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Complete BCK-Ideal

Abstract

In this Research,we study a new type of idealsits called complete BCK-ideal, and also we
defined terms closed complete BCK-ideal, closed with respect to BCK-ideal, implicative with
respect to BCK-ideal, and also some of theorems, we make clear its relationships with ideal in
BCK-algebra.

Keywo rds: BCK-algebra, complete BCK- ideal, ideal in BCK-algebra,
implicative ideal in BCK-algebra, commutative ideal in BCK-algebra.

Introduction

In 1966, Y. Imai and K. Iseki introduced the a new notion called a BCK-algebra [7], thereafter K
Iseki is the first defined an ideal in BCK-algebra in 1975, and he then returned Iseki with S.
Tanaka for study introduction for ideal theorem of BCK-algebra in 1976 [3 ], and also we defined
a commutative ideal in 1978 [4], anther then came Meng introduced the concept of implicative ideal
in BCK-algebra in 1994 [5] .

1. Preliminaries

Definition 1-1:- An algebra (X, 0,%) of type (2, 0) is said to be a BCK-algebra provided the
following axioms are satisfied :

(x*xy)*(x*z)<zxy

X* (x*xy) sy

X<X

0<x

XSY,yS<X 2X=Y
For all x,y, z € X ,Where x < yis defined byx * y = 0. In any
BCK-algebra, the following hold :[ 2]

(x*xy)*xz=(x*2)*y,

X *y <X,

x*x0=x,

(x*xz)*x (y*z) Sx*y,

X* (xX* (x*y)) =x*y,

x<yimpliesxxz<yxzandz*y<z=#*x, Forallx,y,z€eX.
Definition 1-2:- A BCK-algebra X is said to be commutative if satisfies

x*(x*xy)=y=*(yxx),forallx,y €X
And for all x,y € X,y * (y * x) is denoted by xay .




Definition 1-3:-A BCK-algebra X is said to be implicative if satisfies the identity

x* (y*xx)=x,forallx,y € X
Definition 1-4:- A sub set | of a BCK-algebra X is said to be an ideal if

1- 0€el
2- x*y€EI&y€El =xel,vxeX ye I

Proposition 1-5:- Let be an ideal of BCK-algebra X if

x,y€X andy €I such thatx <ythenx€el.

Proposition 1-6:-_Let Ibe an ideal of BCK-algebra. If x €1, thenx*y€,Vy€ X

Proof:

LetyeX&x€lsince0€el&x*xy)*x=0

Thenx*xy €,Vy €X.

Definition 1-7:- A non-empty subset I of a BCK-algebraX is said to be an implicative ideal if :-

1-0€el
2-(x*x(y*x)) xz €landz € I impliesx €1 .

Proposition 1-8:- Every implicative ideal in BCK-algebra X'is ideal .
Proof :
Letxxy€el,yel

Since x * (x * x) = x, then

(x*(x*xx))*xyeLyel

Since [ is implicative ideal, then x €1

Thus I is an ideal.

Definition 1-9:-A non-empty subset I of a BCK-algebra X is said to be commutative ideal if :-
1-0€el

2- (xxy)*z€l,zelimplies(x* (y * (y *xx)) €1.

Proposition1-10:- Every commutative ideal in BCK-algebra X is ideal . Proof :

Letxxy€el,yel

Since x * 0 = x, then

x*0)*xy€elyel

Since I'is a commutative ideal, then

(x*0)*(0xx)) €l thusx el ThenTisan ideal .

Definition 1-11:- A non-empty subset S of a BCK-algebra X is said to be sub-algebra of X if
allx,y €S, thenxxy €S.

Proposition 1-12:- In BCK-algebra every ideal is sub-algebra .

Corollary 1-13:- In BCK-algebra every implicative ideal is a sub-algebra .

Corollary 1-13:- In BCK-algebra every implicative ideal is a sub-algebra .




Corollary 1-14:- In BCK-algebra every commutative ideal is a sub-algebra .

Definition 1-15:- A sub-algebra Sof BCK-algebra X is said to be strongly sub-algebra if

x*y<zwherey,z€S,thenx€S.

Proposition 1-16:- Let S be a sub-algebra of BCK-algebra X. Then Sis strongly sub-algebra if and only
ifS is ideal .

Proof :=)let S be strongly sub-algebra Since x * x

=0, forallxe€S, then0 € S.

Letx*y €S,y €S

Since (x* (x*xy)) *y=0€S Thenx * (x*y) <y, thenx € SThus S is ideal Conversely
LetSbeanidealandlety,z € S, x € X such that (x * y) * z = 0, since z € S and S is ideal then
X*y€ES.

Thus x € S, then S is strongly sub-algebra

2. c-BCK-ideal

In this item will know a new kind of ideal we called complete BCK-ideal

Definition 2-1:- A subset I of a BCK-algebra X is said to be complete BCK-ideal (c-BCK ideal)
1- 0el

2-xxy €I, Vy€Ilsuchthaty # 0 impliesx € I.

Example 2-2:-Let X = {0, a, b} and a binary operation = is defined by

0 2
0 0
1 1

2 0 0
Itis clear that(X,* ,0) is a BCK-algebraand I = {0, 2 } is c-BCK-ideal but
J]=1{0,1}isnotc-BCK-idealsince2+*1=0€]J&1#0but2¢]

Proposition 2-3:- In BCK-algebra X every ideal is a c-BCK-ideal .

Proof:Let I be an ideal and

Letx+y €], Vye€lsuchthaty # 0

If I1=1{0},thenlis c-BCK-ideal.

IfI # {0}, then3 y € I,suchthaty # 0 & x *xy €],

Since lis ideal, then x € I . Thus I is c-BCK-ideal .

Remark 2-4:-The converse ofproposition above needs not be true in general as in the following example
Example 2-5:- Let X ={ 0, 1, 2, 3 } and a binary operation = is defined

3 0
Then 1={0, 1, 3 } is c-BCK-ideal,but it’s not ideal, since
2*3=0€l&3€lbut2e I




Corollary 2-6:- In BCK-algebra every implicative ideal is c-BCK-ideal

Corollary 2-7:- In BCK-algebra every commutative ideal is c-BCK-ideal

Definition 2-8:- | et fbe amapping from a BCK-algebra X into a BCK-algebra .thenf is called
Homomorphism if f(x * y) = f(x) * f(y) for all x, y € X.[5] Epimorphismiffishomomorphism and
onto. Monomorphismiffishomomorphismand onetoone. Isomorphismiffisepimorphismand
monomorphism.
Proposition 2-9:- L et f beisomorphism from a BCK-algebra X into a BCK-algebraY if Tis
c-BCK-ideal in X, then f(I) is c-BCK-ideal in Y.
Proof :
1- sincef(0) = 0, then f(0) €f(1)
2-Letaxb € f(I),vVb € f(I),b # 0 such thata = f(x),b = f(y)(sincef isonto) Then
f(x) = f(y) € f(1), vV f(y) € f(I), f(y) # 0 Since fhomomorphism, then
f(xxy) € f(I), V f(y) € f(1), f(y) # O
Since fonetoone,thenx*xyel,Vyel,y+0
Since I is c-BCK-ideal, then x €1
Thusf(x) € f(I), then € I, thus f(I) is c-BCK-ideal.
Proposition 2-10:-L et £ be epimorphism from a BCK-algebra X into a BCK-algebraY. If ] isc-BCK-ideal
InY, then £-1(]) is c-BCK-idealin.
Proof :
1. Since (0) =0 €], then 0 € f1())

2. Letxxyefl()),vyefl()y #0

Since (x*y) €], Vy€efl(]),y#0, then

f(x) xf(y) € ],V f(y) €],f(y) # 0, (since f isonto) Thus f(x) €],thenx € f1(]) Then
f-1()) is c-BCK-ideal .

Definition 2-11:-An c-BCK-ideal I in BCK-algebra X is said to be closed c-BCK-ideal if it also is
sub-algebra .

Example 2-12:- In example (2-5), then I = {0, 1} is closed c-BCK-ideal .

Remark 2-13:- In general not every c-BCK-ideal is sub-algebra .As it is shown in the following
example .

Example 2-14:- In example (2-5) ,then I = {0, 1, 3} is c-BCK-ideal but not is sub-algebra, since 3, 1
elbut3«1=2¢I1 .

Proposition 2-15:- Let f beisomorphism from a BCK-algebra Xinto a BCK-algebra Y. If I is closed
c-BCK-ideal inX, then f(I) is closed c-BCK-ideal in

Proof :

Let a, b € f(I) such that a = f(x), b = f(y), when x,y € 1

Since a * b = f(x) * f(y) = f(x * y)

Since I is closed c-BCK-ideal, then x * y € I, thus f(x * y) € f(I)

Then f(I) is closed c-BCK-ideal .




Proposition 2-16:- L et £ be epimorphism from a BCK-algebra X into a BCK-algebraY. If ] is closed
c-BCK-ideal inY, then f~1(]) is closed c-BCK-ideal in.

Proof :

Letx,y € f-1(]), since f(x),f(y) € ] &] is closed c-BCK-ideal Then

f(x) = f(y) €], thus f(x xy) €]

Thenx * y € £-1(]), thus f1(]) is closed c-BCK-ideal .

Definition 2-17:- Let Iand ] be two subset of X such thatl < J. Thenl is said to be closed with respect to J if
x*y €],Vy €l,y #0,thenx*xy €.

Proposition 2-19:- The union of family of closed with respect to Jis closed with respect to ] .

Proof :

Let {I; : i € A } be a family of closed with respect to ] and

Letxy €],Vy € Uieali,y # 0, since Vi € A, I; is closed with respect to ] then 3j € A such
thatxxy €J],Vy€l,y #0,thenx xy € I

Thus x * y € Ujea I;, then Ujea I is closed with respect to.

Example 2-21:- In example (2-5), let]={0,1,3}and [={0,1,2 }&1,={0, 2,3} are closed with
respect to ], but I;NI, = { 0, 2} is not closed with respect to, since 3x2=1€],2 € ;NI;, but
3x2=1¢1N

Proposition 2-22:- L et I be c-BCK-ideal and @ = 1 < J, if I is closed with respect to |, then J is
c-BCK-ideal .

Proof:

Letx+xy €],Vy €],Y #0

Sincelc ], thenx*xy€],Vyel,y+0.

Since I 'is closed with respect to ], thenx xy € [, Vy € [,y # 0, since I is c-BCK-ideal, thus

x € I, consequently x € ], then J is c-BCK-ideal .

Remark 2-23:-The converse of proposition above needs not be true in general as in the following
example.
Example 2-24:-Let X = {0, 1, 2, 3, 4 } and a binary operation * is defined

4 4 4 D
Then (X, 0,%) is BCK-algebra

let1={0,4}isclosed with respectto] ={0, 1, 3,4 }and ] is c- BCK-ideal
but I is not c-BCK-ideal.




Proposition 2-25:- Let fis isomorphism from a BCK-algebra X to a BCK-algebra Y. If I is closed
with respect to | in X, then f(I) is closed with respectto f(J) in Y .

Proof :

Leta*b € f(]), Vb € f(I),b # 0 such that a = f(x), b = f(y)

When x, y € ], then f(x) = f(y) € f(]), f(y) € f(I), f(y) # 0

Thus f(x * y) € f(]), V f(y) € f(1), f(y) # 0 Since fisonetoone,thenxxy € ],Vy € I,y # 0 Since
I closedwithrespectto, thenx *y €1

Thus f(x * y) € f(I), then f(x) * f(y) € f(I) = a *xb € f(I)

Then f(1) is closed with respect to f(]) .

Proposition 2-26:-L etf is epimorphism from a BCK-algebra X into a BCK-algebra Y. If I is closed
with respect to ] inY. Then f-1(1) is closed with respect to f-1())in .

Proof :

Letxxyef(J),Vyefl(l),y+0,sincef(x+xy)€],Vyefi(),y#0

Since fisonto, then f(x xy) €],V f(y) €, f(y) # 0

As 1 is closed with respect to ], then f(x * y) €I, thus x * y € f1(I)

Then £1(I) is closed with respect to f2(]) .

Proposition 2-27:-_Let I be closed with respect to] in BCK-algebra Xand I be a c-BCK-ideal.If ] is closed
c-BCK-ideal then Il is closed c-BCK-ideal .

Proof :

Letx,y €l.Sincel S Jthenx,y €]

Since J is closed c-BCK-ideal, then x * y € ], thus

x*y €J],Vye€l aslisclosed with respect to Jthus x x y € I
Then T'is closed c-BCK-ideal ( sincel is c-BCK-ideal ).

Remark 2-28:- The converse of proposition above needs not be true in general as in the following
example.

Example 2-29:- In example (2-5), letl = {0, 1}is closed with respect to] = {0, 1, 3}, andl is closed
c-BCK-ideal but J is not closed c-BCK-ideal ,since 1,3 €Jbut3«1=2¢] .

Definition 2-30:- Let I be a c-BCK-ideal of a BCK-algebra X .Then X is said to be implicative with
respect to I if satisfied the condition x x (x xy) =x forally € Isuchthaty #0 &x €X.

Example 2-31:- Let X = {0,1} and a binary operation * is defined by

1
0
0
Letl = {0,1}, then X be implicative with respectto I .

Proposition 2-32:- Let X be a BCK-algebra and Iis c-BCK-ideal if X is implicative with respect to

[, then Tis ideal .

Proof: Letxxy €I,y elsuchthaty # 0

Since (xx (x*xy))*xy=0€I,Vy€ely=0Since I is c-BCK-ideal,

then x * (x * y) € I Sincex * (x *y) =X, thus € I, then I is ideal .

Proposition 2-33:- Let X be a commutative BCK-algebra has at lest two element. If X is implicative
with respect to I .Then X = I has only two elements .

Proof: Let x,y € X such that x # 0,y # 0, since X is implicative with respect to I ,then

x* (x*y) =x &y * (y*x) =y But Xis commutative, thenx =y.
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