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 الإهداء

 أهدي هذا الجهد البسيط إلى من سببهم 

 توصلت إلى هذه المرحلة الدراسية ولولا دمائهم الطاهرة لما 

 استطعت إن أكمل مسيرتي الدراسية الا وهم شهداء  العراق 

ومن تبقى في جبهات القتال من الحشد الشعبي المقدس 

 والجيش العراقي وكل فصائل المقاومة 

   اهدي لكم هذا العمل المتواضع
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 شكر وتقدير  

 قـال رسول الله صل الله عليه واله وسلم

 ))من لا يشكر الناس لا يشكر الله((

الدكتور            اشكر في هذا الصدد الأستاذ المشرف  

 وقـاص غالب عطشان

 لنصائحه  الثمينة وتوجيهاته القيمة  

كما أتوجه بالشكر إلى من أوصاني الله بطاعتهما وبرهما ... أبي و  
أمي والى كل من يد لي يد العون والمساعدة في إتمام هذا  

 البحث  

 ولله الحمد من قبل ومن بعد  
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troduetion :In -1 
Let  ∑p   denote the class of function  F(Z) 

   of  the  form:- 

f(z) = 1
zp

= ∑ 𝑎𝑛𝑧𝑛∞
𝑛=𝑝   ,        pϵ IN    (1,1)   

which are analytic  and multivalent  in  punctured  

U*={z : z ϵ ¢ and  0< | z | <1 } = U \{0}Unit disk 

We denote by  ∑* (𝛽,P) and  ∑k (𝛽,P) 

respectively the classes of  meromorphic  multivalent  

starlike function of order 𝛽 and meromorphic multivalent 

convex function of order 𝛽 .  

is in   PA Function   F (z) in the class  ∑ -1 : Definition

the class  ∑  +
𝑝 if it is given  by  

 )(1.2) f (z) = 1
zp

= ∑ 𝑎𝑛𝑍𝑛 ∞
𝑛=𝑝    ,( an ≥ 0 , p ϵ IN 

We define the Hadmard product ( or convolution ) of  f and g by  

(f * g) ( z ) = 1
zp

+ � 𝑎𝑛 𝑏𝑛  𝑍ℎ ∞
𝑛=𝑝 = (g * f )Z .  (1.3) 

For positive real values of   α1,…αq  and β1 ,…, βs 

(βj ≠ 0,- 1,…,    j= 1,2 ,…,s), 

We now define the generalized by pergemetric function  
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qFs ( α1 ,…., αq)(β1, …,βs ; z)  

by  

qFs (α1,…,αq ;  β1, …,βs ;z)=∑
(𝛼1)𝑛 … (𝛼𝑞)𝑛
(𝛽1)

𝑛
… (𝛽𝑠)𝑛

∞
𝑛=0

zn

𝑛!
(1,4) 

 (𝑞 ≤ s + 1 ; q, s ϵIN 0 = IN U {0} ; Z ϵ U } ,  

 (1.5) 

  Where (0) 

v= � 0      𝑣 = 0                                               
Ɵ(Ɵ + 1)(Ɵ + 2) … (Ɵ + 𝑟 − 1);  𝑣𝜖𝑁 

Corresponding to the function hp (α1,…,αq ; β1,…, βs; z ) 

defined by :  

hp( α1,…., αq, β1,…,βs; z)= Z-pqFs = (α1,…,αq ;β1,…,βs ;z) (1.6) 

We consider alinear operator  

Hp (α1,…,αq;β1,…,βs) : ∑p        ∑p. 

Which is defined by means of the following Hadamard 

product (or convolution ): 

Hp(α1,…,αq;β1,…,βs) f (z)= hp (α1,…,αq;β1,…,βs;z)*f(z)(1.7)  

We observe that .for afaction  f (z) of the form (1.2); we 

have 
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−∑
(𝛼1)𝑛 … (𝛼𝑞)𝑛
(𝛽1)

𝑛
… (𝛽𝑠)𝑛

∞
𝑛=𝑝  an

𝑛! Z
n.  (1.8) Hp(α1,…αq; β1,…,βs) f(z) = 1

zp
 

If , for converence , we write 

Hp , q . s ( α1)= Hp ( α1,…,αq; 𝛽1,…, 𝛽s),                    (1.9) 

Then one can easily verify form the definition (1.7) that  

Z(Hp ,q,s (α1) f′ (z) = α1Hp,q,s (α1+1) f(Z) –(α1+p) Hp,q,s (α1) f(Z) 
.(1.10) 

The linear operator Hp,q,s (α1) was investigated recently by liu 
and srivastara[10].  

Some interesting sub classes of analgtic function associated with 
the generalized  hyper geometric function , were considered 
recently by ( for example ) Dziok  and srivastara ([6] and [7]). 

Gangadheranetal .[8] and Liu [9] . 

 

,  1the class ∑p (q , s, α class ∑ p is inz) in the ( fA function Definition :

A,B, 𝜆𝜆 ) if it satisfies the condition . 

 

 

                        𝑧(𝐻𝑝, 𝑞, 𝑠(𝛼1)𝑓(𝑧))̷
                  𝐻𝑝, 𝑞, 𝑠(𝛼1)𝑓(𝑧) + p 

                                                                        <1, (z ϵ U) (1.11) 

β
𝑧(𝐻𝑝, 𝑞, 𝑠(𝛼1)𝑓(𝑧)) ̷

𝐻𝑝, 𝑞, 𝑠(𝛼1)𝑓(𝑧)
+ [pB+(A-B) (p-𝜆𝜆)] 

for fixed parameters A , B ,𝜆𝜆 (-1 ≤ B <A≤1; 0 ≤ 𝜆𝜆< p; pϵN ) 
  and Ip

σf(Z) is given by (1.4)  
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 (q,s,α1,A,B,𝜆𝜆)= ∑
+
𝑝 ∩  ∑  p (q , s ,α, A, B , 𝜆𝜆 ) (Let us write ∑

+
𝑝 

Here, we under take the systematic study of anew subclass  

   ∑+
𝑝  (q ,s, α1,A,B, 𝜆𝜆  ) . 

 

Such type of study has been already under taken by several 

anthors , like Aouf [1.2] choetal [5] ,  

Mograetal [11] and Atshan and kulkarni [3,4]  
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coefficient bounds  -2 

In the following theorem , we obtain a sufficient condition for a 
function f (z) to be in the class ∑p ( q ,s,α1,A,B,  h  ) 

Theorem :- Let f (z) ϵ ∑p . l f  

∑
∞

𝑛 = 𝑝  ( (x+p) (1+B) +(A-B) (p- 𝜆𝜆)) 
(𝛼1)𝑛 … (𝛼𝑞)𝑛

(𝛽1)𝑛 … (𝛽𝑠)𝑛𝑛!      |an| 

              ≤ (A –B) (p - 𝜆𝜆 )                 (2-1) 

Then f (z) is in the class   ∑p (q , s, α1,A,B,  𝜆𝜆 ) 

proof:- Assume (2-1) holds for all admissible values A,B, 𝜆𝜆 

Let the expression . 

 -J(f) =   Z (H,p,q,s(α1) f(z)) +p(Hp,q,s(α1) f(z)   

Bz (Hp,q,s(α1) f(z)) + [pB+(A – B)(p -𝜆𝜆 ) ] Hp,q,s(α1) f(z)  (2.2) 

Since 

Ip
σ f(Z) = 1

zp
 + ∑ ∞

𝑛 = 𝑝
(𝛼1)𝑛 … (𝛼𝑞)𝑛

  (𝛽1)
𝑛

… (𝛽𝑠)𝑛𝑛!   an Zn then  

 

   (Ip
σ F(z)) = -p 1

𝑧𝑝+1
 + ∑ ∞

𝑛 = 𝑝n ( (𝛼1)𝑛 … (𝛼𝑞)𝑛
  (𝛽1)𝑛 … (𝛽𝑠)𝑛𝑛!)an Zn-1 

Therefore , we have for  0<| Z|=  r<1 
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   J (f) = |-p 1𝑧𝑝  + ∑ ∞
𝑛 = 𝑝n ( (𝛼1)𝑛 … (𝛼𝑞)𝑛

  (𝛽1)𝑛 … (𝛽𝑠)𝑛𝑛!)an Zn+ p 1
𝑧𝑝

 

∑
∞

𝑛 = 𝑝 𝑝(
(𝛼1)𝑛 … (𝛼𝑞)𝑛

  (𝛽1)
𝑛

… (𝛽𝑠)𝑛𝑛!)  an Zn| 

−  B(-p 1
𝑧𝑝+  ∑

∞
𝑛 = 𝑝 𝑛( 

(𝛼1)𝑛 … (𝛼𝑞)𝑛
  (𝛽1)𝑛 … (𝛽𝑠)𝑛𝑛!)  an Zn) + 

[pB + (A – B) (p - 𝜆𝜆 )( 1𝑧𝑝  + ∑
∞

𝑛 = 𝑝(
(𝛼1)𝑛 … (𝛼𝑞)𝑛

  (𝛽1)𝑛 … (𝛽𝑠)𝑛𝑛!)an Zn) 

=   ∑ (n + p)∞
𝑛=𝑝  ( (𝛼1)𝑛 … (𝛼𝑞)𝑛

  (𝛽1)𝑛 … (𝛽𝑠)𝑛𝑛!)anZn+p 

| (A-B)(p-𝜆𝜆  ) + ∑
∞

𝑛 = 𝑝np( (𝛼1)𝑛 … (𝛼𝑞)𝑛
  (𝛽1)𝑛 … (𝛽𝑠)𝑛𝑛!)anZn+p+ ∑

∞
𝑛 = 𝑝(pB+  

       (A-B) (p - 𝜆𝜆 )(
(𝛼1)𝑛 … (𝛼𝑞)𝑛

  (𝛽1)𝑛 … (𝛽𝑠)𝑛𝑛! )anZn+p | 

= ∑ ∞
𝑛 = 𝑝(n+p) ( (𝛼1)𝑛 … (𝛼𝑞)𝑛

  (𝛽1)𝑛 … (𝛽𝑠)𝑛𝑛!)anZn+p    -    ( A-B) (p - 𝜆𝜆 ) + 

∑
∞

𝑛 = 𝑝( (p +n) B+ (A-B) (p - 𝜆𝜆 )  ( (𝛼1)𝑛 … (𝛼𝑞)𝑛
  (𝛽1)𝑛 … (𝛽𝑠)𝑛𝑛!)anZn+p 

≤∑ ∞
𝑛 = 𝑝(n+p) ( (𝛼1)𝑛 … (𝛼𝑞)𝑛

  (𝛽1)𝑛 … (𝛽𝑠)𝑛𝑛!)| an|  rn+p  – (A-B)(p - 𝜆𝜆 )  

+ ∑ ∞
𝑛 = 𝑝((p+n)B+ (A – B)(p - 𝜆𝜆 )( (𝛼1)𝑛 … (𝛼𝑞)𝑛

  (𝛽1)𝑛 … (𝛽𝑞)𝑛𝑛!) |an|  rn+p 

∑
∞

𝑛 = 𝑝((n+p) ((1+B) + (A – B)(p - 𝜆𝜆 )( (𝛼1)𝑛 … (𝛼𝑞)𝑛
  (𝛽1)𝑛 … (𝛽𝑞)𝑛𝑛!)|an|  rn+p 

- (A-B)(p - 𝜆𝜆)           ( 2.3) 
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  Since the 
above in equality holds for all  r, 0< r < 1 , letting r→ 1 , in (2 . 
3) we get the result (2.1) This completes the proof . 

        

 Theorem 2:- Let f(z) ϵ ∑
+
𝑝    . Then f(z) ϵ   

 ∑
+
𝑝   ( q ,s,α1, A,B, 𝜆𝜆 )if and only if  

∑
∞

𝑛 = 𝑝((n+p) ((1+B) + (A – B)(p - 𝜆𝜆 )( (𝛼1)n, … (𝛼1)n
(𝛽1)𝑛 … (𝛽𝑠)𝑛n!)an 

≤ (A- B) (p - 𝜆𝜆 )           (2.4)  
The result (2.4)is sharp   
Proof :-  form Theorem 1 ; it is  sufficient to prove  

The(( only if )) part . Let f ϵ    ∑
+
𝑝  (q , s , α1 , A,B,  𝜆𝜆 ) , the 

 

             𝑧(𝐻𝑝, 𝑞, 𝑠(𝛼1)𝑓(𝑧)) 
            𝐻𝑝, 𝑞, 𝑠(𝛼1)𝑓(𝑧)  + p                           

 

      𝐵    
𝑧(𝐻𝑝, 𝑞, 𝑠(𝛼1)𝑓(𝑧)) 
𝐻𝑝, 𝑞, 𝑠(𝛼1)𝑓(𝑧)   + [pB + (A-B) (p- 𝜆𝜆 ) 

 
 

           ∑
∞

𝑛 = 𝑝(n+p) ( (𝛼1)n, … (𝛼1)n
(𝛽1)𝑛 … (𝛽𝑠)𝑛n!)|an | Zn+p  

= 

 

(A–B)(p - 𝜆𝜆 )+∑ ∞
𝑛 = 𝑝((p+n)B+ (A– B)(p - 𝜆𝜆 )( (𝛼1)𝑛 … (𝛼𝑞)𝑛

(𝛽1)𝑛 … (𝛽𝑠)𝑛𝑛!)an zn+p   

< 1  , (z ϵ U* )  
Since Re {z} ≤ │z│ for all z , it follows that  
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                    ∑
∞

𝑛 = 𝑝(n+p) ( (𝛼1)𝑛 … (𝛼𝑞)𝑛
(𝛽1)𝑛 … (𝛽𝑠)𝑛𝑛!)  anZn+p  

Re{___________________________________________________________________________________}<1 

                   (A–B)(p - 𝜆𝜆 ) -∑
∞

𝑛 = 𝑝((p+n)B+ (A– B)(p - 𝜆𝜆 )( (𝛼1)𝑛 … (𝛼𝑞)𝑛
(𝛽1)𝑛 … (𝛽𝑠)𝑛𝑛!)anZn+p  

,(z ϵ U* ) .  (2.5) 

We choose the values of z on the real axis sothat 

       𝑧(𝐻𝑝, 𝑞, 𝑠(𝛼1)𝑓(𝑧)) 
𝐻𝑝, 𝑞, 𝑠(𝛼1)𝑓(𝑧)  is real ,by letting z       1- 

      Through real values , weget. 

∑
∞

𝑛 = 𝑝(n+p) ( (𝛼1)𝑛 … (𝛼𝑞)𝑛
(𝛽1)𝑛 … (𝛽𝑠)𝑛𝑛!)  an  ≤ (A-B) )(p - 𝜆𝜆 ) – 

∑
∞

𝑛 = 𝑝(p+n) B+ (A-B)(p - 𝜆𝜆 )( (𝛼1)𝑛 … (𝛼𝑞)𝑛
(𝛽1)𝑛 … (𝛽𝑠)𝑛𝑛!) 

       There fore  

∑
∞

𝑛 = 𝑝( (p+n)((1+B) + (A – B)(p - 𝜆𝜆 )( (𝛼1)𝑛 … (𝛼𝑞)𝑛
(𝛽1)𝑛 … (𝛽𝑠)𝑛𝑛!)an≤ 

           (A – B)(p - 𝜆𝜆 ) , 

Wich completes the proof of Theorem 2. 

The result is sharp for  

fn(z) =  1
𝑧𝑝

  +
 (A –  B)(p −  𝜆𝜆 )

(n + p)(1 + B) + (A – B)(p − 𝜆𝜆 )( (𝛼1)𝑛 … (𝛼𝑞)𝑛
(𝛽1)𝑛 … (𝛽𝑠)𝑛𝑛!)

       ,pϵIN 

), Then  𝜆𝜆,A,B,  1(q , s, α∑+
𝑝 ϵf (z)  Let       -:corollary 1 
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     an ≤ 
 (A –  B)(p −  𝜆𝜆 )

(n + p)(1 + B) + (A – B)(p − 𝜆𝜆 )( (𝛼1)𝑛 … (𝛼𝑞)𝑛
(𝛽1)𝑛 … (𝛽𝑠)𝑛𝑛!)
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Distortion Theorem : -3 

In The following Theorem , we obtain distortion bounds for f (z)  ϵ 

∑+
𝑝 (q , s, α1,A,B,  𝜆𝜆 )  

Theorem 3:- Let f(z) ϵ ∑+
𝑝 (q , s, α1,A,B,  𝜆𝜆 ) .Then  

1
│𝑧│𝑝

 -
 (A –  B)(p −  𝜆𝜆 )

(2p(1 + B) + (A – B)(p − 𝜆𝜆 )( (𝛼1)𝑝 … (𝛼𝑞)𝑝
(𝛽1)𝑝 … (𝛽𝑠)𝑝𝑝!)

│z│p ≤ │f(z)│ 

≤ 1
│𝑧│𝑝

+
 (A –  B)(p −  𝜆𝜆 )

(2p(1 + B) + (A – B)(p − 𝜆𝜆 )( (𝛼1)𝑝 … (𝛼𝑞)𝑝
(𝛽1)𝑝 … (𝛽𝑠)𝑝𝑝!)

│z │p (3.1) 

The result (3.1) is sharp for the function  

F(z) =  1
𝑧𝑝

+
(A –  B)(p −  𝜆𝜆)  ZP   

(2p(1 + B) + (A – B)(p − 𝜆𝜆 )(
(𝛼1)𝑝 … (𝛼𝑞)

𝑝

(𝛽1)
𝑝

… (𝛽𝑠)𝑝𝑝!) 
 

Proof:- Let f(z)ϵ  ∑
+
𝑝 (q , s, α1,A,B,𝜆𝜆 ) . By Theorem2, we have   

∑
∞

𝑛 = 𝑝  an ≤ 
 (A –  B)(p −  𝜆𝜆 )

(2p(1 + B) + (A – B)(p − 𝜆𝜆 )(( (𝛼1)𝑝 … (𝛼𝑞)𝑝
(𝛽1)𝑝 … (𝛽𝑠)𝑝𝑝!)

 , pϵIN (3.2)  

    Thus 

│f(z)│ ≤ 
1

│𝑧│
𝑝+  ∑

∞
𝑛 = 𝑝  an │z│n≤  

1
|𝑍|𝑃

+ |𝑍|𝑃 ∑
∞

𝑛 = 𝑝 an. 

Now ,by using (3,2) we get  
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│f(z)│ ≤ 
1

│𝑍│𝑝
+ │z│p

 (A –  B)(p − 𝜆𝜆 )

(2p(1 + B) + (A – B)(p − 𝜆𝜆 )( (𝛼1)𝑛 … (𝛼𝑞)𝑝
(𝛽1)𝑛 … (𝛽𝑠)𝑝𝑝!)

 

Simitarly , we get 

 │f(z)│ ≥ 
1

│𝑍│𝑝
-│z│p

 (A –  B)(p − 𝜆𝜆 )

(2p(1 + B) + (A – B)(p − 𝜆𝜆 )( (𝛼1)𝑝 … (𝛼𝑞)𝑝
(𝛽1)𝑝 … (𝛽𝑠)𝑝𝑝!)

 

And this completes The proof of Theorem 3 . 

The result is sharp for : f (z) = 

1
│𝑍│𝑝

+ 
 (A –  B)(p − 𝜆𝜆 )

(2p(1 + B) + (A – B)(p − 𝜆𝜆 )( (𝛼1)𝑝 … (𝛼𝑞)𝑝
(𝛽1)𝑝 … (𝛽𝑠)𝑝𝑝!)

Zp 
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4. Radii of starlikenss and convexity: 

In the  following theorems, we obtain the region of univalency  , 
in particnlar , starlikeness and convexity for the class 

∑+
𝑝 (q , s, α1,A,B,  𝜆𝜆 ) .  

Theorem 4 :-  

If f (z) ϵ  ∑+
𝑝 (q , s, α1,A,B,  𝜆𝜆 ) , Then f(z)is meromorphic  

multivalent starlike of order  

Ɵ (0 ≤ Ɵ < p) in the disk │z│ < r1 (q , s, α1,A,B,  𝜆𝜆 , Ɵ ) where:- 

r1 (q , s, α1,A,B,  𝜆𝜆 , Ɵ )  

=𝑖𝑛𝑓𝑛 {(p − Ɵ) + (n + p)(1 + B) + (A − B)(p − 𝜆𝜆 )(
(𝛼1)𝑛 … (𝛼𝑞)𝑛

(𝛽1)𝑛 … (𝛽𝑠)𝑛𝑛!)

(2p + n − Ɵ)(A – B)(p − 𝜆𝜆 )
}

1
n+p 

(4.1) 

The result (4.1) is sharp 

Proof :- Let f(z) ϵ  ∑+
𝑝 (q , s, α1,A,B,  𝜆𝜆 ) , Then by Theorem 

2:- 

∑
∞

𝑛 = 𝑝
(n + p)(1 + B) + (a − B)(p − 𝜆𝜆 )(

(𝛼1)
𝑛

… (𝛼𝑞)
𝑛

(𝛽1)
𝑛

… (𝛽𝑠)𝑛𝑛!)
(A – B)(p − 𝜆𝜆 )

   an ≤  1(4.2)  

 It is sufficient to show that  

 

𝑍 𝑓 (𝑍)
𝑓(𝑍)

+ p  ≤ p-Ɵ    (4.3) 

For │z│<r1 (q , s, α1,A,B,  𝜆𝜆 ,Ɵ ) where r1(q , s, α1,A,B,  𝜆𝜆 ,Ɵ )  
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Is given by (4.1) 

 Since 

 f(z) =  1
𝑧𝑝

  +∑
∞

𝑛 = 𝑝 an Zn , Then Zf(z) =-pZ-p +    ∑
∞

𝑛 = 𝑝    nanZn. 

 

Therefore : 

𝑍 𝑓 (𝑧)
𝑓(𝑧)

  + p  = 
∑ (𝑛+𝑝)𝑎𝑛𝑍𝑛+𝑝 ∞
𝑛=𝑝

1+∑ ∞
𝑛=𝑝  𝑎𝑛𝑍𝑛+𝑝 

 ≤ 
∑ ∞
𝑛=𝑝(𝑛+𝑝)𝑎𝑛 |𝑍|𝑛+𝑝

1−∑ ∞
𝑛=𝑝𝑎𝑛 |𝑍|𝑛+𝑝

  ≤  

p-Ɵ. 

Provided that : 

∑
∞

𝑛 = 𝑝
(2𝑝+𝑛−Ɵ)

(𝑝−Ɵ)    an|z|n+p ≤ 1    (4.4) 

Now making use of (4.2) ,we observe that (4.4) hold true if: 

│z│n+p ≤   (p − Ɵ)(𝑛 + 𝑝)(1 + B) + (A − B)(p − 𝜆𝜆 )( (𝛼1)𝑛 … (𝛼𝑞)𝑛
(𝛽1)𝑛 … (𝛽𝑠)𝑛𝑛!)

(2p + n − Ɵ)(A – B)(p − 𝜆𝜆 )
 pϵ IN 

Hence 

 │z│ ≤ {(p − Ɵ)(𝑛 + 𝑝)(1 + B) + (A − B)�p − 𝜆𝜆� �
(𝛼1)𝑛 … (𝛼𝑞)𝑛

(𝛽1)𝑛 … (𝛽𝑠)𝑛𝑛!�

(2p + n − Ɵ)(A – B)(p − 𝜆𝜆 )
}

1
𝑛+𝑝(4.5) 
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Setting │Z│=r (q , s, α1,A,B,  𝜆𝜆  ) in (4.5) we get the 
radius of starlikeness , which completes the proof of the 
Theorem 4. 

The result is sharp for the function given by: 

Fn(z)=
1
𝑧𝑝

+
(A − B)(p − 𝜆𝜆)

(n + p)(1 + B) + (A – B)(p − 𝜆𝜆 ) �
(𝛼1)

𝑛
… (𝛼𝑞)

𝑛

(𝛽
1

)
𝑛

… (𝛽
𝑠
)
𝑛
𝑛!�

  Zn. 

Theorem5 : 

If f(Z) ϵ  ∑
+
𝑝 (q , s, α1,A,B,  𝜆𝜆 ), Then f(z) is moromorphicmultiva 

Lent convex of order Ɵ (0 ≤Ɵ<p) in the disk │Z│ <r2 

 (q , s, α1,A,B ,  𝜆𝜆 ,Ɵ ) wehave 

r2 (q,s,α1,A,B, 𝜆𝜆,Ɵ )=𝑖𝑛𝑓𝑖𝑛 {
𝐩(𝐩 − 𝛉(𝒏 + 𝒑)(𝟏 + 𝐁) + (𝐀 − 𝐁)�𝐩 − 𝝀𝝀� ��

(𝛼1)𝑛 … (𝛼𝑞)𝑛
(𝛽1)𝑛 … (𝛽𝑠)𝑛𝑛!��

𝐧(𝟐𝐩 + 𝐧 − Ɵ)(𝐀–𝐁)(𝐩 − 𝝀𝝀 )
}

𝟏
𝒏+𝒑 

 (4.6) 

The result (4.6) is sharp . 

Proof :-  let f(z) ϵ  ∑
+
𝑝 (q , s, α,A,B,  𝜆𝜆 ) Then by Theorem2  

∑
∞

𝑛 = 𝑝
(n + p)(1 + B) + (A + B)(p − 𝜆𝜆 )(

(𝛼1)
𝑛

… (𝛼𝑞)
𝑛

(𝛽1)
𝑛

… (𝛽𝑠)
𝑛
𝑛!)

(A – B)(p − 𝜆𝜆 )

   an ≤1    

It is sufficient to show that :- 

𝑧𝑓(𝑧)
𝑓(𝑧)

 + 1 +p      ≤ p – Ɵ         (4.7)  

For │Z│< r2 (q , s, α1,A,B,  𝜆𝜆,Ɵ) where r2(q , s, α1,A,B,  𝜆𝜆,Ɵ) 
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Is given by (4.6) 

Since f(z)   
1

│𝑍|p+  ∑
∞

𝑛 = 𝑝 an Zn . Then  

Zf(z)=-pZ-p +∑
∞

𝑛 = 𝑝nanZn. There for : 

𝑧𝑓(𝑧)
𝑓(𝑧)

 + 1+p   =   
∑ ∞
𝑛=𝑝𝑛(𝑛+𝑝)𝑎𝑛𝑧𝑛+𝑝

−𝑝+∑ ∞
𝑛=𝑝𝑛𝑎𝑛𝑧𝑛+𝑝

 

            ≤  
∑ ∞
𝑛=𝑝𝑛(𝑛+𝑝)𝑎𝑛| 𝑧|𝑛+𝑝

𝑝−∑ ∞
𝑛=𝑝𝑛 𝑎𝑛| 𝑧|𝑛+𝑝

    ≤ p – Ɵ ,  

Provided that : 

∑
∞

𝑛 = 𝑝
𝑛(2p + n + Ɵ)

p(p − Ɵ)
an | z |n+p  ≤ 1      ( 4.8) 

Holds true if : 

| z | n+p≤    
(𝑝(𝑝 − 𝜃 )(n + p)(1 + B) + (A − B)(p − 𝜆𝜆 )(

(𝛼1)𝑛 … (𝛼𝑞)𝑛
(𝛽1)𝑛 … (𝛽𝑠)𝑛𝑛!)

n (2p + n − θ)(A – B)(p − 𝜆𝜆 )
   

,pϵ IN 

 

Hence . 

| z | ≤{
(𝑝(𝑝 − 𝜃 )(n + p)(1 + B) + (A + B)(p − 𝜆𝜆 )(

(𝛼1)𝑛 … (𝛼𝑞)𝑛
(𝛽1)𝑛 … (𝛽𝑠)𝑛𝑛!)

n (2p + n − θ)(A – B)(p − 𝜆𝜆 )
}

𝟏
𝐧+𝐩    

  4.9) 

Setting │Z│ = r2 (q , s, α1,A,B,  𝜆𝜆,Ɵ) in (4.9) ,we get the radians 
of convexity , which completes the proof of Theorem 5 .  

The result is sharp for the function given by :-  
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Fn (z)=
1
𝑍p+

(𝐀 − 𝐁)�𝐩 − 𝝀𝝀�

((𝐧 + 𝐩)(𝟏 + 𝐁)(𝐀–𝐁)(𝐩 − 𝝀𝝀 ) �
(𝛼1)𝑛 … (𝛼𝑞)𝑛

(𝛽1)𝑛 … (𝛽𝑠)𝑛𝑛!�
Zn. 
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:convex combination -5 
 

In condinnation of our study we shell prove that the class 

∑+
𝑝 (q , s, α1,A,B,  𝜆𝜆 ) is closed under convex combination . 

Theorem 6:- let The functions Fk (z) be given by : 

Fk (z) = 
1
𝑧𝑝

+ ∑
∞

𝑛 = 𝑝 an, kzn , k=1 ,…., m,an,k ≥ 0 (5.1) 

Be in the class ∑
+
𝑝 (q , s, α1,A,B,  𝜆𝜆 ) for every  k= 1,2,…,m. 

Then the function , g(z) defined by : 

g (z) = 
1
𝑧𝑝

+ ∑
∞

𝑛 = 𝑝bnZn ,bn ≥ 0 (5.2) 

Is also in the same class  ∑
+
𝑝 (q , s, α1,A,B,  𝜆𝜆 ) where  

bn = 
1
𝑚
∑ 𝑚
𝑘 = 1 an , k (n= p,p+1,…)           (5.3) 

proof :- since Fk (z)ϵ ∑
+
𝑝 (q , s, α1,A,B,  𝜆𝜆 ) by Theorem 2 ,That 

∑
∞

𝑛 = 𝑝 (𝐧 + 𝐩)(𝟏 + 𝐁) + (𝐀– 𝐁)(𝐩 − 𝝀𝝀) �
(𝛼1)

𝑛
… (𝛼𝑞)

𝑛
(𝛽1)

𝑛
… (𝛽𝑠)𝑛𝑛!�an 

        ≤  (𝐀–𝐁)(𝐩 − 𝝀𝝀 )    , pϵ IN 

 

Hence 

∑
∞

𝑛 = 𝑝 (𝐧 + 𝐩)(𝟏 + 𝐁) + (𝐀– 𝐁)(𝐩 − 𝝀𝝀 )( (𝛼1)
𝑛

… (𝛼𝑞)
𝑛

(𝛽1)
𝑛

… (𝛽𝑠)𝑛𝑛!)bn 
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=∑
∞

𝑛 = 𝑝 (𝐧 + 𝐩)(𝟏 + 𝐁) + (𝐀–𝐁)(𝐩 − 𝝀𝝀 )(
(𝛼1)𝑛 … (𝛼𝑞)𝑛

(𝛽1)𝑛 … (𝛽𝑠)𝑛𝑛!) 

[ 1
𝑚
∑ 𝑎𝑛𝑚
𝑘=1  , 𝑘] 

=1
m
∑ 𝑚
𝑘 = 1∑

∞
𝑛 = 𝑝 (𝐧 + 𝐩)(𝟏 + 𝐁) − (𝐀– 𝐁)(𝐩 − 𝝀𝝀 ))(

(𝛼1)
𝑛

… (𝛼𝑞)
𝑛

(𝛽1)
𝑛

… (𝛽𝑠)𝑛𝑛!)an, k 

       ≤ (𝐀–𝐁)(𝐩 − 𝝀𝝀 ) 

Then byTheorem 2 , we get g(z) ϵ ∑
+
𝑝 (q , s, α1,A,B,  𝜆𝜆 )  

This completes The proof . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



۲٤ 
 

References  

 

[1] M.K Aouf , on actain class of meromophic univalent function       with 

positive cofficients , Rend . math . Appl , 7(11) (1991), 209, - 

219 . 

[2] M.K Aouf , The generalized hypergemetric function and 

associated Families of meromorphally multivalent  function , J . Math 

In9.3(1) (2009) – 43 – 64  

 

[3] w.G Atshan and S.R. Kulkarn : , on aclass of p- valentmeromorphic 

function defined by integral operator , Internatimal.J. of Math 

s(1,8 Engy . Appls (J M  SEA). 1(1) (2007),129-140 

[4] W.G Atshan and S.P. Kulkarni , meromorphic  p-valent function  with 

positive cofficients defined by convolution and integral operator 

, J. of Indianaced . Math (JIAM) . 29 (2) (2007) , 204 – 423 . 

[5] N.E cho. S.H Lee and S. owa , A class of Meromorphic univalent 

Function with positive coefficients , Kooebe, J . Math , 4 (1987) ,43  – 50 

[6] J. D Ziok and H.M. srivastava , class of analytic functions associated 

The genevalizedhypergeometric function , Appl. Math . comput , 

103 (1999), 1-13. 

 

 [7] J . DZiok and H.M srivastava, certain sub classes of analytic function 

associated with the genevalized hypergeometric function , 

integral Trunsform spec . funct , 14 (2003) , 7 -18  



۲٥ 
 

[8] A.Gangad  Haran, T.N. shanamugnm and HM.Srivastavagenevalized 

hypergeometric  function associated with K- uniformly convex 

function compnt , Math , Appl , 44(2)( 2002) 1515- 1526 . 

[9] J. L . Liu, strongly starlikefounction associated with the DZio K- 

srivastnva  operator , Tamkang . J . Math , 35 (1) (2004) , 37-42 

[10]J. L . Liu, and H.M. Srivastava , classes of Meromorphic ally 

Multivalent function , associated with the generalized hypergeometric  

function , Math , compnt , modeling , 39 (2004) , 21-34 . 

[11] M I  Mogra , T . R . Reddy and o.p.  Juneja , Meromorphic 

Univalent functions , with positive coefficients , Bull Austral , Math . 

Soc . 32(1985), 161 – 176 . 

 

 

 

 

 

 

 

 

 

 

 

 

 



۲٦ 
 

 

 

 

 

 

المعرفة  تطبیق صنف من الدوال متعددة التكافؤ المیرومورفیة
 بواسطة المؤثر الخطي 

 

كلیة �لوم الحاسوب و�كنولوجيا /بحث مقدم الى قسم الر�ضیات
در�ة المعلومات �امعة القادس�یة ٔ�س�تكمال جزئي لمتطلبات نیل 

 �كالوریوس �لوم في الر�ضیات
 

 :ةمن قبل الطالب

 دعاء محمد جبر 

 د.وقاص غالب عطشان بإشراف 

 

 

 ٧٢٠١                                                   ه٨١٤٣
 

 وزارة التعلیم العالي والبحث العلمي
 القادسیةجامعة 

 كلیة علوم الحاسوب وتكنولوجیا المعلومات
 قسم الریاضیات


