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Some properties for class of Meromorphic Univalent
Function Involving Linear operator
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Abstract

By making use of certain extended derivative operator of
Ruscheweyh type , We introduce and investigate class of
Meromorphic univalent analytic function in the punctured
unit disk. The results obtained here for this class include
coefficients estimates, Growth and distortion theorems,
Closure theorems, Neighborhoods and integral operators.
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1-Introduction:

Let Y denote the class of normalized Meromorphic functions f
the form:

(00]

1 k
fo = ~ Z ayz

k=1
Define on the punctured unitdisk U* = {z:z € C ,0 < |z|] < 1}

A function f € Y’ is meromorphic starlink of order a(0<a<l) if

(f (z))
f (2)

The class of all such functions is denoted by ¥ (a) .

A function f € Y’ is meromorphic convex of order a(0<a<l) if

f”
—R, ( (,Z) >«
f




The class of all such functions is denoted by > () .

Note that ¥ (@) and Y (@) are subclass of Y consisting
meromorphic univalent functions which are respectively starlinke

And convex of order a(0<a<lI) . We refer to Liu and Srivastava
[2], Mogra[3], Raina and Srivastava [4] and Xu and Yang[7] for
related work on the subject of meromorphic functions .

For functions f given by (1.1 and

1 oo
9z =7+ Zie=1 biz", (1.4)

We difine the Hadamaed product or convolution of f and g by

1, oo
(f * D) =7 + Lizr abiz” . (1.5)

The extended linear derivative operator of Ruscheweyh type for
the functions belongs to the class )

DEEDYED)

Is defined by the following convolution :

1
Dfen =W*f(z) , (A>-1,f€e}) (1.6)
In terms of binomial coefficients, (1.6) can be written as

1 o
DXz = -+ e () anz®. (1.7)
In particular when A=n (neNo=N U {0}) , it is easily observed
from (1.6) and (1.7) that

@™ f ()™
Dlfz = 2 (1.8)

zn!

The definition (1.6) of linear operator D2 is motivated essentially

by familiar Ruscheweyh operator D# which has been used widely
on the space of analytic and univalent functions (see for details

[5D).




Now , by using the operator D2 (2>-1) given by (1.6), we introduce
a class of meromorphically univalent analytic functions defined as
follows:

Definition 1.1:A funcyion f ¢ is said to be in the class J(A, a, B)
if and only if :

(D4f () )
R ( Z > 1.9
¢ \(B-DD2f ) +Bz(DLf ()’ ¢ (1.9)

Where 0<a<Il ,0< B <1, and (A>-1)
2-Coefficients Estimates

Our first theorem gives a necessary and Sufficient condition for

a function f to be in the class J(4, a, B).

Theorem 2.1 letf ¢ > be given by (1.1).then f J(A, a, ) if and
only if

Yralk+a—apQ+0] (M) a, <1-a (2.1)
Poof: itfeJ(A, a, B) ,then

R ( Z(fo(z)), )
“\B — DDf, + Bz(D2f (1)

—1+3%0 k(AER)Zk+1
=R, o =1 ( k2+k >«
—1+ 3%, (B-1+8K) (11 ) anzk+1

By letting z—'1 , we have

1+ 3 k(M) a
—1+ 3248 = 1+ B (Y )ay
This shows that (2.1) hold.

{ }1>a




Conversely, assume that (2.1)hold.
Since Re(w)>a if and only if |w-1|<|w+1-2a/|, it is Sufficient to
show that

Z(D*Af(z)), - [(,8 - 1)D>:1f(z) + ﬁZ(Dﬁf(Z))I]

207 i)’ + (1 = 2)[(B — DDy + P20 )| =

Using (2.1) ,we see that

Z(D*Af(z)), - [(,8 - 1)D>:1f(z) + ﬁZ(Dﬁf(z))l] ‘
z(Dfi2)) + (1 = 2a)[(B — 1)Df(n) + Bz(D2f ()]

T, (=B (k+ D)) ar 2+t

—(1—Za)+§:,°c°:1[k(1+(1—204)/3)+(1—204)(B—1)]("Z")akzk+1

Y1 =Bk + (M) ax
(1-2a) - 32, [k(1+ (1 -2a)B) + (1 —20)(B — D] )ay
1

Tuse we have f e J(A, a, B).
For the sake of brevity throughout this paper we let
di(B, ) =k+a—aB(1+k)

Corollary 2.1 If feJ(A, a, B) ,then

1-«a

a, < L k=1,2,3,...

~ drBa)(MEF)
The result is sharp for the function fy given by

fi(z) ==+ k=123,... (2.2)

1—-a Zk
z - (M)

8




Proof :If f ¢ J(4, a, B), then we have for each k

d (B, )ay < i 280 (" T )as1-a
k=1

Therefore we have
11—«

< .
d (B, ) (*1F)

Ay

3.Growth and Distortion Theorems
Theorem3.1if feJ(A, a, B), then for |z|=r<1

1-«x 1 1-«
(ta—2ap)A+1) < |fwl < r (1+a—2aB)(A+1)

1
- — r
r
The result is sharp for the function given by
_ 1 N 1—a
f =, A+a—2ap)A+1)"
Proof: let f € J(4, a, B) . then we have

(0.0)

ZakS l1—a
1+a-2aB)(1+1)

k=1

S (ta—2af)(A+1)




k=1
(')
1-a

(1+a- 2a,8)()L+1) (34)

S1_
T

From (3.3)and (3.4), we obtain (3.1) and the proof is complete

Theorem 3.2 if feJ(4, a, B), then for |z]=r<1

1-«a 1-«x
(1+a—2af)(A+1) — |f(z)| = (1+a 2aB)(A+1) (35)
The result is sharp for the function given by (3.2).

Proof: let f ¢ J(A, a, B) . then we have

I < 1—«a
kZl =T ra—2ap)@+1)

1 oo
ol < =+ Z kar*™!
k=1

1
_2+Zk 1 kay

1-«a
(1+a—-2apf)(A+1)

1
S—2+




1+a—-2aB)(1+1)
From (3.6) and (3.7), we obtain (3.5) and the proof is complete .

4- closure theorems

Let the function fj(z) be given by
1 o :
Fj(2) = -+ X¢o1 g j zk j=1,2...m (4.1)

we shall prove the following closure theorems for the class

J(A e, B)

theorem 4.1 :- let the function fj defined by (4.1) be in the class
J(A, a,B)
for efery j=12...m . then the function

oo

1 1
M@=+ (=
1

k=

m
ak'j Zk
=1

j
Belons to the class J(1,a, B) .

Proof: since F; € J(A4, a,B). It follows from theorem 2.1, that




e di(a, ) (a1 Vji=12,..,m (4.2)

Hence X5-1dy(a, ) (;sz) (% j=1 ak'f) =%

;'n=1(zl?=1 di(a, B) (Azk) ak,j) = %27‘:1(1—0() =]1—-x.

Thus b, € J(A, @, B)

Theoremd4.2:- the class J (4, a, ) is closed under convex linear
combination .

Proof:- let the function F; given by (4.1) be in the class

J4, e, B) .

Then it is enough to show that the function
hy(2)=tF;(2)+(1-t)F,(z) (0<t<1)
Is also in the class J(4, a, B)

We have

(0.0)

1
h,(z) = EZ[tak,l + (1= t)ay, |z~

k=1

Hence

/1+k>
k

D [t i + (1= Oaga] dia, ) (

k=1




=t Y di(a, () apr + A — ©) T die (@, H(MEF) a2
<tl-a)+A-tHHl—-—a)=1—«a
Thus, by theorem 2.1, h, € J(4, a,B)

5- Neighborhoods for the class J(4, a, B)

Following the earlier works on Neighborhoods of analytic
function by Goodman[1] and rucheweyh [6] , we begin by
introducing here the 6 — Neighborhood of afunction f € ¢ of
the form (1.1) means of the defintion below

Ns(e) ={g € e}:9(2) = + Iy by 2 and T klay -
bl <6}  (5.1)

Particulary for the identity function e(z) = i We have

Ns(e) = {g € ek:g(z) =+ T by z* and B2, klby| <
5} (5.2)

Theorem 5.1 :- if

5 = 1-a
T (1+(1-2B)a)(A+1) ’

Then J(A,a,B) < Ns(e)
Proof :- For f € J(A4,a,B), theorem 2.1, immediately yields
dl(ﬁ! a)(}{ + 1) Zloco=1 A < l—«a I}

So that

1-«a
dy(B,a)(4+1)

Dt A < (5.4)

On the other hand, from (2.1) and (5.4) that

13




A+ DYokay < (1 —a) —(1-2B)a(d+ 1) L ax

1-a

(1-a)=A=20a+Dymsas

1-a
- 1+(1-2B)a

That is

Oo 1-a _
D=2 kay < (1+(1-2B)a)(A+1)

J,

Which in view of the defintion (5.2) proves theorem (5.1)

Definition 5.1:- A function f € X is said to be in the class
J(4, a, B) if there exsits a function g € J(4, a, B) such

That

f@)
g9(2)

Theorem 5.2:-if g € J(1,a, ) and

—1l<1-y zev'0sy<1

__ 8di(Ba)(A+D)
di(Ba)(A+1)-(1-a) '’

then Ns(g) € J(4, a,B,Y) -

y=1

proof:- let f € N5(g) . then we find from (5.1) that

Yk=1klagy —bi| <6,
Which implies the coefficient in equaity

zlak—bkl <5 ,  (keN)
k=1

Since g € ](}\, x< B), then we have

14




1-«a
d;(B,a)(A+1) '

Y1 by <
So that

Yk=1lax — brl _ 60, (Ba)(A+1)
1= 9, (B +1) — (1-)
=1-y
Where y is given by (5.5).
Hence by definition 5.1,f€ (A, « ,B,y) and the proof is
comblete.
6-In tegral operators
In this dection , we consider in tegrals forms of functions in the
class J(A, o< , B).
Theorem 6.1. Let the function f given bu (1.1)be in the class
J(& <, B)

Then the in tegral oberator
G(z):ch1 uf(uz)du 0<u<10<c<w

Is in the calss J (A, « , B), where
(c+k+1)(f-)dr—ck(1—x)
T ck(1-x)[1-p(A1-n)]|+dr(B—a)(c+K+1)
The result is sharp the function f given by

1—x
F(Z)_ (1+o—20f)(1-1) ~

Proof:-let f € J(A, a, B) then

G(z)—cf u¢ f(uz)du——+2k 1 a,z®.

c+k+1 kZ

It is sufficient to show that

- 1(c+k+1)(1 5)a

<1

Since f € J(4, a, B) we have




Z dp (B, ) (11F)

- =1

k-1

Note that(6.1) is satisfed if

cdr () _ arBa(i)
(c+k+1)(1- ) (1-a)

Solving for § , we have

(c+k+1)dy(B,a)—ck(1—a)
cl-a)[1-pA+n)]di(B,a)(c+k+1)

§ < = o(k) .

A simple computation will show that ®(k) is increasing and
P(k) = P(1).

Using this, the results follows .

Theorem 6.2 :- let F given by (1.1) be inthe class J(1, a, ) ,

c+k+1 k

F(z) =-[(c+Df(@2) +2zf'(2)] = —+Zk1 ——Z
,c > 0.

ThenF e J(4,a,B) for|z| < r(a,B,y) where

_ inf c(1-p)dp(Ba) _
r(alﬁlr)) Tk {(1—05)(C+k+1)dk(ﬁ,a)}k+1 ) k—1,2,...,

The resul is sharp for the function given by (2.2)

Proof :- suppoe that

zf1(z)
(B-1Df(2)+Bzf1(2)

w =

Then it is sufficient to show that




| w-1
w+1 2y

|<1

AA simple computation shows that this is atisfied if

(c+k+1)d(B0)(*FF)

k+1
T ay|z| <1 (6.2)

Yk=1

Since f € J(4,a,B), then by Theorem 2.1, we have

Z:=ldk(,6’, a) ()L Z k) a, <1—a«a

The equation (6.2) is satisfied if

(c+k+1)dk(ﬁ,n)(7t;k) 2FH < dk(ﬁ»“)(lzk)

a a
c(1-p) k k

1-a

Solving for |z| , we get the desired results .
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