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 ٗصاسح اىزؼيٌٍ اىؼبىً ٗاىجحث اىؼيًَ

 جبٍؼخ اىقبدسٍخ

ميٍخ ػيً٘ اىحبس٘ة ٗرنْ٘ى٘جٍب 

 اىَؼيٍ٘بد

 قسٌ اىشٌبضٍبد

 ٍِ قِجو اىطبىت

محمد فْجبُسٍَش  

 

 

 ثحث
قذً اىى ميٍخ ػيً٘ اىحبس٘ة ٗرنْ٘ى٘جٍب اىَؼيٍ٘بد/قسٌ اىشٌبضٍبد ٍُ  

 جبٍؼخ اىقبدسٍخ

 مَزطيت أسبسً ىٍْو دسجخ اىجنبى٘سٌ٘ط

 فً ػيً٘ اىشٌبضٍبد

 تحت إشراف

 المدرس المساعد : احمد طالب حسين
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الرحيمبسم الله الرحمن   

 

 ((وقل ربي زدني علما((
 

 صدق الله العلي العظيم                         
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 كلمة شكر

 
 لاثذ ىْب ّٗحِ ّخط٘ خط٘ارْب الأخٍشح فً اىحٍبح اىجبٍؼٍخ ٍِ 

 ٗقفخ ّؼ٘د إىى أػ٘اً قضٍْبٕب فً سحبة اىجبٍؼخ ٍغ أسبرزرْب 

اىنشاً اىزٌِ قذٍ٘ا ىْب اىنثٍش ثبرىٍِ ثزىل جٖ٘دا مجٍشح    

 ... فً ثْبء جٍو اىغذ ىزجؼث الأٍخ ٍِ جذٌذ

 ٗقجو أُ َّضً رقذً أسَى آٌبد اىشنش ٗالاٍزْبُ ٗاىزقذٌش

ٗاىَحجخ إىى اىزٌِ حَي٘ا أقذط سسبىخ فً اىحٍبح  . 

 .إىى اىزٌِ ٍٖذٗا ىْب طشٌق اىؼيٌ ٗاىَؼشفخ

لأفبضوإىى جٍَغ أسبرزرْب ا  

 مِ ػبىَب .. فإُ ىٌ رسزطغ فنِ ٍزؼيَب ، فإُ ىٌ رسزطغ فأحت"

اىؼيَبء ،فإُ ىٌ رسزطغ فلا رجغضٌٖ  " 

 :ٗأخص ثبىزقذٌش ٗاىشنش

        

ستاا  )) احمد طالب الا                                                   

 

 :اىزي ّق٘ه ىٔ ثششاك ق٘ه سس٘ه الله صلى الله عليه وسلم

اىح٘د فً اىجحش ، ٗاىطٍش فً اىسَبء ، ىٍصيُ٘ ػيى ٍؼيٌ إُ " 

" اىْبط اىخٍش   
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 الإهداء
 

 إىى ٍِ جشع اىنأط فبسغبً ىٍسقًٍْ قطشح حت

سؼبدح إىى ٍِ ميذّ أّبٍئ ىٍقذً ىْب ىحظخ  

ىٍَٖذ ىً طشٌق اىؼيٌ إىى ٍِ حصذ الأش٘اك ػِ دسثً  

 إىى اىقيت اىنجٍش

  )والدي العزيز

 

أسضؼزًْ اىحت ٗاىحْبُ إىى ٍِ  

 إىى سٍض اىحت ٗثيسٌ اىشفبء

 إىى اىقيت اىْبصغ ثبىجٍبض

  )والدتي الحبيبة

 

اىطبٕشح اىشقٍقخ ٗاىْف٘ط اىجشٌئخ إىى سٌبحٍِ  إىى اىقي٘ة  

 حٍبرً

  )إخوتي

 اَُ رفزح الأششػخ ٗرشفغ اىَشسبح ىزْطيق اىسفٍْخ فً 

ثحش ػشض  

ٗاسغ ٍظيٌ ٕ٘ ثحش اىحٍبح ٗفً ٕزٓ اىظيَخ لا ٌضًء إلا قْذٌو    

الأخ٘ح اىجؼٍذح إىى اىزٌِ أحججزٌٖ ٗأحجًّ٘ اىزمشٌبد رمشٌبد  

  )أصدقائي
 
 



5 

 

 
 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 



6 

 

 

 

 

 

2. Preliminaries 
 

DEFINITION 1: A d-algebra is a non-empty set  X with a constant 0 and  a 

binary  operation "*" satisfying the  following axioms: 

(I)   x  * x  =  0, 

(II)   0* x   = 0, 

(III)   x  * y  =   0  and  y * x  =  0  imply  x  =  y 

for  all  x,y   in   X . 

DEFINITION :-vA BCK-algebra is a d-algebra (X, *,0 ) satisfying the 

following additional axioms: 

(IV) ((x * y) * (x  * z)) * (z * y)  =  0,  

(V)   (x * (x * y))  * y =   0 

for  all  x,y,z     in  X . 

In  a  BCK-algebra  (X, * , 0)  the following  hold: 

(1)   (x  * y)  * x  =  0, 

(2) ((x * z) * (y * z))  * (x * y)  =   0 

for  arbitrary  x, y, z  ∈ X . 

A non-empty  subset  𝐼  of  a BCK-algebra  X   is called  a  BCK-ideal    of  X  if 

(i) 0 ∈ 𝐼 
(ii) 𝑥 ∈ 𝐼 and  y * x  ∈ I  imply  𝑦 ∈ 𝐼 , 

for  all  x, y  ∈ X . 

PROPOSITION  2.1 .let   X  be    a  d-algebra.   If   x   ≠  y   and   x  * y   =   0   

then  y * x  ≠ 0. 

P r o o f  :- By  (III),  it is straightforward. • 
 

 

3. d-ideals 
 

DEFINITION  3.1 .  Let  (X, *,0 )  be  a  d-algebra  and  ∅  ≠  I  ⊆  X .I   is  called 

a d-subalgebra of X if  𝑥 ∗ 𝑦 ∈ 𝐼  whenever  x  ∈ I  and  y  ∈  I.  I  is  called  a BCK-ideal    

of  𝑋  𝑖𝑓  𝑖𝑡 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠: 

(D1 )   x * y  ∈ I  and  𝑦 ∈ I  imply  𝑥 ∈ I. 

𝐼  is  called  a  d-ideal   of  X   if  it  satisfies  (𝐷1)  and 

(𝐷2)   𝑥 ∈ I  and  𝑦 ∈ X   imply  x *y  ∈  I,   i.e.,  𝐼 ∗ 𝑋 ⊆ 𝐼 
 

 

 

 𝐷0   0 ∈ 𝐼 , 
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ON  d-IDEALS   IN  d-ALGEBRAS 
 

EXAMPLE 3.2. Let X  =  {0, a, b, c, d}  be a  d-algebra  which is not  a  BCK-algebra 

with  the  Cayley  table as follows: 

 

 

 

 

Then  I  =  {0,a}  is a  d-ideal  of  X . 

EXAMPLE  3.3.  Let  X   =  {0, a, b, c}  be a  d-algebra  which is not  a BCK-algebra 

with  the  Cayley  table as follows: 
 

 

 
 

 

Then  J  =  {0, a, c}  satisfies   (𝐷2), but  not  (D1)   since  b * c =  0 ∈  J   and  c ∈ J, 

but  b ∉J,   i.e.,  J  is a  d-subalgebra,  but  not  a  BCK-ideal of  X . 
 

In a d-algebra, a BCK-ideal  need not be a d-subalgebra, and also a d-subalgebra need  

not  be  a BCK-ideal  as shown  in  the following  example. 

EXAMPLE 3.4. Let X = {0, a, b, c}  be a  d-algebra which is not a  BCK-algebra  

with  the following  Cayley table: 
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𝐷3  
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ON  d-IDEALS   IN  d-ALGEBRAS 
 

EXAMPLE  3.10.  Let  X   be  a  d-algebra  as in  Example 3.2.  Then  L =  {0, a}  is 

a d-ideal  which  is not  a -ideal  of  X ,  since  b* d =  0 ∈  L ,  d *  c =   a ∈ L,  but  

b*  c =  c ∉ L. 

Note that  we can  see  that  -ideal  ⊊ d-ideal  ⊊   d-subalgebra  and  -ideal  ⊊      

d-ideal  ⊊  BCK-ideal  in d-algebras. 

In a d-algebra X, the identity (x * y) * x =  0 does not hold in general. For 

instance,  in  Example  3.5, we  know  that  (a*c)*a   =  b*a  =  b≠0. 

DEFINITION 3.11  . A d-algebra  X  is called  a  d*-algebra  if  it  satisfies the 

identity  (x  * y)  * x  =  0  for  all  x, y  ∈ X. 

Clearly, a  BCK-algebra is a  d*-algebra,  but  the converse need not  be   true. 

EXAMPLE 3.12. Let X =  {0 ,1 ,2 , . . .  } and  let  the binary  operation  *  be  

de𝑓𝑖𝑛𝑒𝑑  𝑎𝑠 𝑓𝑜𝑙𝑙𝑜𝑤𝑠: , 

 

Then (X, * , 0)  is  a  d-algebra  which  is  not  a  BCK-algebra  (see  [NK;  Exam• 

ple  2.8]). We can  easily see that  (X,  * , 0)    is a d*-algebra. 

THEOREM  3.13 .   In  a  d*-algebra,   every  BCK-ideal   is  a d-ideal. 

P r o o f  . Let I  be  a  BCK-ideal  of  a d*-algebra  X  and  let  x  ∈ I ,  y  ∈  X.  

Since   (x * y)  * x  =   0  for  all  x,y    ∈  X ,   it  follows  from  Proposition  3.7   that   

x *y  ∈ I.   Hence  I   is a  d-ideal  of X. • 

The following  corollary is  obvious. 

COROLLARY  3.14.  In  a  d*-algebra,   every  BCK-ideal   is  a   d-subalgebra. 

DEFINITION  3.15.  If  a  𝑑# -ideal  I   of  a  d-algebra  X  satisfies 

(D4) x*y    ∈ 𝐼  and  y*x    ∈ 𝐼  imply  (x * z)  * (y * z)  ∈ 𝐼     and  (z*x)  * (z*y) ∈ 𝐼  

for  all  x, y, z  ∈X,   then  we say  that  I  is a  d*-ideal  of  X . 

In Example 3.3, the set I =  {0, a}  is  a  d*-ideal  of  X .  Obviously,  every d*-ideal  in  

a  d-algebra  is a  -ideal, but  the converse does not  hold  in   general. 

EXAMPLE  3.16.  Let  X  =  {0, a, 6, c}  be a  set  with  the following  Cayley  table: 

 

 
 

𝑥 ∗ 𝑦 =  
0    𝑖𝑓 𝑥 ≤ 𝑦
1 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
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Then   (X, *,0 )   is  a  d-algebra,  but  not  a  BCK-algebra.  We  can  see  that  I =  

{0, a}  is a  -ideal, but  not  d*-ideal,  since  0 * a =   0 ∈ 𝐼   and  a * 0 =  a  ∈ 𝐼,  but 

(c*0)*(c*a) =  c*b =  b∉I. 
 

LEMMA  3.17.   (Isek i   et  al.  [IT1])  Let I  be  a  BCK-ideal    of  a BCK-algebra 

X.   If  x ∈ 𝐼 and  y * x  =  0  then  y  ∈ 𝐼 . 

THEOREM  3.18.  If  (X,  * , 0)  is  a BCK-algebra,   then  every  BCK-ideal   of  X   is 

a d*-ideal  ofX. 

P r o o f  : Let   I   be  a  BCK-ideal  of  X   and  let   x   ∈ 𝐼   and   y ∈ X. 

(x * y)  *x  =   0  by  (1), it  follows  from  Lemma 3.17  that x*y ∈ 𝐼,  proving 

Assume that  x*y  ∈ I  and  y *z  ∈ 𝐼  for  all  x,y, z  ∈ 𝐼.  Then  ((x* z) * (y  *z)) 

* (x *y)   =  0  by  (2), and hence  (x * z)  * (y * z)  ∈ I.   Since  y * z  ∈  I  and since   I 

is a  BCK-ideal of  X,   it  follows  that  x  * z  ∈  I.  This proves (D3). 

Let  x  *y,  y * x  ∈ 𝐼   for  all  x, y ∈ X.   Then, by  (IV)  and  (2), we have 
 

((z * x)  * (z  * y))  * (y * x)  =  0    and    ((x  * z)  * (y * z))  * (x  * y)  =  0   , 
 

respectively.  It  follows  from  Lemma  3.17 that  (z  * x)  * (z  * y) ∈ 𝐼  and                

(x  * z)   * (y  * z)  ∈ 𝐼 proving  (D4).   This  completes the proof. • 

Remar k 3.19. 

(i) In a d*-algebra, the concept of d-ideal, d-subalgebra  and BCK-ideal 

coincide. 

(ii) In a BCK-algebra, the concept of d-ideal, -ideal, -ideal  and BCK-ideal 

coincide. 
 

 

4. Quotient d-algebras 
 

Let  (X ,*,0𝑥 )  and  (Y,*,0Y)  be   d-algebras.  A  mapping  𝑓 : X→ Y   is called  a  

d-morphism   ([NK])  if  f(x * y) =  f(x) * f(y)   for  all  x,y  ∈  X.   Note    that             

f(0x) =  0Y.  A  d-algebra  (X,*,0X)   is  said  to  be  d-transitive     ([NK])  if x * z =  0 and 

z * y =  0 imply x * y =  0. Every BCK-algebra is a d-transitive d-algebra,  but  the 

converse does  not  hold  in  general. See Example 3.2. 

Let  I  be  a  d*-ideal  of  a  d-algebra  (X,* , 0X).   For  any  x, y  in  X,   we  define    x ~ 

y if and only if x * y ∈ 𝐼  and y * x  ∈ 𝐼.  We claim that ~  is an equivalence  relation  

on   X.    Since 0 ∈ 𝐼 ,   we  have  x * x  =  0  ∈ 𝐼 ,   i.e.,   x  ~  x,  for   any      x∈ X.   If  x 

~ y  and  y  ~  z,  then  x*y, y *x ∈ 𝐼 and  y*z ,z*y ∈ 𝐼. By (D3) x*z, z*x  ∈ 𝐼 
and hence  x  ~  z.  This proves that  ~  is transitive. The  symmetry  of ~ is trivial. B 

y (D4)  we can easily  see that  ~  is a  congruence relation on X. Using  the notion  of  

d-transitivity  we obtain: 
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ON  d-IDEALS   IN  d-ALGEBRAS 
 

PROPOSITION  4.1  .  Let   𝑓 : X → Y   be a  d-morphism from   a d-algebra  X  into  

a d-transitive d-algebra  Y.    Then  Ker  𝑓   is  a d*-ideal  of X. 

P r o o f  . The properties D1 and D2 are simple. If x*y , y*z ∈ Ke r  𝑓 , then 

f(x)*f(y) = 0 y =  f(y) * f(z).    Since Y  is d-transitive, we obtain f(x)*f(z)  = 0   and  

hence  x  * z  z ∈ Ker  𝑓 , which  proves  (D 3). Let  x  * y,  y  * x   ∈ Ke r𝑓 . Then 

f (x) * f (y)  =  0 y  =  f (y)* f(x).  By  (III)  we obtain  f(x)  =  f (y).  It  follows  that    

f((x   * z)*(y * z))  =  f(x * z)  * f(y * z)  = (f(x) * f(z))  *  f (y)   * f(z))  =   0 y and hence   

(x * z) * (y * z) ∈ Ker𝑓 . Similarly,  (z  * x)  * (z  * y)  ∈ Ke r𝑓 ,  which proves  (D4). • 

EXAMPLE 4.2. Let X be a d-algebra as in Example 3.3,  and  let Y   be  a d-transitive    

d-algebra  as in  Example  3.2. Define  a  map 𝑓 : X →   Y   by  𝑓(0 )  = f(a)  =  0,                

f ( b )  =  f(c)   = a.  Then  f   is a  d-morphism.  Obviously,  Ker 𝑓  =  {0, a} is a d*-ideal  

of   X . 

We  denote  the  congruence  class  containing  x  by  [x]I , i.e.,  [x]I  =  {y  ∈  X  \  

x ~ y}. We see that x ~ y if and only if [x]I = [y]I .  Denote  the  set  of  all equivalence 

classes  of  X   by  X/J  ,  i.e.,  X/ I  =  {[x]I  |  x  ∈ X}  . 

LEMMA  4.3 .  Let  I   be a  d*-ideal  of  a  d-algebra   (X, * ,0).  Then  I  =  [0]I . 

P r o o f  .   If x  ∈ 𝐼 then  X  *  0  ∈  I  *  X  ⊆ 𝐼     and  hence  x  ∈ [0]I  =  {x  ∈  X   |  i.e. .         

I ⊆[0]I      

since 

[0]I  =   { x∈X  | X ∼ 0 , }  

         =   { x∈X  |𝑥 ∗ 0 , 0 ∗ 𝑥 ∈ 𝐼}  

       = { x∈X  | 𝑥 ∗ 0 ∈ 𝐼 } (0 ∈ 𝐼 ) 

⊆ 𝐼 ((Dl)) 

it  follows  that  I =  [0]I.  

THEOREM 4.4 . let (X, * , 0) be a  d-algebra  and  I  be a  d*-ideal  of  X.  If  we 

define  [x]I  * [y]I  =  [x * y]  I  (x,y   ∈ X),   then   (X/I,  * , 0)  is  a  d-algebra,   called  the  
quotient d-algebra. 

Proof .  Since  ~   is  a  congruence  relation  on  X ,   x  * y  ~   x'  * y'   for  any 

x   ~   x
' 
,   y  ~   y'-  This  means  that  [x]I  * [y]I   =   [x * y]I   is  well- defined.   Let 

[x]I  , [y]I  ∈ X/  𝐼 with [x]I * [y]I  =  [0]I  =  [y] I * [y] I.  Then  [x * y]I  =  [0]I  =  [y  * x]I and 

x *y ,  y * x   ∈ I.  Thus  x  ~  y 
 
and [x]I  =  [y]I . The rest  is trivial, and  so  we omit 

the proof. • 

PROPOSITION 4.5 .  Let  I   be a d*-ideal  of the  d-algebra  X.  Then  the  mapping 

𝜋:𝑋 → 𝑌defined  by  𝜋 𝑥  =  [x]I  is a d-morphism of  X    onto  the   quotient d-algebra   

X/ I   and  the  kernel   of  𝜋  is precisely   the  set I. 
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P r o o f  . Since [x * y]I  = [x]I  * [y]I, 𝜋 is a  d-morphism.  By  Lemma 4.3  we  

know that 

Ker  𝜋  =  {x∈X \ 𝜋 𝑥   

     =  {x  ∈ X   |   [x]I  = [0]I } 

        = {x  ∈ X   |  x  ~ 0} 

       = [0]I   

     = I 
 

 
THEOREM 4.6 . If 𝑓 : X → Y   is  a  d-morphism  from  a  d-algebra  X  onto                      

a d-transitive    d-algebra  Y,   then   X/Ker  f   ≅   Y. 

P r o o f  .   Assume 𝜇:X / Ker f → Y    such that  𝜇 ([x]Ker f) =  f(x).  If                            

[x]Ker f  =  [y]Ker f
       

then  x  * y,  y  * x   ∈ Ke r𝑓,   and  so  f(x) * f(y)  =  0  =  f(y) * f(x).  

By 

(III) we have f(x) = f(y) , i.e., 𝜇 ([x]Ker f) = 𝜇 ([y]Ker f) • This means that 𝜇 is well-defined. 

For any  y  ∈ Y ,  there  is  an  x  ∈ X  such  that  y = f(x)  since f  is onto. Hence                

𝜇 ([x]Ker f)   =   f(x)  =  y, which means that  𝜇 is onto. If  𝜇 ([x]Ker f) ≠  𝜇 ([y]Ker f)   then 

either  x* y ∉ Ker f   or  y* x  ∉ Ker f   .  Without loss of generality, we may 

assume x * y ∉ Ker f   . It follows  that  f(x) * f(y) =  f(x * y)  ≠  0  and hence  

f(x) ≠  f(y) .  This means that  𝜇 is one-one.  Since  𝜇 ([x]Ker f) * 𝜇 ([y]Ker f)  = 

𝜇 ([x*y]Ker f)  =   f(x * y)  =   f(x) * f(y)  =  𝜇 ([x]Ker f) * 𝜇 ([y]Ker f)  , 𝜇 is a 
 
 

d-morphism.  Thus  we have X / Kei f   ≅  y ,  completing the proof. • 
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