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Abstract

In the present paper, we obtain distortion theorem and the
Hadamard product of function belonging the class Th* (p, a,
S, Y ,AB, 4, a,) of meromophic functions with positive and
missing coefficients defined by Ruscheweyh derivative Also
some properties of Neighborhoods of function in the class Th(p ,
a,p, YV, ,AB, 1, o,) are discussed .

2013 Mathemeics subject classification : primary 30C45.
Keywords and phrases : meromophic , neighborhoods,

Hadamard product , Ruscheweyh derivative, Distortion
Theorem .
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1- In troduction

Let ) denote the class of function of the form :

f@)=;+ Eiaad

which are analytic and univalent in the punctured unit disc

U'={z:ze C and 0 < |z| <1} = U0} and which have simple pole at the
origin with residue on there . Let ), denote the class of function defined
by (1.1) with

3=0(0=12,...p-1;,peN={1,2,....}) that is, by
f)= -+ T, ad(peN)

which are analytic and univalent in U* . setting

f(2) = (1- DF @) + 2 2f (2) (F e X 0 < 7L N (1.3)

So that obviously

_1-22 o K 1
F(2) = — 7 Zk:p [1+ A (k+1)] axz (peN,Og,kE_

Since f(z) € p is given by (1.2) .

For function f(z) € > p, we say that f(z) is a member of the class Th(p , a

, B, Y ,AB, 1, o) if the function f(z) defined by (1.3) satisfies the

inequality:




z? (D° F(z))/+ (1-22)
[[(B—A)Y —B|Z%(D° F (z))/+ 1-22)[(B—A)Ya - B]]

<B(zev")..(1.4)

Where the parameters o, 3,Y ,A,B, A and m are constrained as

follows: 0< a<1;0< f<1;I<A<B<1;0<B<1,;

i B (a+#0) }
B-A <Y {(B—A)a (a=0) , 0>0
1

And D?f(z) is the ruscheweyh derivative of the function F introduced in

[13] as follows :

1-21

D7F@= 4%y - [+ A (K- D] D (e

(o +1)(0+2)...(c +k+1)

Where Dy (o) = T

,o0>-1,7zeU*

We note that

Th(1;a,8 Y,AB, 1, d)=Th(o, g, Y,AB, 1, a)).
Furthermore , we say that a function

f(z) e Th'(p ; a, B, Y ,AB, 1, o) whenever f (z) is of the form

[ cf. Equation (1.2)]:
Q) =243 = |z k= ppeN)

Theclass Th(p, a, g, ¥ ,AB, 1, 0) was introduced and studied by Aout
and Frasin[4].




The class Th*(p ; a, B, ¥ A, B, 1, ¢,) was introduced and studied by
joshi et al. [9] we note that

(i) Th'(p;a,B,Y,-1,1,0,00=sGa,B,Y)
(0,<a<L0<p<l;Z<y<l)

(choetal . [7]):
(i) Th'(La,B,Y,-1,1,0,00=Y1(a,B,Y) (0,<a<1;0<
B<Il-<Y <1)
(choetal.[6]);
(i) Th*(1;0,1,1,-A,-B,0,0=3, (AB) (-, <B<A<
1;-1<B<0)

(cho [3]);

2- coefficient bounds :

Theorem 1: Let f(z) €); ; be given by (1.6) then

f(z) e Th'(p ; o, B, ¥ ,AB, 1, o) isand only if
%k = p kLB [B-A) ¥ - BT} [1+ 2 (k-D)]D (0)] <

(B-A)pr (1- a) (1-21).....(2.1)
Proof : Assume (2.1) holds for all admissible values

a,p, Y, o,AB. letthe expression .




T = |2 (07 7))+ (1-20) 1B II(B - A) ¥ -
(B1Z (D° f(z))/+ (1-20) [B =AY a-B] | cooovvoroiien 2.2)

1-2A

Since D7 f(z) = “2+ %, _ 1. (k-1) Dy(o) a Z¥

1—

o — 22 @ k—1
Then D7f(z) =- —=+ X, _ [1+} (k-1) Dy(0) o Z

Therefore , we have for0 < |Z|=r<1

M=z ;o: PK[12 (k-1)] D(0)|au| 2-
B| A-2001) (B-A) +5 ) — k[ 144(1) JI(B-A) Y ~B]

Di(o)|at | 2

=5 Zoz » K [144(k = 1) IDK(o) o | - p|B - A) Y (1-0) (1-22) -

% Zoz D k[1+x (k-1)] [(B-A) Y -B] Dk(G)l 0Lkl Skt

< S o K[+ (k- 1] Di (0) |owe| r™2- (B-A)B Y (1-ap(1-20) +
D o BRIk = D I[B - A) Y - BID«(0) | | r™
=3 = p KLHAIE-A) Y-BI [14k-DIDO)] a-

(B-A)BY (L= a)(12) vevveeereeeeeeeeeeennn (2.3)

Since the above inequality holds forall r, 0 <r <1, lettingr — 1 in (2.3)

we get the result (2.2) The completes the proof .




Conversely, letfe Th" (p; o, 8, Y ,A,B,1 ,0)

/
Z2(D° f(z))+ (1 —22) ‘
[[(B-A)Y - B]ZZ(D"f(z))/+ (1-22)[(B—A)Ya - B]

S = k[ (42 (k= D]D,(0)lak |24+

(0 0]
(B =D = A =201~ Tk = p k[1+ Ak — D] [(B — AY — BllayIDy(0)z*
<p,ze U since Re(z) < |z for all z, it follows that

oo
L= p k[1+ (k—1Dy(0)lay |25+

Re{ }<pze

[(B-A)1- a)(1-2D]-3, = » K1+ A(k = 1)](B = AY — BID(0)] ety |24+

/
We choose the values of z on the real axis so that Z? (D° f (z))

is real . By letting z— -1 through real values , we get

2 Zoz pK[ 1HMk-1)]Dx (0) o | = (B-A)BY (1-0) (1-22)

T p AELIH (DIIB-A) Y-BID () o |
Therefor

2 (;):: p KAFIB-A)Y=B ]} [144 (k-1)]Dk (o) o [ < (B -A) AT (1-0)(1-

2),
Which completes the proof of theorem 1.

The result is sharp for

f(2)=2+ (B—A)BY (1-a)(1-22) .
‘ z  k{1+B[(B-A)Y-Bl}[1+A(k—1)]Dk(c) ~ ’

Corollary (1) : LetfeTh" (p;a,p,Y,A,B,A,c). Then




| oy <

(B—A)BY (1— x)(1—24)
— k{1 +B[(B—A)y - Bl}[1+ i(k — 1)Dy(0)

,where k>p,pe

N;0<a<1;0<B<1;-1<A<B<1,0<B< ;0>
B B (a#0)
0 and (B_A)<Y{ (Bl—A)“ (a = 0)}

3- Distrortion theorem :

Theorem 2: If a function (z) define by (1.6) is in the class

Th"(p,a,B,Y,A,B,.,0).Then

{n' ) (p—1)!(B—A4) BY (1—a)(1—22) rpﬂ}
T (p-m){1+B[B-A)Y-B}[1+A(p-1)]Dp(0)

<r —(n+1)|f (n) (Z) |

(p—1)!(B—A4) BY (1—a)(1—22) rpﬂ}
(p—n){1+B[B-A)Y-B]}[1+A(p—1)]Dp(0)

< r_ (n+1)1

(0<fzZl=r<1peN;0<n<p)

The result is sharp for the function f(z) given

fx) = L + —@-DIE-DFYA-0(-22)
z  p{1+B[(B-A)Y-Al}[1+A(p—1)]Dp(0)

(3.2)

Proof : in view of theorem 1, we have

p(1+B[(B=A)Y-AP[1+A(p-1)] « P | 00
p!Dy (o) L = p kMagl = 2L = D k{{1+

BI(B-A) Y- A} [1+A(k-1)]D (o)l | < (B — A)BY (1-0)(1-21)
Which yieds




© (p—-D!(B-A)BY (1-a)(1-22)
|
) k = Pk' [l {1+B[B-A)Y-A}}[1+A(p-1D)]Dp(o) '’ (PeN)...(3:3)

Now , by differentiating both sides of (1.6) n times with respect to z , we have

- - (n+1) 1%} k!
@) = (Dt g,

And Theorem 2 follows easily form (2.3) and (2.4). finally , it is easy to see that
the bounds in (3.1) are attained for the function f (z) given by (3.2) at the
points

Z=r,+ir(0<r<l).

4- Neighborhood and partial sums :

Follow the earlier words (based upon the familiar concept of Neighborhoods
of analytic function )by goodman [8] and Ruscheweyh [14] , and (more
recently ). By altintasetal ([1],[2] and [3] . Liu [10] and liu and srivastave
([11]and [12] , we begin by introduced here the 6 — neighborhood of a
function

f (z) € Y of the form (1.1) be means of the definition givens below :

k{1+B(B—A)Y—B}[ 1+A(k—1)]Dk(0) a
.

_1 oo k o
NG&(f) - {g 29(2) = ot ) k=1 byz" and X k=1 (B—A)BY(1-a)

§(-1SA<B<1,0<A<,0>-1,8>0)}




Making use of the definition (4.1) , we now prove Theorem 3 below :

Theorem 3 : Let the function f (z) defined by (1.1) beintheclass Th (a, 8, Y,
A B Ao ). If f(z) satisfies the following

f(z)+ ez~ 1

Condition : eTh(a,p,Y,A,B,0 )(eeC,|e]|<

proof : It is easily seen form (1.4) that g(z)

Th(a,p,Y,A,B,A,0 ) ifand only for any complex number n . with |7 |= 1,

Z2(D° F(z))/+ 1-22
[B-A)Y —B](D°F )% (1-24)[(B—4)Ya - B]

#np (z €V)

Which is equivalent to

(g*zli)l(z) ;ﬁ 0 (Z EU)

Where , for convenience ,
h _ 1 o0 k
(2) ——Z+Z Kk = 1 CkZ

_1 +y oo k(1+B1n(B-A)Y =B} 1+ A (k —1)Dk(0) Zk
A k=1 (B-A)BY (1-a)(1-22)

Form (4.5), we have

k{1+B[ (B—A)Y-Al}[ 1+ A (k—1)]Dx(0)
(B—A)BY(1—a)(1-22)

ICi | <




(K EN,0<A<) . now, if (2) =~ + i, az¥ € 3

Satisfies the condition (4.2) then (4.4) yields

(g*h)(2)

z—1

>d(z€eU;06>0). By letting

0@ = +35,_ bz* €N, (f) 5o that

‘ [g(z) *h(z)] *h(z)]
Z_l

_ k+1
- ‘ZI?:l(bk — Q) Z i

<lz n .  HAHBLB-AN-AB(+AR-1)Dy(0)
=2y =1 (B—A)BY(1—a)(1—22) K

-, |<8(z€eU;6>0)
Thus , we have (4.4) and hence also for any n € C such that | n | = 1, which
implies

Thatg(z) e Th(a,p, Y, A,B,l,0 ). thisevidently proves the assertion (4.3)

of theorem 3.
Next , we prove the following result .

Theorem 4: Let f(z) € X be given by (1.1) and define the partial sums s; (z) and

Sm (2) as follow :

S1(2)=- and S, (2) == +x;_, @, z* (n €N)

k=1
suppose also that

00 Kk _ — k{1+B[(B-A)Y-A} 1+ A(k—1)]Dg(0)
=%zt =1 di= (dk (B-A)BY (1-a)(1-24) ). (4.6)

Then , we have

(i) f(2eTh(a,B,Y,A4,B,1,0)




(ii) Re{;((zz))}>l-di(z eU;neN)

And (111) Re {Sf"(—(zz))}>% (z EU;NEN) e . (4.8)

The estimates (4.7) and (4.8) are sharp for eachn €N

Proof : It is not difficult to see that
Z7l€Th(a,B,Y,A,B,\,0),thus. Theorem 3 and the hypothesis (4.6) of

theorem 4 .we have

Ni(z7Y)cTh(a,B,Y,A,B,\,0)
Which shows that f(z) €ETh (a,p,Y , A ,B,A,c )asasserted by theorem 4.
(i1) for the coefficients di given by (4.6) , it is not difficult to verify
that

dgw1>di >1(n €N

Therefore , we have
Sy el +d, T, e |< 3y,
Where we have used the hypothesis (4.6) again .

By setting

k+1

@)= d{E 5~ (1- g5} 1e e

Sn(2) 1+ X%, apzktl
and applying (4.9) , we that

(0.e]
h1(z)-1 < dn 2 k=n lagl
h1(z)+1 |~ 2-2 IRZ7 lagl-dn T2, lakl

<(z€eU)




Which readily yields the assertion (4.7) of Theorem 4 . If we take

Which shows that the bounds in (4.7) is the best possible for each n € N.

(i11) just as in part (ii) above , if we put

Sn dn,
no@)=(+dy) (22 -4 )

_q _ (tdp) T, arz
1+¥ 5, agzk+l

And make use of (4.9) , we can deduce that

h,(z) —1
hz(z)+1‘

(1+dp) Ypen | akl
< <lI(z eU
~ 2-2 (1+dp) XRZ7 lak |- (1-dp) Xpe, | akl — ( )

Which leads us immediately to the assertion in (4.8) Theorem 4 . The bounds is
sharp for each n € N, with the function f(z) given by (4.10) . the proof of

theorem 4 is thus completed .




5 - convolution properties :

For the function

fi@) =2+ £ = law] G =1,2ip €N)

We dent by (f;*f,)(z) the hadamard product ( or convolution of the function f; (z)

and f, (z) that is

1 [e'e]

(f.*f,) (2) = - tX - p| A1 || 2z

Theorem 5 : Let the function fj (z) (j = 1,2) defined by (5.1) be in the class
Th* (a,8,Y ,A,B,A,0 ). Then (f,*6,)Z)Th* (@, .Y ,A,B,.,c ),

where

i (B-A)BY(1-a)? (1-221)
p{ 1+B[(B—A)Y-B[}[1+A(p—1)]Dp(0)

The result is sharp for the function

- —a )2 —
£ ()=t (B—A)BY(1-a)? (1-22)
z  p{1+B[(B-A)Y-BJ}[1+A(p—1)]Dy(0)

ZP (=

Proof : Employing the technique used earlier by schild and silver — man [15] ,

we need to find the leargests such that

k{1+BI(B—A)Y —AJ}[1+A(k—1)|D;, (o)

Zk =p (B=A)By(1—a)(1—22) |ak, 1” Ak 2 | <1for

fiz) eTh*p, a0, B, Y, 4,B, 2,06 )(j=12).since




fi(z) Th*(p,a,B,Y ,A,B,A,0 )(j=1,2) we see

That

k{1+B[(B—A)Y —A}[1+A(k—1)D;, (o) | .
2ie=p —Rprd-oa=my —— |%il=1(j=12)

Therefore by the Cauchy - Schwarz inequlity , we obtain

o k{1+B[(B=A)Y—-A]}[1+A(k—1)] D,;, (o)
Li=p B—ART-0=2) J| ay 1llag| <1

(5.3)

This implies that we need only to show that

lag1llakzl ek 1llak:]
= < (kzp)

(1-6) - (1-a)

: (1-9)
Or, equivalently that \/|ay 1 ||y 2| <ia (k<p)

hence, by the equivalently (5.3), it is to prove that

(B-A)By(1-a)?(1-22) (1-8)
k{1+B[(B—A)Y-B]}[1+A(k-1)] 5(1_a) (k=p) (5.4)

It follows from (5.4) that

(B—A)By(1—-a)*(1-21) (
k{1+B[(B—A)Y-B]}[1+A(k—1)]Dy (0)

2 p)

Now, defining the functionQ(k)by .

_ 1. (B-A)By(1-a)?(1-24)
Qk)=1 k{1+B[(B—A)y—B}[1+A(k—1)]Dk(0)

(k=2p) we

See that Q(k) is an incteasing function of k. Therefore , we
conclude that

(B—A)By(1-a)(1-24)
< =
6 <Q(p) =1 p{1+B[(B—A)Y—-Bl}[1+A(p—1)]Dp(0)




Which evidently completes the proof of Theorem 5 . using arguments similar to

those in the proof of theorem 5, we obtain the following result .

Theorem 6 : Let the function f,(z) defined by (5.1) be the classTh*(p, &, 5, Y , A
,B ,A,0 ) suppose also that the function f2(z) defined by (5.1) be in the
class Th*(p;e,,Y, 4,B,4,0 ). Then

1. (B-A)By(1-a)?(1-24)
p{1+B[(B-A)Y-BJ}[1+1(p—1)]Dp(0)

The result is sharp for the function f; (z) (j = 1,2) givens by

_1 (B—A)By(1-a)(1-22) .
h@) = a2 (P EN)

1 (B—A)By(1-a)( 1-24) )
ANd 1(2) = 2+ A av—snnae-ui e 2 (P EN)
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