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Results on a Subclass of Meromorphic Univalent

Functions

Abstract: In The present paper , we study and discuss a subclass of

meromorphic univalent Functions SH(c,y,A) defined by Ruscheweyh
derivative. We obtain some geometric Properties ,like, Coefficient
inequality ,convex set, arithmetic mean , distortion bounds , radii of
starlikeness and convexity and Hadamard product property ,with some

applications on Conformal mappings
AMS subject Classification: Primary 30C45,Secondary 30C50.

Keyword: Meromorphic Univalent Function , Ruscheweyh Derivative

, Convex Set, Distortion Bounds, Hadamard product.

1-Introduction :

Let SH be a class of functions f of the Form:

f2)=z1+ ) a,z" (1)
kZl "

Which are analytic and meromorophic univalent in the punctured unit
disk U* ={zeC:0 < |z| < 1}

Let SH be a subclass of SH consisting of functions of the Form:

f(z)=2z71 +Zakzk,(ak >0,keN= {1,2,.......} (2)
k=1

Which are analytic and meromorphic univalent univalentin U.

For f eSH * given by (2) and g eSH *given by.

g(2) =21+ z bez®, (b = 0,keN = {1,2, ..},
k=1




The Hadamard product (or convolution) of f and g is defined by

@ =27+ ) abz* = (g+ N@).
k=1

Definition(1):A function f eSH* is said to be in the class SH*(e, v, 1)
If and only if

2(Z2(D*f(2))) — Z*(D*f(2))’
y — 22(D*f(2))'

and D? is the Ruscheweyh derivative [7,8] defined by

<x,where(0 <x< 1,y >0 and 1> —1), 4)

1 (o]
D f@) = ) sq =2t Z @D (D)7,
K=1

_ (A+1)(A+2)...(A+k+1) . *
Where D, (4) = D! LA>—1,z€e U".

Some authors studied meromorphic univalent functions for another
classes , like ,

Aouf [1,2],Atshan [3] ,Astshan and Abdul-Kadhim [4], Atshan and
kulkarni [5] and Ghanim and Darus [6].

2-Coefficient Inequality:

The first the theorem gives a necessary and Sufficient condition
fora function f to be in the class SH* («,y,A)
Theorem 1: Let f € SH*.then f € SH*(«,y,A)if and only if

Z k(k+0) D (Day << (1+7), (0 << 1,y > 0 and A > —1)
k=1

The result is sharp for the function

< (1+7y)
k(k+) D, (1)

Proof: suppose that the inequality (5) holds true and

zk, (k = 1). (6)

f@)=z""+

|z| = 1.then, we have

|2(z> 0* f (@) ) —22(D* f(@))' |-« |y —2*(D* f(2)']




= Z k’D, (D) az" | —x [(1+y) — Z kD, (M a,z"*1
k=1 k=1

< Z KD (D) ay |zt — « (1+7) + Z o kD ;( A)ay|z|*
k=1 k=1

= z k(k+x)Dy(A)a,—x (1 +y) < 0,by hypothesis.
k=1

Thus by maximum modulus prineiple , f (z) € SH*(x,y, A).
To show The Converse , Suppose that f(z) € SH*(«x,y,A).Then From

(4), we have

z (z2 (le(z)),)l — 72 (D'lf(z)),
y - 2(Df(2)

B Yie1 K2Dp (D ay 2" o
A+ Y) - X kD (Day 2| T
Since Re (z) <|z|for all z (z € U),we have
. kZD yl k+1
Re 21 k"D (Dayz <.
(1 +7v) - X, kD (D ay 2+

We Choose the wvalue of z on the real axis so that

(7)

z? (D’1 f (z)) is real. Upon clearing the denominator of (7) and

letting z — 17, through real values so we can write(7)as

Z k (k40D (D, <o (1+ 7).
k=1

Sharpness of the result follows by setting

< (1+7vy)
k(k+oc)Dk(/1)Zk' (k= 1).

Corollary 1: Let f € SH* («,y,1). Then

fl@)=2z""+

3




0 < x(1+7y)
k= k(k+o)D(2)’

(k= 1).

3- convex set:

In the following theorem, we show that the class SH’
(«,v,A) is aconvex set.

Theorem?2: The class SH*(oc, Y,A) is aconvex set.

Proof: let f,and f, be the arbitrary elements of SH*(x,y,A) then for
every t(0<t<1)

,we show that (1 — t)f; + tf, € SH”

(,v,A).thus, we have.

A-Of,+tf, =21+ Z[(l —t)ay + th,] z*
k=1

[oe]

z Kk(k+0) D ()[(1 — D)ay, + thy]
k=1

=(1—-10t) ) k(k+)Di(A)+t Y k(k+x)Dy(A)by,
SA-H)x@A+py)+txc(1+y) =x1+7Yy)

This completes the proof.

4-Arithmetic mean:

In the following theorem ,we obtain the arithmetic mean of the function
inthe class SH*(c,y, A).
Theorem3: Let the functions f,, defined by

fu2)=z"1+ z Ak z¥, (ak'n >0,keN,n=1,2, ....,{’)
k=1

be in the class SH*(x,y,A) for every n = 1,2,...1,then the function
h defined by

hz) =271 + z e.2%, (e, = 0,k € N)

k=1

4




also belong to the class SH* (e, y, 1), where ¢ = %Zf;l akn.

Proof: since f,, € SH*(,y, A), it Follows from Theorem 1 that

> klk+e0D Dy < (1+7),

For every N = 1,2,3, .....,1 Hence
’

o0 (0e] 1
z k(k-+0)Dy(A)e, = Z k(k+o<)Dk(A)(?z .
k=1 k=1

n=1

1 1
' k(e Dy (Day, %2 (v =ald+y)
n=1 n=1

Then h € SH*(,y, ).

5- Distortion Bounds:

In the Following theorem ,we obtain the distortion bounds for the
function f inthe class SH™ («,y, )
Theorem4: If f€ SH™ («,y,1), then

1 < (1+y)
r (A+o)D (D)

< |f(2)]

x(1+y)
(1+c)D1(4)

Where D, (1) = %(7\ + D+ 2).

r,(z|=r<1) (8)

The result is sharp for the function

x(1+7y)
(A+«)D; ()~

Proof: let f € SH*(,y,A).then by Theorem 1, we get

fz)=z"1+

(140D (A) Z a < Z k(k+0)D(Day < (1+ 7).

k=1 k=1




:Ej 0 < < (1+7y)
£ T (1+0)D4 ()

1~ .1 C
|ﬂMS—+Eam|§—HﬂE%

lz| £ z| 4

k=1 k=1

1, i _1, x@+y)
= rk_1 a < A+, (D) T

Similarly,

T @+wD, ()"

From (11) and (12) ,we get (8) and the proof is complete.

6-Radii of starlikeness and convexity

Now , we obtain the radii of starlikeness and convexity.
Theorem 5: If f € SH*(,y, ), then f is univalent meromorphic starlike

of order @(0 < @ < 1) in the disk |z| < r;, where

_inf k(1 — ¢@)(k+o)D, (1) e
e k{(k_‘P+2)°<(1+y)} '

The result is sharp for the function f given by (6) .

Proof : It is sufficient to show that

zf'(z)

+1|<1- or |z| <rq.

zf'(2) | | _|#f @+ F(@)| T (K + Day |z
+1| = <
f (2) f(2) 1 — Yy axlz|®+1
Thus ,(13) will be satisfied if

Sk + Daylzl“+t
1_2;’(‘;1 ak|Z|k+1 -

6




S (K— @ +2

E( P+2) g <1,
1-¢

k=1

Since f € SH*(«x,y,A), we have

e}

k(k+x)D;(2)
z < (1+7y)

a, =

Hence ,(14) will be true if

(k- +2)
1—

k+1<
2 <= d Ty

)

Or equivalently

1
k(1 — @) (k+0)D; (1) | k+1
|Z|S{(k—tp+2)oc(1+y)} (k= 1),

Which follows the result.
Theorem 6:1If f € SH*(x,y,A), then f is univalent

convex of order

©(0 < @ < 1) in the disk |z| < r,, where

(- @) (koD ()
"2 = mfk{oc (k—<p+2)(1+y)}

The result is sharp for the function f given by (6).
Proof : it is sufficient to show that
zf (2)
f' (2)
But

+2‘S1—cpfor|z|<r2.

meromorphic

(15)

<

'@

Thus ,(15) will be satisfied if

zf (2) ‘ _ | @ +2f @) _ iy klk+ Day|z|**!
r@ T 1= X kaglz]FT




S k(k+ Daglz/
1->2 kaglz[-t ~ ¢

Orif

k(k— @ +2)
e

a, |z|*! < 1.
1 —

k=1

since f € SH*(«,y,A), wehave

oo

k(k+ox)D; ()
z x(1+7y)

ap =

Hence,(16) will be true if

k(k—¢+2) 2]k < k(k+o)D; ()
1—¢ T «<(1+7y)

Or equivalently

1
(1 - @) (k)P (W) |71
CR e e  BRUEEY

which follows the result

7- Hadamard product (convolution):

In the following theorem , we obtain the convolution property of the
class SH*(c<,y,A)

Theorem 7: let the functions f and g of the form:

f(2)=z1+ z a,z g(z) =z1+ Z b, z*
k=1 k=1

belong to the class SH*(c,y,A).then the Hadamard product ( or
convolution)

Of two functionsfand g belong to the class SH*(«, y;,A),where




_ x(1+y)?
Y1 = K ktoOD ()

Proof : since f and g € SH*(,y,A).then from theorem (1), we have

[o0] (o]

k(k+c)D (A1) k(k+o)Dy ()
z x (1+4+7y) D = 1’2 < (1+7y)

kS

We need to find largest number ¥ ; Such that

(00

z k(k+x)Dy (1)
< (1+7v1)

By using cauchy — schwarz inequality , we have

akbk <1.

k(k+0<)Dy (1)

Z;f;l <(1+7) akbk <1

Thus it is sufficient to show that

k(k+«)D; () k(k+x)D;(2)

< A/
akbk = " (1 n ')/) akbk

x (1+7v1)

This is equivalent to

From (17) ,we get
< (1+
arby < 1+vy)
k(k+x)D,; ()
Thus ,it is sufficient to show that

k(k+x)Di ()~ 1+vy

Which implies

_ X (1+7y)? B
Y1 = p(k+o)D(2)

1.
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