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Abstract

In this paper, an implementation of an efficient numerical method for solving the system of coupled non-linear fractional
diffusion equations (NFD Es) is introduced. The proposed system has many applications such as porous media and plasma
transport and others. The fractional derivative is described in the Caputo sense. The method is based upon a combination
between the properties of the our scheme uses shifted Chebyshev polynomials of the third kind approximations and finite
difference method (FDM). The proposed method reduces NFD Es to a system of ODEs, which solved using FDM. Numerical

example is given to show the validity and the accuracy of the proposed algorithm.
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1. Introduction

Fractional differential equations (FDESs) have been the focus of many studies due to their fre-
quent appearance in various applications in fluid mechanics, biology, physics and engineering [22].
Consequently, considerable attention has been given to the solutions of FDEs and integral equa-
tions of physical interest. In last decades, fractional calculus has drawn a wide attention from
many physicists and mathematicians, because of its interdisciplinary application and physical
meaning [21]. Fractional calculus deals with the generalization of differentiation and integration
of non-integer order. Most FDEs do not have exact solutions, so approximate and numerical
techniques ([8]-[14]) must be used. Several numerical methods to solve FDEs have been given
such as, homotopy perturbation method [5], homotopy analysis method [6], collocation method
([29]-[31]) and finite difference method ([24], [28], [33]).

In recent decades, the Chebyshev polynomials are one of the most useful polynomials which
are suitable in numerical analysis including polynomial approximation, integral and differential
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equations and spectral methods for partial differential equations and fractional order differential
equations ([7], [15], [17]).

Representation of a function in terms of a series expansion using orthogonal polynomials is a
fundamental concept in approximation theory and form the basis of the solution of differential
equations [30]. Chebyshev polynomials are widely used in numerical computation. One of
the advantages of using Chebyshev polynomials as a tool for expansion functions is the good
representation of smooth functions by finite Chebyshev expansion provided that the function
u(t) is infinitely differentiable. In [7], Khader introduced an efficient numerical method for
solving the fractional diffusion equation using the shifted Chebyshev polynomials. In [21] the
generalized Chebyshev polynomials were used to compute a spectral solution of a non-linear
boundary value problems. Also, FDM plays an important rule in recent researches in this field.
It has been shown that this procedure is a powerful tool for solving various kinds of problems.
This technique reduces the problem to a system of non-linear algebraic equations [28].

Our fundamental goal of this work is to develop a suitable way to approximate the system of
coupled non-linear fractional order diffusion equation using the shifted Chebyshev polynomials
of the third kind with finite difference method together with Chebyshev collocation method.

The structure of this paper is arranged in the following way: In section 2, we introduce some
basic definitions about Caputo fractional derivatives. In section 3, we introduce the mathematical
formulation of the model. In section 4, we give some properties of Chebyshev polynomials of the
third kind which are of fundamental importance in what follows and we derive an approximate
formula for fractional derivatives using Chebyshev polynomials of the third kind expansion. In
section 5, we give numerical example to solve the system of NFD Es and show the accuracy of
the presented method. Finally, in section 6, the paper ends with a brief conclusion.

2. Preliminaries and notations

In this section, we present some necessary definitions and mathematical preliminaries of the
fractional calculus theory that will be required in the present paper.

Definition 1.

The Caputo fractional derivative operator D? of order a is defined in the following form

t fm
Dof(t) = e o e mTdl O=m-l<a<m,
M (1), a=m EN.

Similar to integer-order differentiation, Caputo fractional derivative operator is linear
D? (c1p(t) + c2q(t)) = caD“p(t) + ¢, D(Y),

where ¢; and ¢, are constants. For the Caputo’s derivative we have
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D C =0, C is a constant, Q)
@ on 0, for n ENgandn < /a/,

Dt = r(n+1) fn—a f EN dn =/al (2)
F(nt1-a) : or n candn = /al.

We use the ceiling function /a/ to denote the smallest integer greater than or equal to a and
No=170,1,2,..4

For more details on fractional derivatives definitions and its properties see ([19], [26]).
3. Mathematical formulation of the model

Merkin and Needham [18] considered the reaction-diffusion travelling waves that can develop
in a coupled system involving simple isothermal autocatalysis kinetics. They assumed that
reactions took place in two separate and parallel regions, with, in I, the reaction being given by

quadratic autocatalysis
F +G — 2G(rate kyp0), (3)

together with a linear decay step
G — H(ratekyd), (4)

where p and & are the concentrations of reactant F and autocatalyst G, the k;(i = 1,2) are
the rate constants and H is some inert product of reaction. The reaction in region Il was the
guadratic autocatalytic step (3) only. The two regions were assumed to be coupled via a linear
diffusive interchange of the autocatalytic species G. We shall consider a similar system as I, but

with cubic autocatalysis
F + 2G — 3G(rate kspd?), (5)

together with a linear decay step
G — H(rate k40), (6)

this leads to the system of equations (7).
The following boundary value problemon 0 < x < a and t > 0 for the dimensionless
concentrations (uq, v1) in region I and (u,, v,) in region 11 of species F and G is considered

E
2
Vi _ 0% +upVv3 —kvy + y(V2 — V1),
ot 3X2 (7)
Uy _ %, —upv2
ot ~ oxz 22
ov 2\,
a_t2 =22t UaVs + y(V1 —V2),
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with the boundary conditions
ui(0,t) = ui(a,t) = 1, vi(0,t) = vi(a,t) = 0, i=1,2. (8)

The constants k and y represent the strength of the autocatalyst decay and the coupling between
the two regions, respectively.

In this paper, we study the analytical approximate solution of the system of non-linear fractional
diffusion equations of the form ([1], [15])

aul

1 —poy, —ugv?,
ot us 1Vy
ov
¢ = DV UV —kvi +y(v2 ~va),
)
3U2
22— D%, —U,V2,
ot uo 2V
ov
_atz = DaV2 + Uzvg + V(Vl _VZ)’

with the boundary conditions (8). Where the symbol a refers to the Caputo fractional derivative.

Recently, several authors, for example ([4], [16], [23]) have investigated the fractional diffu-
sion/wave equation and its special properties. The fractional diffusion and wave equations have
important applications to mathematical physics. Fractional diffusion equation describes diffusion
in special types of porous media[20]. It is alsoused to model anomalous diffusion in plasma
transport. For more details on the proposed model see ([2], [3]).

In this paper, we use shifted Chebyshev polynomials of third kind and recall some important
properties and its analytical form. Next we use these polynomials to approximate the numerical
solution of (FDE) with the aid of the Chebyshev collocation method together with the finite
difference method to convert the system of equations in algebraic equations that can be solved
numerically.

4. Some properties of Chebyshev polynomials of the third kind

4.1. Chebyshev polynomials of the thirdkind
The Chebyshev polynomials V,(x) of the third kind ([17], [32]) are orthogonal polynomials
of degree n in x defined on the [—1, 1]

_cos(n+2)0

~ cos(9)
where x = cos@ and © €0, m]. They can be obtained explicitly usingthe Jacobi polynomials
piaB)(x), for the special case B = —a = 1/2.
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These are given by:

Vi(x) = 10
) = 5 (10)
Also, these polynomials V,(x) are orthogonal on [—1, 1] with respect to the inner product:
b1+ x m, for n=m;
< Vn(X), Vm(X) >= —Va(X)Vm(X) = (11)
4 1-x 0, for n=m;

where 11% is weight function corresponding to V,(X).
The polynomials V,(x) may be generated by using the recurrence relations

Vit (X) = 2XV(X) = Vpaa(X), Vox) =1, Vi(x)=2x -1, n=12,...

The analytical form of the Chebyshev polynomials of the third kind V,(x) of degree n, using Eq.
(10) and properties of Jacobi polynomials to obtain they are given as:

[2n+1]

@2n+1)M2n —y + 1)

— _1)k n—k
)= DT e —2k+2)

x+1)"*, nez*, (12)

where [#21 ] denotes the integer part of (2n + 1)/2.
4.2. The shifted Chebyshev polynomials of the third kind

In order to use these polynomials on the interval [0, 1] we define the so called shifted Cheby-
shev polynomials of the third kind by introducing the change of variable s = 2x —1. The shifted
Chebyshev polynomials of the third kind are defined as V *(x) = V,2x —1).

These polynomials are orthogonal on the support interval TO, 1] as the following inner product:

L
SV V00 == T V() =

, for n=m;

(13)

[@ENIS]

, for n=m;

where /?_Z; is weight function corresponding to V *(x). and normalized by the requirement that
V(1) = 1.
The polynomials V,ff(x) may be generated by using the recurrence relations

Vi) =22x =)V, (x) —Vi4(xX), Vex) =1, V/(x) =4x—-3, n=12...

The analytical form of the shifted Chebyshev polynomials of the third kind V *(x) of degree n in
X given by:

Dk 2k (2n+ D2 —k +1) oyn—k +
* - 1 2 ’ Z ' 14
Vix) = k:0( )" (2) Ak D) Fen —2k+ 2) (X) ne (14)
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In a spectral method, in contrast, the function g(x), square integrable in [0, 1], is represented by
an infinite expansion of the shifted Chebyshev polynomials of the third kind as follows:

) *
g(x) = biV/(x), (15)
i=0
where b; is a chosen sequence of prescribed basis functions. One then proceeds somehow to
estimate as many as possible of the coefficients bi, thus approximating g(x) by a finite sum of
(m + 1)-termssuch as:

) *
Im(x) = b Vi (), (16)
i=0
where the coefficients b;, 1 =0, 1, ... are given by
1 1 x+1 1+ X
bi —_— 1—7 o g( 2 )V|(X) m dX, (17)
where the coefficients b;, 1 =0, 1, ... are given by
2 1 . X
=g g0V ok (18)

Theorem 1. (Chebyshev truncation theorem) ([17], [25])

The error in approximating g(x) by the sum of its first m terms is bounded by the sum of
the absolute values of all the neglected coefficients. If

P_
gm(¥) = b Vi(x), (19)
i=0
then
Er(m) =600 —gm()/ < = by (20)

k=m+1
for all g(x), all m, and all x €[—1, 1].

The main approximate formula of the fractional derivative of g.,(x) is given in the following
theorem.

Theorem 2.

Let g(x) be approximated by shifted Chebyshev polynomials of the third kind as (16) and
also suppose a > 0, then

i /
Da(gm(x)) — bi NISOZ Xi—k—a’ (21)
i=fal k=0
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where N,f",? is given by

Ne = (1)

Proof. ([32]). ]
5. Implementation of Chebyshev spectral method for solving system of NFDEs

In this section, we implement the shifted Chebyshev polynomials of the third kind method to
solve numerically the system of coupled non-linear fractional diffusion equations. Test example
is presented to validate the solution scheme.

We consider the system of coupled non-linear fractional diffusion equations (9) with the constants
a =100, k = 0.2, y = 0.1 with different values of the time t and different values of a with the
zeros initial conditions

u1(X, 0) = uy(X, 0) = v1(x,0) = vy(x,0) = 0. (23)

In order to use the shifted Chebyshev polynomials of the third kind method, we approximate
us(X, t), ux(x, t), vi(x, t) and vy(x, t) with m = 3 as

> ) > .

U]_(X, t) o ul,i(t) Vi (X), UZ(X! t) o u2,i(t) Vi (X)!

vi(x,t) - vt Vi), Va(X, 1) ¢ Vo) Vi(X).
i=0 i=0

Substitution from Egs.(24) and Theorem 1 in (9) we obtain
C 2

| , 3 > > e ,
U, (V' (x) = UL (NS =7 ui V00 T vV ), (25)
i=0 i=falk=fal i=0 i=0
_ C 2
| I @ e P o> .
Vi) Vi(x) = VL) N X9+ ug (Vi) vLi(OVi (X)
i=0 i=falk=ral i=0 i=0
(26)
j * ) *
—(k+vy) vii(OVi(x) vy v2i(DV(X),
i=0 i=0
| 3 > >3 (5 2
U2, (0) V(%) = Uz i O NFOXT =7 (V) vV . (27)
i=0 i=falk=fal i=0 i=0
IJOARO 2016
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3> o 3 > :
V2,i(H) Vi'(x) = V2, () NEOX 0+ U i()V{(x) V2,i()V;(X)
i=0 i= ol k=farl ’ i=0 i=0 (28)
> 3 )
+y V,i(OVi(X) — V2,i(OV(X)
i=0 i=0
We now collocate Egs.(25)-(28) at (m + 1 — /a/) points x,, p=0,1,..., m — /a/as
. * ) ) (@) Lk ) * () * i
Ugi(t)V; (Xp) = uq,i(t) Ni,k Xp_a - ug,i(HV; (Xp) v,i(tV; (Xp) , (29)
i=0 i=falk=fal i=0 i=0
. C 2
. * ) > (@) k—a ) * ) *
Vi) Vi (xp) = Vi) Np X 7+ Uz, i(V;(xp) Ve, i(OV(Xp)
i=0 i=falk=ral i=0 i=0 (30)
> ) > )
—(k+vy) ViV (Xp) + Vo i (V" (Xp),
i=0 i=0
) . * j ) (a) Lk ) * () * i
Ugz,i(1) Vi (Xp) = Uz, i () NJIXET™ = Ug,i(D)V(Xp) V2,i(D)Vi (%) . (31)
i=0 i=falk=fal i=0 i=0
. C 2
_ . > D> @ ke > ) > .
V2,i(0) Vi (%p) = Vo, () N> 7+ u,i()Vi(Xp) V2,i(0Vi (Xp)
i=0 i=falk=ral i=0 i=0 (32)

* ) *
+y Ve i(OVi(p) = V2,0V (%p)
i=0 i=0
For suitable collocation points we use roots of shifted Chebyshev polynomials of the third kind
Vi1 —rar(X)-

In this case, the roots x, of shifted Chebyshev polynomials of the third kind V;(x), are
Xo = 14.6447,  x; = 85.3553.

Also, by substituting Eq.(24) in the boundary conditions (8) we can find

_ > > _ >
(—1)'uqi(t)=1, uqi(t) =1, (—1)'vyi(t)=0, vyi(t) = 0,
i=0 i=0 i=0 i=0
| > | > (33)
(—1)I Uz,i(t) =1, Uzyi(t) =1, (—1)' szi(t) = 0, szi(t) = 0.
i=0 i=0 i=0 i=0
By using EQs.(29)-(32) and (33) we obtain the following non-linear system of ODEs
| | 3> >
Uy o(t)++1 Up g (D) ++2 Uy 3() = Ui NXo @ = ugi()Vi (%) Ve i(OVi (%)
i=falk=ral i=0 i=0
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C 2

. _ . >3 D (@ > . > )
V30(t) + +1 V1 (1) + +, Vi 3(t) = Vi Nj X 7+ UitV (Xo) V1,i(H)V; (Xo)
i=fal k=fal i=0 i=0

b ) > )
~kHN) T V) +y T vV (),

i=0 i=0
(35)
_ C 2
. . _ > D> (@Kt > . > .
Up,0 (1) ++1 Uy, 1 (1) ++2 Uz 3(t) = Uzi() N xg 7+ Uz (V7 (Xo) V2,i(D)Vi"(Xo)
i=fark=fal i=0 i=0
C (36)
. . . j ) (a) Uk ) * * i
Vo,0(1) + +1 Vo1 (1) + +, Vo 3(1) = V2,i(O Nj X 7+ uzi(0)V{(Xo) Va2,i () Vi (Xo)
i:ﬁrlé:ﬁﬂ i=0 i=0
# ) #
+y ViV (%) —  Vv2,i(t)Vi(Xo)
i=0 i=0
(37)
. C 2
. . _ > > (@ K > ; > .
Ug o(t)++11 U 1 (D) ++22 Ug 3(t) = Ugi(t) N X 7 = U i()Vy (%) VLi(t)Vi (X1)
i=falk=fal i=0 i=0
(38)
. C 2
. . . >3 D> (@ K > . > )
Vio(t) + +11 V1 1(t) + 422 V1 3(t) = Vi Ny X 7+ uni(®)Vi(xa) V1i(t) Vi (X1)
i=falk=fal i=0 i=0
> . > .
—(k+y)  viOVi(x) vy V20V (X),
i=0 i=0
(39)
. C 2
. . _ > > (@K > . > .
Uz 0(t)++11 Uz 1 (D) ++22 Uz 3(t) = Uz,i(t) N X 7+ U2 i(B)V (%) V2,i (Vi (X1)
i=falk=fal i=0 i=0
(40)
. C 2
. . . >3 D> (@ K > . > )
Vo,0(t) + +11 V2 1(t) + +22 V2 3(1) = Vo () NGIX 7+ U i()V(X1) V2,i(DV;i (X1)
i=falk=fal i=0 i=0
* ) *
+y Vii(OVi(x) —  va,i()Vi(xe)
i=0 i=0
(41)
Upo(t) —ug () + ugo(t) —ugs(t) =1, (42)
Upo(t) + Ug 1 () + ugo(t) + uga(t) = 1, (43)
Uz0(t) —Uz1(t) —Uuz2(t) —uz3(t)= 1, (44)
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Uz o(t) + Uz (t) + Uz o(t) + uss(t) = 1, (45)
Vio(t) —via(t) + vio(t) —vis(t)= 0, (46)
Vio(t) + vy (t) + vio(t) + vya(t) = 0, (47)
Vao(t) = Va1(t) + Vo o(t) —Vvas(t)= 0, (48)
Vo o(t) + Vo 1 () + Voo (t) + vos(t) = O, (49)

where +; = Vl*(Xo), +) = Vg*(X()), 11 = Vl*(Xl), oo = Vg*(Xl).

Now, to use finite difference method [24]for solving the system (34)-(49), we use the notations
tn = NAt to be the integration time 0 <t, < T, At = T/N, forn = 0,1,..., N. Define
Ul = Uik (tn), Vi = Vik(tn),i = 1,2, k =0,1,2,3. Then the system (34)-(49), is discretized
and takes the following form

n+1l _ n+1l _ n+1 _
Ujg —Ulg uy; —uf, Ujs —Ujj
++ + 4+,
At At At C
>3 I > ? (50)
— n+1 a —a n+1l * n+1 *
= uiim Nig'Xo & —  up; Vi'(Xo) vii Vi'txo)
i=falk=ral i=0 i=0
n+l __ n+tl __ n+l _
Vip —Vig Vip TV, Viz —Vi3
T 4h + 45
At At At C
A 2
—_ ) n+1N(a) k—a+) n+1V* n+1V*
= Viim Nik ™o ur; Vi'(Xo) Vi Vit (Xo) (51)
i=falk=fal i=0 i=0
j n+1 * j n+1 *
—(k+y) viiVi%) Yy vy Vi(Xo),
i=0 i=0
n+l _ n+l _ ,,n n+l _ . .n
Uzo —U3o s Up1m —Uyq Uz —Uys
— +H 2
At At At C
> - (o) k > i (52)
— n+1 a —a n+1 * n+1l *
= Upi” Nj'Xg = + Uz Vi (Xo) Voi Vit(xo)
n+l __ n+l __ n+l __
Voo —V3o Vo1 V3, Vo3 TV33
R T] ++,
At At At C
X 2
— ) n+1 N () k—a ) n+1 V * n+1 V *
= Voi Nie'Xo "+ U3 Vi'(Xo) Vi Vi (Xo) (53)
i=milk=ral i=0 i=0
n+1 * n+1 *
+y Vii Vi(%) — Vo Vit(xo)
i=0 i=0
IJOARO 2016
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n+l __ n+l __ n+l __
Ujg —Ui, N uy; —uj, b4 Uiz —Uujs
At 1AL 27 At ¢
_ ) ) n+1 N (@ k—a __ ) n+1 V. *
= Ug i~ N "X uty Vit(xy)
n+l __ n+l __ n+l __
Vip —Vig Vip TVig Viz —Vi3
— s Ttu + 122
At At At C
— ) : n+1 N (o) k—a + ) n+1 VA
= Vi Nik X1 upi Vit(xy)
i=falk=ral i=0 i=0
j n+1 * j n+1l *
—(k+y) viiVi(x) Yy v V(X),
i=0 i=0
n+l _ n+l _ . ,n n+l _ .n
Uy —Ud, Uy, — Uz, U3  — U3
— ttu + 122
At At At C
_ ) n+1 N (a)  k—a + ) n+1 V. ¥
= Us ™ Nj™Xq Uz Vi'(X1)
n+l __ n+l _ n+l __
Voo —V3p Vo1 TV Vo3 Va3
++q +
At A At C
— ) n+1 N (o) k—a + ) n+1 V *
= Voim Nik X1 uz; Vi'(xy)
i= R k=ral i=0 i=0

n+l s * ) n+ly\/ #
+y Vipg Vi(x) —  voi Vit(xy)

i=0 i=0
n+l _ , ,n+1l n+l _ ,,n+1 _
Upo- —Upg U —Ups™ =1,
n+1 n+1 n+1 n+1
Uo FtUpj;” HU,”HU =1,

n+l _ n+l _  n+l _  n+l _
oo —Upm —Uyy —Uxs =4,

Wt Uy Ut ugst = 1
Wit -V v v =0,
VgtV VIS v = 0,
Wt - Ve vt =0,

n+1 n+1 n+1 n+1 _
Voo Vo + Vo + V5 =0,

Vi

n+1

n+1
Vi

n+1
Vai

Vi (x1)

Vi (x1)

Vi Vi(x)

Vi (x1)

(54)

(55)

(56)

(57)

(58)
(59)
(60)
(61)
(62)
(63)
(64)
(65)

This system presents the numerical scheme of the proposed problem (9) and represents non-linear

system of algebraic equations. Solving this system using the Newton iteration method yields the
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numerical solution of the coupled non-linear fractional diffusion equations (9).
At n = 0, we will evaluate the values of

A
o, w, w, u
1o Uig Uip Ups
0 0 0 0
o Uzq Uzo Ups
0 0
v V1 Vi, Vi,

0 0 0 0
Voo Vo1 Voo Vo3

Wt

using the initial conditions (23). Therefore, we can obtain the solutions (for n =1,2,..., N)
4 -
n n n n
t'to Ua Uiz Ups
n n n n
20 Uz1 Uzp Uzg =
n n p
Yo Vi1 Vip Vi S

Vio V31 Vi, Vig
Using the numerical scheme (50)-(65).

Numerical results

In this section, we implement the proposed method to solve the coupled non-linear system
of fractional diffusion equations (9) with the constants y = 0.1,k = 0.2 and a = 100. The
obtained approximate solutions by means of the proposed method are shown in figures 1-5.
Where in figures 1-3, we presented the behavior of the approximate solution with different values
of a(a = 2,1.8, and 1.6, respectively), with time step At = 0.05, and m = 5 with final time
t=2.
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3 5 &
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Op 1
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0 50 100 0 50 100

X X

Figure 1. The behavior of the approximate solution at t = 2 for (9)
with a =2,y =0.1,k = 0.2and a = 100.

U, (f)
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50 100 0 50 100
X X
x 107 x 107
2 4
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g F % e ;f %
= £ % H = *
= #* * = 'it
2l b e + (IF S + w
.*.
" . %ﬂ* ) ;
0 50 100 0 50 100

®
Figure 2. The behavior of the approximate solution at t = 2 for (9)

with a =1.8, y = 0.1,k = 0.2and a = 100.
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Figure 3. The behavior of the approximate solution at t = 2 for (9)

with a = 1.6, y = 0.1,k = 0.2and a = 100.
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Figure 4. The behavior of the approximate solution at t =5 for (9)

with a =1.75, y = 0.1,k = 0.2and a = 100.
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Also, in figures 4-5, we presented the behavior of the approximate solution with different values
of t(t = 4 and 5, respectively), with time step At = 0.05,and m = 5 with a = 1.75. From
these figures, it seen that uq, u,, v; and v, decrease with increase in t and with decrease in the
fractional values of a. This confirms the physical behavior of the proposed system.

1.5 1.5

=9 50 100 0 50 100

%
.*.

T

* g 0% -#' E
¥ = %

b S|
4 05l*E

0 50 100 0 50 100
X X

Figure 5. The behavior of the approximate solution at t = 7 for (9)
with a =1.75, y = 0.1,k = 0.2and a = 100.

6. Conclusion and remarks

In this article, the shifted Chebyshev polynomials of the third kind method is implemented for
solving the system of coupled non-linear fractional diffusion equations. The fractional derivative
is considered in the Caputo sense. The properties of the shifted Chebyshev polynomials of
the third kind are used to reduce the proposed problem to the solution of a system of ODEs
which is solved by using FDM. Special attention is given to study the convergence analysis and to
estimate an upper bound of the error of the derived formula and the approximate solution. From
the behavior of the obtained numerical solutions using the suggested method we can see that the
physical behavior of the proposed system is confirmed. So, we can show that this approach can
be solved the problem effectively. It is evident that the overall errors can be made smaller by
adding new terms in the series (24). All computations in this paper are done using Matlab 12b.
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