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Abstract 

 

In this paper,we introduce certain class of univalent 

meromorphic fuctions defined by linear operator . We obtain 

coefficient bounds , radii of starlikeness and convexity and 

convex linear combination .  
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1.Introdution:- 

Let M denote class of functions of the form : 

 ( )  
 

 
 ∑    

  
    (          *     +)       ( )  

which are analytic and univalent in the punctured open unit disk 

   *      | |   +    * +  where U is the open unit 

disk U=*    | |   } 

A function        is said be meromorphic univalent Starlike 

functions if 

   {
   ( )

 ( )
}          

A function         is said be meromorphic univalent convex 

function if  

   {  
   ( )

 ( )
}           

A function      is said be meromorphic univalent Starlike 

function of order       if . 

   {
   ( )

 ( )
}         (          )  

 

The class of all such meromorphic univalent Starlike functions 

in   is denoted by M( ).  
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Definition (1) [5] : Let f(z) be a function in the class M given by 

(1) , we define a linear operator L
k
 by  

  ( )   ( )  

   ( )  
 

 
 ∑ (   )   

  
(   ( )

 
 
     

and in general  

   ( )   (     ( ))  
 

 
 ∑ (   )   

   
   

(       ( )

 
  (   )                                ( )  

It is easily verified form (2) that   

(     ( )) 

      ( )     ( ) (            * +)  

Definition(2): A function f(z) in M is in the class M (     ) if it 

satisfies the condition :-  

|

 (   ( )) 

   ( )
  

 (   ( )) 

   ( )
 (    )

|     (                 )   

If k=0 , the class M (     ) reduce to the class M(     )  

∑(   ) studied by Uralegaddi and Desai[7]. 

Some authors studied univalent meromorphic functions for other 

classes , like , Kulkarni and joshi [4] , Ramreddy et . [6] and 

Atshan and Kulkarni [1,2,3]  
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2.Coefficient bounds  

In the following theorem , we obtain a necessary and sufficient 

condition for a function  f(z) to be in the class  (     ).  

Theorem 1: Let  ( )     Them  ( )   (     )if and only if . 

∑ (   ) (            )     
    (   ) (   )  

Where(        * +)                     

The result (2.1) is sharp. 

Proof: Assume(2.1) holds for all admissible value       . Let 

the expression  

 ( )  | (   ( ))
     ( )|  

  | (   ( ))
  (    )  ( )|            (   )  

Since 

   ( )  
 

 
 ∑ (   )        

                                         
     

 (   ( ))
  

 

   ∑  (   )        
                                      

     

Therefore, we have for   | |      

 ( )  ∑ (   )(   )        
                                      

     

  |(    )  ∑ (      )(   )        
       

   |     

 |∑ (   )(   )        
            

   |  
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  |(    )  ∑ (      )(   )        
       

   |     

 ∑ (   )(   )        
       (   )   

     

 ∑ (      )(   )        
       

     

 ∑ (   ) (    (      )      
     

   

  (   )                                                                          (   )    

Since the above inequality holds for all          letting 

     ̅  (   )  we get the result (2.1). 

Conversely , let    (     ). Then 

|

 (   ( ))
 

   ( )
  

 (   ( ))
 

   ( )
 (    )

| 

 |
∑ (      )(   )               

   

(    ) ∑ (      )(   )               
   

|    (    )  

Sine   * +                          

  {
∑ (   )(   )               

   

(    ) ∑ (      )(   )               
   

}    (    )   (   )  

We choose the values of  z on the real axis so that 
 (   ( ))

 

   ( )
 is 

real . By letting      through values , we get 

∑ (   )(   )          (   )   
    ∑ (     

   

  )(   )             

Therefore 
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∑ (   ) (    (      )        (   )     
     

which completes the proof of Therorem 1 

The result is sharp for  

  ( )   
 

 
 

  (   )

(   ) (     (      )
         (   )  

Corollary (1): Let  ( )   (     ). Then 

   
  (   )

(   ) (     (      )
 

3. Distortion Bound  

In the following theorem , We obtain distortion bounds  for  

 ( )   (     ).  

Theorem(2):Let    (     )      

 

| |
 

  (   )

( )   (    )
| |  | |  

 

| |
 

  (   )

( )   (    )
| | (   )  

 The result (3.1) is sharp for the function  

  ( )   
 

 
 

  (   )

( )   (    )
     

Proof : Let  ( )   (     ). By Theorem 1, We have  

∑
  (   )

( )   (    )
 
     Thus                                         (3.2) 

| ( )|  
 

| |
∑   

 
   | |  

 

| |
 | | ∑   
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Now, by using (3.2) , we get  

| ( )|  
 

| |
 

  (   )

( )   (    )
 | |. 

Similarly , we get 

| ( )|  
 

| |
 

  (   )

( )   (    )
 | |  

And this completes the proof of Therorem 2. 

The result is sharp for | ( )|  
 

| |
 

  (   )

( )   (    )
 | |  

4. Radii of starlikeness  and convexity  

Now , We obtain the of univalency , in particular , starlinkeness 

and convexity the  (     )  

Theorem 3 : If  ( ) (     ), then  ( ) is univalent  

meromorphic starlike of order 𝛾( 𝛾   )   | |       (   

   𝛾)  where 

  (      𝛾)       {
(   )(   ) (     (      )

(     )     (   )
}

 

   
    (   )  

The result (4.1) is sharp.  

 

Proof: Let  ( ) (     ), Then by Theorem 1 

∑
(   ) (     (      )

  (   )
 
                  (   )  
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It is sufficient to show that  

 |
   ( )

 ( )
 |    𝛾                                              (   )     

For | |    (      𝛾) where  (      𝛾) is given (4.1).  

Since 

  ( )   
 

 
 ∑        

          
     

   ( )       ∑         
                 

     

|
   ( )

 ( )
  |  |

∑ (   )             
   

  ∑               
   

|  

 
∑ (   )    

        
   

  ∑               
   

   𝛾  

Provided  

∑
(    𝛾)

(  𝛾)
  | |

                                     (   )

 

   

 

Now making use of (4.2) , we observe that (4.4) holds true if.  

| |   

 *
(  𝛾)(   ) (     (      )

  (   )
+

 
                 (   ) 

Setting | |    (      )  (   ) we get radius of starlikeness, 

which completes the of the Theorem 3 .  

The result is sharp for the function given by.  
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  ( )   
 

 
 

  (   )

(   ) (     (      )
    

Theorem 4 :    ( )   (      )  Then  ( ) is univalent  

Meromorphic convex of order 𝛾(  𝛾   )in | |     

  (      𝛾)  where  

  (      𝛾)

      {
(  𝛾)(   ) (     (      )

 (    𝛾)     (   )
}

 
   

  (   )    

The result (4.6) is sharp  

Proof: Let:    ( )   (      )  . Then by Therorem 1  

∑
(   ) (     (      )

  (   )

 

   

         (   ) 

It is sufficient to show that  

|
   ( )

 ( )
  |    𝛾                       (   ) 

for | |    (      𝛾) where  (      𝛾) is given by (4.6). 

Since 

 ( )   
 

 
 ∑        
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   ( )    
 

 
 ∑         

                 

 

   

 

|
   ( )

 ( )
  |  |

∑ (   )     
        

   

  ∑       
        

   

| 

 
∑ (   )    

        
   

  ∑       
        

   

   𝛾  

Provied that  

∑
 (    𝛾)

(  𝛾)

 

   

  | |
                     (   ) 

Now making use of (4.7) , we observe that (4,9) holds true if  

| |    
(  𝛾)(   ) (     (      )

 (    𝛾)  (  𝛾)
 

Hence 

   

 {
(  𝛾)(   ) (     (      )

 (    𝛾)  (  𝛾)
}

 
   

   (    ) 

Setting  | |    (      𝛾) in (4.10) , we get radius of convexity 

, which completes the proof of the Theorem 4 .  

The result is sharp for the function given by  
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  ( )   
 

 
 ∑

  (   )

(   ) (     (      )
   

 

   

 

5. Convex linear combination  

In continuation of our study , we shall prove that the 

class (     )is closed under convex combination .  

Theorem 5: Let the function   ( )be given by  

  ( )  
 

 
 ∑        

                      (   )

 

   

 

Be in the class  (     ) for every l=1,2,…. m . Then the 

function (z) defined by  

 ( )  
 

 
 ∑    

                                  (   )

 

   

 

Is also in the same class  (     ) , where  

   
 

 
∑                        (         )           (   )

 

   

 

Proof: Since   ( )   (     ) , then by Theorem 1, that  

∑(   ) (    (      )          (   )    

 

   

  

                                         

Hence 
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∑(   ) (     (      )        

 

   

 

 ∑(   ) (    (      )   [
 

 
∑    

 

 

]   

 

   

 

 
 

 
∑ ∑(   ) (    (      )    

 

   

  

 

   

 (   )  

Then by Theorem 2, we get  ( )   (     ). Then completes 

the proof of the theorem .  
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   المستخلص

 

الهددددددهذ  دددددده  دددددد ا الاكددددددا  دددددد       دددددد   دددددد   ا  دددددده  دددددده الدددددده   

اح ديدددددددد  الميدددددددد ال الف    اا دددددددد   الف  اددددددددد    ا دددددددد   الفددددددددل   ال  ددددددددد    

حصدددددل   دلدددددع حددددده د الف   دددددن ا حددددده د الم ددددد ي  ا ا صددددد ذ ا  ددددد ا ال  ف ددددد  

 ا المكهب   الم   ب ال    الفكهب   

 

 


