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Abstract

In the present investigation , we introduce a subclass of univalent
analytic functions in the open unit disk and obtain some properties , like
, coefficient estiamates , growth and distortion theorem , extreme points
and closure theorems. Also , we discuss convolution and integral
properties .

Mathematics Subject Classification : 30 ¢ 45 .

KeyWOI’dS - Analytic functions , growth and distortion , extreme
points , differential operator .




1 Introduction

Let $1 denote the class of functions fof the form
[Z) =24 2" (1)
which are analytic in the open unit disk U :={z € C :|z| < 1}.
A function f in the class # is said to be in the class S* (a) of starlike
functions of order a in U, if it satisfy the inequality
zf'(=

?RTZ]]}“ (zeU,0=<a<1). (2)

Note that S*(0) = S* is the class of starlike functions.
Denote by B the subclass of # consisting of functions fof the form

o]

fz)=2z— Zfzﬂz“ (an = 0). (3)

=2
This subclass was introduced and studied by Silverman [8].
Let f be a function in the class . We define the following
differential operator:
D3,f(2) = f(z)
Dand (2) = Dapf(2) = Me2®f"(2) + (A — w)2f'(2) + (1 = A+ p)f (2)
D3f (2) = Dy (D5 f(2)) (4)

where 0<p<i<1land meN :={1,2,..}.
If f is given by (1) then from the definition of the operator D}, f itis

easy to see that
DU f(z) =2+ Z[] + (Apn + A — p)(n — 1)]"a,2". (5)
n==2
When A =1 and p =0 we get the S"al"agean differential operator [7]
and when p = 0 we obtain the differential operator defined by Al-
Oboudi [1].




If £ € B is given by (3) then we have

Df(z) =2 — Z[] F(Aper - A — p){n — 1) an2". (6)
Definition 1.1 A function fe # is said to be in the class T(y,a,
k,p.m, A, p) if it satisfy the following condition:

zG'(2) zG'@
Re{a e —(a+ﬁ—1)}>ak e —1‘ (7)

Where0< y<1l,a>1,k>0,0<g<1land
G(2) = (1-7) DYy f(2) +vz(Diu fF())" . (8)

Also , we define

S(v,a, K,B,m, &, p) = T(y,a, k,B,m, &, p) 0 B

By suitably specializing the parameters involved , the classes
T(y,0,K,p,m, A, p) and S(y,a, K,p,m, A, p) can be reduced to new or to
known much simpler classes of functions which were studied in
earlier works (see [2], [3] .[4] .[5] .[6] ).

The object of this paper is to study various properties for
functions belonging to the class T(y,a, k,$,m, A, p) and S(y,a, K,,m,
A, 1) , respectively.

In order to prove our results from this section we need the following
lemma.

Lemma 1.1 Let B be a real number and let w be a complex
number. Then R(w)> B if and only if |w + (1—f)|—|w—(1 + B)[>0.




2 Coefficient estiamates

First we give a sufficient coefficient bound for functions in the class
T(Y’“’ k’B,mQ ;“’ l‘l)
Theorem 2.1 Let f e #Agiven by (1). If

e ]

Z[l — B+ aln — 1)(1+ E)|AulA, oy, m)|an] <1- 7 (9)
Where
Ap(A pyy,m) = [14+~4(n— D)1+ (Apn + A — pl{n - 1) (10)

then f € T(y,0, k,p,m, 1, p).
Proof. In virtue of Definition 1.1 and Lemma 1.1 it is sufficient to
show that

20 (= 2|2
(x {]—{{k—l}—k: aZ {J}—f}:—{l-i‘ﬁ.}‘

G(2) G(z)
2G(2) zf*’{ ) . B
< G0 (a—1)—Fk s (1 ﬁ}‘ (11)
For the right-hand and left-hand side of (11) we may, respectively,
write

—(a=1) =k aZ "(2) —a|+ {1 -4)

(=)

e I|rrz{ "(2) = (@ = 1)G(2) — ke |az('(2) — aG(2)| + (1 - B)G(2)]

=l |i3 73— E[_ B4 aln — 1)1+ k)| Au( A, 1,7, m]|uﬂ|]

el
and similarly

=2

—(a—1)—k nz;;;i) —al-(1+8)

1 ! ¥ i 1 1 . 1
= 2] |ftz(I (z) = (o — 1)G(2) — ke®|azC'(2) — aG(2)] — (14 ,d]l(:[z”




}| ﬁ+§[n W1+ k) x’flﬂw.{%;a*.-':f.-ﬂrf}la-nll

Since

R—1> |{lflﬂ [2{1 —H]—zgu — B4 a(n—1)(1 +ﬁ:}]ﬂn{ldﬂa"f:-'”*f]|ﬂu|] > ),

the required condition (11) is satisfied.
In the next theorem we obtain a necessary and sufficient condition

for a function fe B to be in the class S(y,a, k,p,m, A, p).

Theorem 2.2 Let f € B given by (3). Then f € S(y,a, k,p,m, A, )
if and only if

S =B+ a(n— 1)1+ k) A (A, p, 7, m)an < 1- 8 (12)
where A, (A,n,y,m) is defined by (10). The result is sharp.
Proof. Assume that inequality (12) holds true. In virtue of Theorem
2.1 and the definition of S(y,a, K,p,m, A, p) we have that f € S(y,a,
kaBama ;"’ ll)
Conversely , suppose f € S(y,a, k,,m, A, p) .Choosing the values of
z on the positive real axis the inequality (7) reduces to:

1— Z[l + ae(n — 1) AL (A, gy, m)agz""
n2 .y

1- Z An( A, g1, 7y, man 2"

=

o0

Zn: (1 — 1) ALA, 2,7, m)a, 2"

| =2

1- Z Anl(A, 2,7, m)ay 2"

n=2

Letting z —17, we obtain the desired inequality.
Finally, equality holds for the function f defined by

1-p
()= ’

T Fram - D0+ PIAD aym) =2 (1)




Corollary 2.1 If f € S(y,0, k,p,m, 1, p), then
oy = 1-5
T = B4 aln — DL+ E)] AL, g, v, m)

Equality is obtained for the function fgiven by (14).

(n = 2).

3 Growth and distortion theorem

Theorem 3.1 Let f € S(y,0, k,B,m, 3, ). Then, for || = r <1
1—-p 1 _p ,
- Ba(h i mim, k. ) Ba(A, ph, v, m, o, #:.ﬁ]r (16)

and

" r|flz)] <r+

2(1 —)
By iy, m, .k, )

21— 1)
)
By(\, 1,7, m, o k, )

o |fﬂ[?‘:|| < ] |

|:|'|_f':|

where

B, y,my ok, B) o= [1— B+a(n—1)(1+E)| AL (A, gy, m) (= 2). (18)

The inequalities (16) and (17) are sharp for the function f given by
1= 2

Ba( A, e, vy, o ke, @)

Proof. Since f € S(y,a, K,p,m, A, n), from Theorem 2.2 it follows

Z Bu( A ey, myon ke, Bla, <1 -0

n=2

f(z) = 2

where B, (A,n,y,m,a,K,p) is given by (18). We have

Ba(A, oy, my ok, ) Z ay = Z Ba( A, g, v, my e,k Bay

n—2 n=2

< Z BalA gy, ok, Bla, <1 -8

Fi—




and therefore

X

1-g
Zr}.” < .
—~ Ba( A, g, 7y, m, o b, 3)

Since is f given by (3) we obtain

e

o
< 1]+ 12E Y el < vt r? Y Do

=2 n—2

1—53

< o
=T+ Ba(A, v, my ek, 3) :

) L)
N 212 = 2D D anlzl* 2 2 = * ) a
=2 Te—2
1—0 2
Zr— .
Ba( A, pyy,my o ke, 3)

In virtue of Theorem 2.2, we also have

Bal A, i, 7y, m, o, K, (3) i = Ba( X, sy, m, e ke, 3)
Ty, E

2 2 Hn

n—=2z =2

<3 BulA ok, Blay <1 8

n—4

which yields

i . 2(1 — 4)
Thily, < .
. Fio (A, gy, g e, ks, ()

n—2

Thus,

= a]

|F(2)] <1 -I—Z-ﬂ.u,ﬂ|:r|" b= +¢'Zm}.ﬂ
=2 =3
2(1— )

= 14 -
B Ba( A, g, vy, m, o, ke, (3)

=] =4

[/(z)] =1— Z-ﬂ.u,ﬂ|:z|“_1 =1— rz-n.fxﬂ

n=a n=ua




=1 2(1—4) .
Ba( A, g, v, o Ky (7)

Now, the proof of our theorem is completed.

4 Extreme points

Next, we examine the extreme points for the function class S(y,a,
k9B9m9 )\” p‘)
Theorem 4.1 Let the functions

Ni(z) =z and fu(z) =z 1-4 " (20)

T By sk, B)
O<p<i<1,0<y<1,meN,a>1k>0,0<p<l,n>2).

Then f € S(y,a, k,p,m, A, p) if and only if

1) = Mlul2) (z€U)

=1

where 1, =0(n=1and )1, =1.

Proof. Assume that f can be written as in (21). Then

=S 1 - fj /]
Jlrl::"‘] }'Iz + Z}'N lz a _ﬂlf"()i“”-.l A:'r-. Tr"‘1{}"1 k:"ﬁ:lz ]

n—=2z

o0
-
1-8

A ,.)ll £
Z " Bl A, oy, o ky [3)

n=2




o 1—13
Ba(A, g,y m, o kb, B A, :
E (A 1y 7, o0 K, B, By (A gy, my ok, 3)

=1 _,r-,r)i,xﬂ —(1-A(1-r)<1-p8

=2

it follows, in virtue of Theorem 2.2, that f € S(y,a, K,p,m, A, p).
Conversely, suppose f € S(y,0, K,p,m, A, p) and consider

B, g, 7, m, ok, 4)

- iy, =2and Ay :=1— ZA".

=4

Ay =

Then (2) = X721 2. fo(2) . Thus, we completed the proof of the
theorem.

Corollary 4.1 The extreme points of the function class S(y,a,
k,B,m, A, p) are the functions given by (20).




5 Closure theorems

Let the functions f; € B (j =1, 2,...,p) defined by

filz)=2z— Z“Tldzﬂ (z €. (22)
We obtain the following results for the closure functions of the class
S(y,0, K,pm, A, p) .

Theorem 5.1 Let the functions f; (j =1 ,2,...,p) given by (22) be in

the

class S(y,a, k,p,m, &, p) and let¢; > 0 (j=1,2,...,p) such that

p . _

Then the function h defined by

hiz) Z cifi(z)
i1

is also in the class S(y,a, K,$,m, A, p) .

Proof. In virtue of the definition of h , we can write

h(z) = Zp:ft_? [z - iﬁtﬂljzﬂ] = z— i (ZP: r:jﬂ.ﬂ‘j) z".

=2 =2

Since the functions f; are in S(y,o, K,B,m, A, p), for every j =1,2,....p
we have

]

Z By (X oy, my ok, Bag; < 1= 3.

=g

Hence, we get

o P n
Z Ba(A, e,y m, ok, 3) (Zf:j—uﬂ:j—) < Zf:j-(l -M-1-5
n—2 g=1 F=1




which implies that h is in the class S(y,a, K,p,m, A, p). Thus, the proof
of the theorem is completed.

Corollary 5.1 The class S(y,a, k,p,m, &, ) is closed under convex
linear combination.

Proof. Assume that the functions f; (j =1 ,2) given by (22) are in

S(y,a, K,B,m, A, p).
It is sufficient to show that the function h defined by

W(z) = cfi(2) + (1 - c)fal2) (0 ez

IS in the class S(y,a, K,,m, A, p). By taking p =1, ¢; = cand
c, =1 —c in Theorem 5.1 we obtain the corollary.




6 Convolution and integral properties

In this section we shall prove that the class S(y,a, K,p,m, A, p)
is closed under convolution and integral operator.

Theorem 6.1 Let g(z) of the form

glz) =z — Zbﬂzﬂ' (0<h, <1 ,n=2)
be analytic in U. If the function f belongs to the class S(y,a, K,,m, A,
n) then, the function f * g is also in the class S(y,a, K,p,m, A, p).
The symbol ” *” stands for Hadamard product (or convolution).

Proof. Since f € S(y,a, K,p,m, &, p) we have

o0

Z Bo(X gy, myonk, Bla, <1 (.

=2

By making use of the last inequality and the fact that
“I # fi'::l{‘:} z = Z”':uhuzn

n—2
we obtain

Z By A, g, v, m, o, k, Bagh, < Z B, i,y m ek, B, < 1— 3
=2 =2

and hence, in virtue of Theorem 2.2, the result follows.
Let/. : T — T be the integral operator defined by

o+ 1

z:‘:

F(z) = 1.(f)(z) =

/z TN (e> 1, z € T). (23)
We note that if f €T is ginen by (3) then

el
f:_l_nr}.,;z ' [24}




Theorem 6.2 If the function f is in the class S(y,a, K,p,m, A, p)
then the function F given by (23) is also in S(y,a, K,p,m, A, p).

Proof. From (24) it results that F(z) = (f * g)(z)(z € U) , where

= e+1 n c+1 _
glz) =2 — ; f:-l—?i'.z and 0 < - <1(n=2).

By Theorem 5.1, the proof is trivial .
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