ( @@ Y, e
T4 0) gy )2

|<A-B)(p-z)+zn°§pnp( ((;‘11)): ((ﬂq)" JaZ 3, " (pB

(al)n (aq)n n+p
B - Bo)n ) i
(1)71 (aq)n \

Zn=pl @B AB) (1) (g5 =5 o)

(@)n - (a q)n ) p
B (B 3l T~ (AB)P-2)

5,2 o) ( Ay - 1)s

—a, 2"

<5, 2 )

o0 _ ) (al)n (aq)n \ n+p
# 2y 2 (B (A-B)p- ) (oSS

2 () (@B + (A= B -2)( (g5 ((/5:3)’1 el 17

- (A-B)(p-1) (2.3)

AR




Since the
above in equality holds for all r,0<r<1, lettingr— 1,in (2.
3) we get the result (2.1) This completes the proof .

Theorem 2:- Let f(2) € ), ;; . Then f(2) €

2; (q s.0l, AB, 1)ifand only if

2 000 (@8)+ (=86~ (G555 D

<(A-B)(p-1) (2.4)
The result (2.4)is sharp
Proof :- form Theorem 1 ;itis sufficient to prove

TheConly if ? part . Letfe 2; (q,s,or,AB, 1),the

z(Hp, q,S(a1)f(Z))/+ D
Hp,q,s(a1)f (2)

/

z(Hp,q,s(ay)f(2))

5 THpas@)f@ PBrABe-1)
R L

(@)n - (@g)n wp
. d ')anz

(A-B)p-2)+5, = (o) (A= B)(p- 1) (ot

<1 ,(zeU)
Since Re {z} < | z| forall z, it follows that

VY




(@ (@)
=0 (G5 o )

re{ <1

(A-B)p-2) -, Z e+ (A B)(p - 1) 2 0 Yo 2

anZn+p

(zeU"). (2.5)

We choose the values of z on the real axis sothat

2(Hp, q,s(@)f (2))
Hp,q,s(ay)f (2)

Through real values , weget.

(@)n - (Ag)n
(Bn - (Bs)nn!

is real ,by letting z —1

) a <(AB)p-2)-

% = p+0) (

(al)n (aq)n )

Zn = B+ (B0 {55 T

There fore

5 2 o (+)(+B) + (A= B)(p - A )((;01‘31” (ﬁﬁzn Jans

(A-B)(p-1),
Wich completes the proof of Theorem 2.
The result is sharp for
) (A-B)(p — A)
fWz)= = +
22 "n+p)(1+B)+(A-B)(p—2)(

(@1)n - (Xg)n ) ,PEIN
(B)n - (Bs)nn!

corollary 1:- Let f(z2) €, ;;(q , S, a1,A,B, 1), Then

VY




(A-B)(p — 1)

ap <
m+p)(1+B)+(A-B)(p-2)(

V¢

(@)n - (Ag)n

(B1)n - (Bs)nn!

)




3- Distortion Theorem :

In The following Theorem , we obtain distortion bounds for f (z) ¢

Z ;;(q , S, allAlBl /1)
Theorem 3:- Let f(z) € ), ;;(CI , S, 01,A,B, 1) .Then

(A-B)(p — /1)

1
a)p - @p N | 2| = [f(2)]
|Z | p (Zp(l +B)+ (A-B)(p A)((ﬁ )p (,Bs)pp!)

(A-B)(p - /1)

|21|P 1+B)+ (A-B)(p— 1A ( )y - (“a)v)|2|p(3-1)
ep(l+ B+ (=B =) (8,

<

The result (3.1) is sharp for the function

(A-B)(p - 1) 7°
1
F(7) = L (@), @)
( ) Zp (Zp(l + B) + (A B)(p /1)((’3 ) (’3 ) p|)

Proof:- Let f(z)e ) ;;(q , S, 03,A,B,A) . By Theorem2, we have

. (A-B)(p — A)
_ n < D - a)p N » PEIN (3.2
Z:n—p a ep(1+B)+(A-B)(p— /1)((([; ! ('(gf)zp!) PelN (5:2)
Thus
o0 1 o0

Now ,by usmg (3,2) we get

Yo




ot (A- B)(p—/l)
p+ a
|| ep(1+B) + (A-B)(p — A)((ﬁ)n 5.

| f(z)| <
)pD!

Simitarly , we get
(A-B)(p —/1)

P+ 8+ (A-B)p =) (g5 2 )

1
|f(Z)|2w-| z|°

And this completes The proof of Theorem 3 .
The result is sharp for : f (2) =

. (A-B)(p — 1)

|z|p ep(1+B) + (A-B)(p /1)((/),1)”

(qu)p )Zp
(Bs)pD!

1




4. Radii of starlikenss and convexity:

In the following theorems, we obtain the region of univalency
in particnlar , starlikeness and convexity for the class

> ;(q , S, 01,A,B, 1).

Theorem 4 :-

Iff(z) e X :;(q , S, 01,A,B, 1), Then f(z)is meromorphic
multivalent starlike of order

© (0O <p)inthedisk |z| <ri(q,s, 01,AB, 1,0 )where:-

r(,s, a,AB, 1,0)

(al)n (aq)n N 1

(Bl)n (Bs)nn!}}m

:inf{(p— )+ (Mm+p)(1+B)+A-B)(p—-21)(
n

(2p+n—-0)(A-B)(p—4)

(4.1)
The result (4.1) is sharp

Proof :- Let f(z) € ), ;(q ,'S, 01,A,B, 1), Then by Theorem
2:-

_ (@), - (@)
) (448 + B0 -Gy G5 ans< 14.2)

n=p
(A-B)(p — 1)
It is sufficient to show that

<p-© (4.3

‘Zf&hp

f(Z)
For | z | <r,(q,s, a;,AB, 1,0)whereri(q,s,a;,AB, 1,0)

ARY




Is given by (4.1)

Since

1 o0 n ! - ®©
@)= 5 +Zp = pan 2", Then Zf(2) =pZ®+ ¥ _

P na,Z".

Therefore :

Zf(/z) + :Z7°’Lo=p(7;"p)anzn+p SZno_—op(n+p)an |Z|ttP .
f(2) ‘ 1+Y n=p Anzn+p 1-Y .2 ,an |Z|HP
p-O.

Provided that :

Loy e TS @44

Now making use of (4.2) ,we observe that (4.4) hold true if:

(@)n - (@g)n

n+p S (p - e)(n + p)(l + B) + (A - B)(p - A)((ﬁl)n (ﬁs)nn|) p€ IN
(Zp+n—-06)(A-B)(p—4)

2|

Hence

(al)n (aq)n

~ e ( 1
2| < {0 O@+PA+B+A-Bp—2) (g3 (ﬁs)nn!)}n+p(4_5)
(2p+n—0)(A-B)(p— 1)

YA




Setting | Z | =r(q,s, 0;,A,B, 4 )in (4.5) we get the
radius of starlikeness , which completes the proof of the
Theorem 4.

The result is sharp for the function given by:

(a-8)(p-2)
(al)n (aq)n 7n
G ) (148) + v - 2) ((ﬁl)n (ﬁs)nm)

1
Fn(z)=Z—p +

Theorem5 :
Iff(2) € ) ;(q , S, 01,A,B, 1), Then f(z) is moromorphicmultiva

Lent convex of order © (0 <O<p) in the disk | Z | <r,

(q,s, a,AB, 1,0)wehave

1 _ _ _ (@)p - (ag)n 1
r (q,5,01,A,B, 1,0 )=”./lf P08+ +B)+(A-B)(p-4) (((31),, (Bq)nn!>>}m

n n(2p +n— ©)(A-B)(p — 1)

(4.6)
The result (4.6) is sharp .
Proof :- let f(z) € ); ;(q , S, ,LA,B, 1) Then by Theorem2

© (nep)(14 D) (G
+ 1+B)+(A+B — A
Z = p n p ( )(p ) (ﬁl)n (ﬁs)nn! an Sl

(A-B)(p — 1)
It is sufficient to show that :-

VA f/(z)
f(2)

For |Z|<r2(q,s, 01,AB, 1,0)where ry(q, s, a;,A,B, 1,0)

+1+p‘ <p-0 4.7)

V4




Is given by (4.6)

1 o0
Since f(2) mp+ Y= p & Z" . Then

/ o0
Zf(z)=-pZ* +¥ , _ pnanZ”. There for :
ij(z) ¥ 14p| = Lpn(nip)anz?
f(2) —D+X n=pnanz™*P

0
< D n=pn(n+p)an| Z|n+p

p—Y n=pn an| z|"*P =P-9,

Provided that :
o0 n(Zp +n+ 6) n+p
Zn=p Wan|z| <1 (4.8)
Holds true if :
B _ _ (al)n (aq)n
1z PP OAPA+B) +A=BYP =gy gy )
n(2p+n—-0)(A-B)(p—4)
,pe IN
Hence .
B _ (1) - (@g)n 1

2| PP DOARAFBFEDE -, Gy

n(2p+n—-0)(A-B)(p—41)
4.9)

Setting |Z| =12(q, s, a,,AB, 1,0) in (4.9) ,we get the radians
of convexity , which completes the proof of Theorem 5.

The result is sharp for the function given by :-




et (A-B)(p—4)
2 s ma+ma-Be- 1)

(@ — (gl )Z”-
(Bl)n (Bs)nn!

AR




5- convex combination:

In condinnation of our study we shell prove that the class

+ : .
D p(q , S, a3,A,B, 1) is closed under convex combination .

Theorem 6:- let The functions Fy (z) be given by :

1 0 .
Fe(@)=—+ D n=pd kz", k=1,...., mank>0(5.1)
Be in the class ); ;;(q ,S, 01,A,B, 1) forevery k=1,2,....m
Then the function , g(z) defined by :

(Z)——+Z Z" by>0(5.2)

n = P

Is also in the same class ); :;(q , S, a3,A,B, 1) where
1 m

bn_gzk _ (a k(=pptl,.) (5.3)

proof :- since F, (2)e ), +(q , S, 0,A,B, 1) by Theorem 2 ,That

( (@), - (ag)
T p )8 + (on)o-2) (G ) an

< (A-B)(p-2) ,pelN

Hence

oo (@), - (@)
Sp=p@en)+8)+a-ne - (g, _(ﬁs)nn!)bn

AR




- o0 _ _ (“1)11 (aq)n
[ Yk=10n , k]
(a), - (ag)

=3, 1Zn_ (a+p)(1+B) - A-BY® - ,1))(( NOR) =)an, K
< A-B)(p-1)
Then byTheorem 2, we get g(z) € ); :;(q ,S, 01,AB, 1)

This completes The proof .

vy
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