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Results on a Subclass of  Meromorphic  Univalent   

Functions 

 

Abstract: In The present  paper , we study  and  discuss  a subclass of  

meromorphic  univalent  Functions  SH
*
(   ,λ  defined by  Ruscheweyh 

derivative. We  obtain  some  geometric Properties ,like, Coefficient 

inequality  ,convex  set , arithmetic mean , distortion bounds , radii  of  

starlikeness and convexity  and  Hadamard  product  property ,with some 

applications on Conformal mappings 

AMS subject  Classification: Primary  30C45,Secondary  30C50. 

Keyword: Meromorphic  Univalent   Function , Ruscheweyh  Derivative 

, Convex  Set, Distortion  Bounds,  Hadamard  product. 

1-Introduction : 

Let SH be a class of functions  f  of  the  Form: 

 (       ∑   
  

 

   

                                              (   

Which are analytic  and meromorophic   univalent  in  the  punctured unit 

disk      {      | |   }   

Let SH
* 

be  a  subclass of  SH  consisting of  functions of  the  Form: 

 (       ∑   
 

 

   

 (          {         }                      (   

Which are analytic and meromorphic univalent  univalent in  U. 

For f  SH * given by (2) and g  SH *given by. 
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The Hadamard   product   (or convolution) of  f  and  g  is defined by 
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  (    (   

 

   

 

Definition(1):A function f  SH* is said to be in the class SH*(    λ  

If and only if  
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|         (                              (   

and    is the Ruscheweyh  derivative [   ]            
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Where   (   
(    (     (      

(     
            

Some   authors   studied   meromorphic   univalent functions for another 

classes , like , 

Aouf [   ],Atshan [3] ,Astshan and Abdul-Kadhim [4], Atshan and 

kulkarni [5] and  Ghanim and Darus  [6].  

2-Coefficient Inequality:  

The first the theorem gives  a necessary  and  Sufficient condition   

for a   function f to be in the class SH* (    λ   

Theorem 1: Let                    (    λ                     

∑ (      (      (     (                                       (   

 

   

 

The result is sharp  for  the  function 

 (       
 (    

 (      (  
   (                         (   

Proof: suppose that the inequality (5) holds true and 
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Thus by maximum   modulus  prineiple  ,   (      (      . 

To show The Converse , Suppose that   (      (       Then  From 

(4), we have 
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Since Re (z) ≤| |            (             

  (
∑     (     
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)                                     (   

We Choose the value of z on the real axis so that 
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Sharpness  of  the result  follows by setting 
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3- convex set: 

In the following theorem, we show that the class SH
*
 

(    λ                   

Theorem2:    The class SH
*
(    λ                   

Proof: let   and    be the arbitrary elements of    (       then for 

every    (       

               (               

(    λ                

(               ∑[(          ]

 

   

   

Hence, 
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This completes the proof. 

4-Arithmetic mean:  

In the following theorem ,we obtain the arithmetic mean of the function 

in the  class    (         

Theorem3: Let the functions      defined by 

  (       ∑    

 

   

   (                     ) 

be in the class    (       for every            then the function 

    defined by 
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also belong to the  class    (                
 

 
∑      

 
    

Proof: since       (        it Follows from Theorem 1 that 
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For  every               Hence 
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Then      (         

5- Distortion  Bounds: 

In the Following theorem ,we obtain the distortion  bounds  for  the  

function   f   in the class SH
*
 (    λ  

Theorem4: If  f   SH
*
 (    λ       
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Where D1(λ  
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The result is sharp for the function  

 (       
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Proof: let f     (    λ                           
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Hence , 
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Similarly, 
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From (11) and (12) ,we get (8) and the proof is  complete. 

 

6-Radii of starlikeness  and  convexity 

Now , we obtain  the  radii of starlikeness and convexity. 

Theorem 5: If      (    λ   then   is univalent meromorphic starlike 

             (                   | |           

       {
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(       (    
}

 
   

                             (   

The result is sharp for the function f given by (6) . 

Proof : It is sufficient  to show that  
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Thus ,(13) will be satisfied if  

∑ (      | |
    

   

  ∑   | |
    

   

      



 

7 
 

or if  

∑
(      
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Since f     (    λ          

∑
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Hence ,(14) will be true if 
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Or equivalently  
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Which follows the result. 

Theorem 6:           (    λ   then   is univalent  meromorphic   

convex  of  order 

 (                   | |                         
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}

 
   

 

The result is sharp for the function  f  given by (6). 

Proof : it is sufficient  to show  that   
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But 
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Hence,(16) will be true  if  
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Or equivalently  
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7-  Hadamard  product (convolution): 

In the following theorem , we obtain the convolution property  of the 

class    (    λ   

Theorem 7: let the functions f and g of the form: 

 (       ∑   
   (       ∑   

 

 

   

 

   

 

belong to the class    (    λ   then the Hadamard product ( or 

convolution)  

Of two functions f and    g   belong to the class    (     λ ,where  
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Proof : since f  and  g     (    λ .then from theorem (1), we have  
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We need to find largest number ᵞ 1 Such that  
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By using cauchy – schwarz inequality , we have  
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Thus it is sufficient to show  that  
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This is equivalent  to 
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From (17) ,we get  
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Thus ,it is sufficient to show that 
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Which implies 
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 انمستخهص

 

 

 )  في هذا انبحث ,نذرس ونناقش صنف جزئي من انذوال احادية انتكافؤ انميزومىرفية   

   λ   انمعزفة بىاسطة مشتقة رشىية . حصهنا عهى بعض انخصائص انهنذسية مثم متزاجحة

نجمية انمتىسط انحسابي , حذود انتشىيه , انصاف اقطار ان انمحذبة,انمعامم , انمجمىعة 

 مع بعض انتطبيقات حىل نتحىيلات انحافظة نهزوايا. وخاصية ضزب هاد مزد بذحوانت
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