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Abstract

In this paper,we introduce certain class of univalent

meromorphic fuctions defined by linear operator . We obtain

coefficient bounds , radii of starlikeness and convexity and

convex linear combination .

2000 Mathematics Subject : 30C45.

Keywords: Univalent Meromorphic Function , Linear Operator
. Coefficient Bounds , Distortion Bounds , Radius of
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1.Introdution:-

Let M denote class of functions of the form :
1 %
f@) =-+3nm1002",(a, 20,neN={12..}) (1)

which are analytic and univalent in the punctured open unit disk

U*={z€C:0<|z| <1} =U — {0}, where U is the open unit
disk U={z € C: |z|] < 1}

A function f € M is said be meromorphic univalent Starlike

functions if

_Re {Zf '(2)

) }>O,ZEU*

A function f € M is said be meromorphic univalent convex

function if

zf'(z)

—Re {1 + 10

}>0,ZEU*.

A function f € M is said be meromorphic univalent Starlike

function of order o« if.

2f'(2)
_Re{ @

} >x  (ZeU'0<«x<1).

The class of all such meromorphic univalent Starlike functions
inU™ is denoted by M(x)..




Definition (1) [5] : Let f(z) be a function in the class M given by

(1) , we define a linear operator L* by

L°(2) = f(2)
L'f(2) = % + Y0 (n+2)a,z" = (Zzi(z)

and in general

L¥f(2) = L (2)) = 2 + e (n + 2)a, 2" =

21k—1
EL 1@ LZ 1@ (ke N) (2)

It is easily verified form (2) that

(Z2L*f(2))’
= LF*1f(z) — 2L%(2),(f € M ,k € N, = N U {0}).

Definition(2): A function f(z) in M is in the class M (k, «, B) if it

satisfies the condition :-

z(Lyf(2))’ +1
L
k2 < B(z€U,0 <x<,0< B <1).
2Wif @) oo 1
L, f(2)

If k=0, the class M (k, «, ) reduce to the class M(0, «, §) =
Y'(x, B) studied by Uralegaddi and Desai[7].

Some authors studied univalent meromorphic functions for other
classes , like , Kulkarni and joshi [4] , Ramreddy et . [6] and
Atshan and Kulkarni [1,2,3]




2.Coefficient bounds

In the following theorem , we obtain a necessary and sufficient
condition for a function f(z) to be in the class M (k, «, ).
Theorem 1: Let f(z) € M. Them f(2) € M(k, «, B)if and only if .

Yo n+2)*m+1+p+n+2x—-1)a, <2p(1-x) (2.1)
Where(k e Ny =NU{0}) ,0 <x<1land0<pf <1
The result (2.1) is sharp.

Proof: Assume(2.1) holds for all admissible value k,x, 8 . Let

the expression
M(f) = |z(Lif (2)) + Li.f (2)]
—Blz(Lf(2))" + (2 x =1)L(2) (2.2)

Since

Lif @) ==+ T (n+2)* ayz" .Then

(Lef(2)) = Ziz + ¥ n(n+2)* a,z" 1!
Therefore, we havefor0 < |z]| =r < 1
M) =¥ (n+ D(n+2)k a,z"?
—B|(2 o« =1) + 32 (n + 2 o« —1)(n + 2)¥

= |Z${’=1(n +1D(n+2)* a,z"*? |




Bl o 1) + X+ 2 —D)(n+ 2 ayz™H
< T+ D+ 2k apz™t - 2p(1-x)
+3° (n+2x DN+ 2)* a,z"?

=y (n+2D¥m+1B(n+2 x —1) a,r"+! —
2B(1—) 2.3)

Since the above inequality holds for all ,0 < ,1, letting
r — 17in (2,3), we get the result (2.1).

Conversely , let f € M(K, «x, 8). Then

z(Lyf(2))'
Ly f(z)
(Lef(2))
z L,ff(j) + (2 x —1)

_ | Y2 (n+20c—1)(n+2)k a,z"*?
(2x-1)+¥%_, (n+2x-1)(n+2)%k apzn*1

+1

<B,(zeU"

Sine R {z}for all z,it follows that

00 k n+1
Re{ 2n=1(n+1)(n+2) anz } S B, (Z E U*) (24)

(2x—1)-3%_, (n+2x—1)(n+2)k  a,zn+1

We choose the values of z on the real axis so that % IS
k

real . By letting z — 1~ through values , we get

Yo+ D +2)* a, <28(1-x) —Yli(n+2«x
-1D(n+2)¢ a,

Therefore




Yo m+2)*n+1p(n+2x-1) a, <28(1-x).
which completes the proof of Therorem 1

The result is sharp for

. l 2(1—x) n
fn(2) = z + (n+2)k(n+1+ﬁ(n+20<—1)Z (2.5)

Corollary (1): Let f(z) € M(k,x,3). Then

2 (1—)
a, <
"Tm+22Dkm+1+pn+2x —1)

3. Distortion Bound
In the following theorem , We obtain distortion bounds for
f(z) € M(k,,[).

Theorem(2):Let f 3 M(k; <, B).Then

1 2,8(1—0() 1 Zﬁ(l—oc)
m T ek aarep 2 S 12l S Gt G 121G

The result (3.1) is sharp for the function

. l 2L (1—x)
fa(2) = z t )k 2(1+xB)

Proof : Let f(z) € M(k, x, 8). By Theorem 1, We have

co 2p(1-x)
Yme1 ORI Thus (3.2)

1 1
@] < 3oy ay |21 < 7+ 12l Ty 2,




Now, by using (3.2) , we get

1 2L (1—x)

Similarly , we get

1 2L (1—x)

And this completes the proof of Therorem 2.

2L (1—x)
@ 207 2]

The result is sharp for [f(z)| < é +

4. Radii of starlikeness and convexity

Now , We obtain the of univalency , in particular , starlinkeness
and convexity the M (k, «, 3).

Theorem 3 : If f(z)M(k, %, ), then f(z) is univalent

meromorphic starlike of order y(0y < 1)in |z| <1, = ry(k, <
,3,7), where

1

}m (4.1

1-y)(n+2)k(n+1+B(n+2x—1)
(24n-y) 2B(1—x)

Tl(kr OCUB')/) = lnfn {

The result (4.1) is sharp.

Proof: Let f(z)M (k,x, ), Then by Theorem 1

w @M+2)KMm+1+pn+20—1)
ZTl:l Zﬁ(l—oc) aTl S 1 (4'2)




It is sufficient to show that

2f' ()
<1-— .
I =1y (4.3)

For |z| < r;(k,x, B,y) wherer; (k,x, 8,y) is given (4.1).

Since
fo@) = >+ X, anz" Then

zf'(z) = z7'+ ¥, n a,z" There f'ore

Yo (n+1) apz™*tt
1+Y5, apzh™tl

zf'(2)
f(2)

+1|=

< Yo (n+1) apz™tl

<1l-vy

Provided

oo

2+n-vy) et
Z a7 a,|z|"t! < 1. (4.4)

n=1
Now making use of (4.2) , we observe that (4.4) holds true if.

|Z|1'l+1

<{(1—y)(n+2)k(n+1+[)’(n+2oc—l)L

= 28(1-) Jrt (4:5)

Setting |z| = ry (k, «, B,)in(4,5),we get radius of starlikeness,

which completes the of the Theorem 3.

The result is sharp for the function given by.




20 (1—x) n
(n+2)’<(n+1+ﬁ(n+20c 1)

fa(2) = =

Theorem 4 : If (z) € M(k,x,[5,) Then f(z) is univalent

Meromorphic convex of order y(0 <y < 1)in|z| <r, =

ry(k, o, B,y) where

ry(k, o, B,7)
1
— 1—p)n+2)*n+1+p(n+2x—1)nt1
= inf, { n2+n-— y) 2[)’(1—0() } (4.6)

The result (4.6) is sharp

Proof: Let: If (z) € M(k,x,3,) . Then by Therorem 1

i(n+2)k(n+1+ﬁ(n+20c—1)a

25— <1 47

It is sufficient to show that

zf'(2)
f(2)

+1|S1—y, (4.8)

for |z| < ry(k, %, B,y) wherer, (k, «, 8,v) is given by (4.6).

Since




1
zf'(z) = 2

oo
+ z n a,z" 1 There fore
n=1

Yn=1(n + 1) anzn+1

1+3%, apz't

zf'(2)
f(2)

+1] -

_ e+ 1) a2
T 1+ Yy, apzttl

<1-y,

Provied that

(0.0)

nn+2-—y) -
Z a7 a,|z|"tt <1 (4.9)

n=1

Now making use of (4.7) , we observe that (4,9) holds true if

A1-yYn+2)*m+1+(n+2x—1)
n2+n—-y)2(1—-vy)

|Z|TL+1 S

Hence

\Z\
1
1-py)n+2)*m+1+pMn+2x -1
S{ n(2+n—-y)2p(1—-vy) } - (#10)

Setting |z| = rp(k, %, 8,y) in (4.10) , we get radius of convexity

, which completes the proof of the Theorem 4 .

The result is sharp for the function given by




2(1—x) n
(n+1+,8(n+20c—1)z '

5. Convex linear combination

In continuation of our study , we shall prove that the

classM (k, «, 8)is closed under convex combination .

Theorem 5: Let the function f; (z)be given by

(00]

1
fl(Z) = ; + z anﬁlrznrz 1;2 we, M, an,l 2 0 (51)

n=1

Be in the class M (k, x, B) for every [=1,2,.... m . Then the
function (z) defined by

(0]

1
9(2) =;+anz’%= b =0

n=1

Is also in the same class M (k, «, ) , where

1 (0.0]
b, = z a,l (n=12,.... (5.3)
=1

m

Proof: Since f;(z) € M(k,x, ) , then by Theorem 1, that

(0]

D+ D+ 1p(+2 % ~1) ay < 26(1-),

n=1

k€N, <«<land 0< p <1,foreveryl=172,..m,

Hence




Z(n+ 2D)*m+1+p(n+2x—1) b,

n=1

Z(n +2)*m+1(n + 2 x —1) [%Z an,l]

m

;Z Z n -+ Z)k(n +1f(n+ 2 x _1)an,l < 2B(1—).

I=1n

Then by Theorem 2, we get g(z) € M(k, «, 8). Then completes

the proof of the theorem .




ﬁ Applications

Motivation
Part I: Conformal Geometry & Applications
s Basic Mathematical Background
= Computational Algorithms
= Applications
Part Il: Quasi-conformal Geometry & Applications
Conclusion




Why Conformal for Brain Mapping?

Metric preserved up to scaling _HV Local geometry preserved!
Angle-preserving _HV inherits a natural orthogonal grid on the
surface.

Simple (gs) Matrix ——=) simple differential operator expression on

the parameter domain and simple projected equations.




What is Conformal map?

=« Conformalmap f:M — N = preserves inner product up to a
scaling factor (the conformal factor A ). conformal factor
B

2

=« Mathematically, f*(ds})= E&rw where ds;, = > g dx' ndx’

i,j=1
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