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1. Introduction
In [1], the notion of ssanjectivily was
miroduced and studied. A right R-module M s
called ss-injective if any right B-homomarphism
Fin]— M extends 1o B equivalently, if
Ext'(R/S. N3, MI =0 . L Mas [2]
miroduced the notion min-fat, for any lefi
R -module: N, N 5 called minflng if
Toe 0 S N =0 For every simple right ideal /.
In this paper, we introduce and investigaie
the nation of ss-flat modules 053 generalization
of flnt modules. A left R-roodule M 2 said o
be sseflat W Ter lRSS nL.Ml=s0
Examples are estzblished 1o show that the notion
of 3s-flatness is distinct from that of min-flatness
and {Intress, several properiics of the class of fla
modules are given, for example, we prove that o
left ‘R -module M b wm-flat i MY =
HomgiM, /2] s ss=injective ol the sequence
0 — (5 N @M — BEM i oxact Also, we
prove that the class of all left is closed under
pure submodule and diseet limite. In Theorem 2.9,
we prove that & ning B is right

min-coherent iff the class of -zt modules 15
closed under direct products T & B* s ss-flag,
for any index set 5 00T every lelt -modulz has
(S5F yepresnvelope, where 55F is the class of
all left s5-flnf mesdules. Also, we intreduce the
concept  of ss-coberent ring a5 A proper
penernhization  of cokerent  ring.  Many
chamcienzatnon of ss-coherent rings are given,
for exomple, we peove that & nng & 15 nght
si-coberent T (& pght B o-module M s
ssenjective iFF M s ss-flar) iff e class of all
ss-injective right B-modoles s clossd under
direct limils. We siudy s-flai modules and
ss-injective modules over commutative ring. For
cxample, we prove that 8 commutatve ring R i3
min-coherent off Hom(M, N) s ss-Aa for all
projective R-modules Moand N, Alsa, we
prove that if R is n commusative ss-colserenat
ring, then an F-module M 18 ss-imjective iff
Hom{M, N1 is  ssdlat for amy injective
f-maodute &, In
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e prove that i M is n simple Examples 2.2.
pimmuinire ring 8, then M s {1y Any flat module is ss-flat, but the converse
sinjective. As o corollary, we is not true. For examgle the Z-module Z,
a comumatative ring, then 8 s i5 mot flat for all r = 2 {see [5, Examples
=ik 3"5" miningective iff B is PS-ring il (2), p. 155]) but it is clear that E, as
i isan FS-ring, F-module is ss-flnt for any prime number
Wext, we recall some facts: and notions needed in I
the sequel. An exact sequence 0 —s 4 A p (2) -_’Evcry s5=Tlnt module is min-flat, .'iimiu || M
2 —a0of tight R-maodules is called pure if fa &n s&-flat left-R-modale, then-M* is an
: ; : ss-injective night & -module (by Lemima
every finitely presented right R-module P s
jecli i i o 2.3y andd hence from [1, Lemma 2.6] we
priqechve with respect 1o this sequence and we FETE Ay
: have that M7 is right mininjective, By [2;
colled that A} is a pure submadule of B [3]. Rk
Aoright B-module M 15 called pure injective if Lemma 3.2], M is mvn-flat,
(3} The Bjork Example [, Example 4.05]. Let

M i3 injective with respect 10 every pure exact
seqquence [3] Let B be aring and F be o class
of mght R -modules. An R -homomorphism
FiM = N i3 sad to be F-preenvelope of M
where N E F if, for every R-homomarphism
GM—F with FEF , there is an
R-homomomphism  h: N — F such that hff = g,
An R-homomsosphism F=N — M 05 said 1o be
F-precover of M where N EF if, for every
Hehomomorphism g:L — M with L€ F, there
is an R-homemorphism R Lo— N sl that
fli=g [4]. Let F {resp. &) be o class of lefi
(resp. right] H-medules. The patr [ F.§ ) is said
to be almost dual pair iF for any left R-module
M, MeF if and only if M* €05 and § is
elosed under direct summands and direct products
[4, p. 6a4).

Throughout this paper, B is an associative
ring with identity and ol modules ore unitary, By
I (resp, 5.3 we denote the Jacobsom mdical
(resp,, the right zacle) of B, IF X is a subset of
#. the right annihilator of X in R is denated by
riX). Lete M and N be R -modules, The
characler module M* i defined by M'm
Homg (M, Q/Z) . The symbol  HomiM, N}
(resp, Ext"(M, N)) menns Homg (M, N) (resp.,
ExIZ(M,N] }, and similasly M@N (resp.,
Tor, (M, N)) means M@ N (resp., Tar (M, N))
for an inleger 7= 1.

We can find the penernl backgrousd
materials, for example in [1, 2, 5.
2. ss-Flat Modules

Definition 2.1, Aleft B-module M is said 1o
be aa-flat o Tor [R5 0 ). M) =0,

33

F be a field and let a+— & be an
somorplusm F— FEF . where  the
subficld F = F. Let B denote the left
vector space on basis {1, ¢], and make R
info an F-plgebra by defining £? = {0 and
te = dt for all 2 € F, By [l, Example
44], R i nght mininjective ring but ne
right ss-injective ring. I dim{gF) s finits,
thest B night artinian by [§, Examele 4,15],
Therefore, R is & right coherent ring, Thus
Y B oa lefi mondlnt R -modole by [2,
Thearem 4.5], but the left K-module B is
not ss=fiat by Theorem 2,10 below,

Lemma 2.3, The following statements ase
equivalent for a left R-module M:
(1} M 15 ss-flat,

(2) MY is m-injective.

(3 Tor(R/A M) =10, for every semisimple
senall right ideal A of R,

{4) Tor(R/B.M)=0 for every finitely
generated semizimple small right ideal B of
R,

(3} The sequence © — (5, 11 )@M — Fp@M
is exacl

(8} The sequence 0 — ABM — B.&M i

exnct for every finitely genernted semisimple
srall right ideal A of R,



Journal of AL-Qadisiyvah for computer science and mathematics
No.2

Vol.B

Year 2016

Proof. {1} &= {2) This

El(RS5. NNy M) =

Torg (RS- 0 3, MY (see the dunl version of

[7. Theorem 3.2.1])

{ 2= 3) By the dieal version of {7, Theorem 3.2.1]

and [l, Propesiton 2.7), Tor(R/A, M)T =

Ext'{R/A,M*) =0 for cvery semisimpls small

right ideal A of R.

{33=(1) Clear,

{4h=+(3} Let | be a sermisimple small righ ideal

of B, so t=Hml; , where [/, 3 a finicely
-y

follows  from

generated semisimple small night ideal of B,
fisty — &y s the inclusion map, and (/5 fiy) &
a direct syslem (see [7, Example 1.55 (23
Clearly, (R/1, ,hy) is n direct system of
R-modules, where Ry R/f = B/ s defined
by hyla+i)=a+l with direct limit
{h:.l:i_r.n}!‘,."l':j. Sivce the following diagram is
commuiative:

[l
D= s RS R/, — 0

i, | ol

0= rhrs—0

where §; and my are the inclosion: and paisal
maps, respectively, thus the sequence 0 — )

i i
s § o= i R fL = O 35 exaet by [3,24.4],
—

It follows from |3, 24.4] that the following
dingram is commutoiive:

R R/ —0

el

R— limBSl, =0
Thus the family of mappings {m: R —
Rftml, where g{a + 1) = a + umr,} b
—p —_

& direct system of homonsorphisms, sioce for
s ), we get gihpla+ i) =gila+i)=a+
limi;= gyla+ 1) for oll @+ e RS Thas,

there 15 &n
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= r*"‘d_q',t
iy y

= % -

T |

B-homomorphism o sech that the .E:_r_]_lﬂj.l:‘:

dizgram 13 commuiative with shyd
(see [3, 24,11

ﬂ-—*]'-:rﬂ--rf-‘..-"&'—*lim

|1 |

S ey el R.-".I' —*R,l"hrn.f,-—r 0

—a-

where s the natural mop, 50 it follows from

[8, Exercize 11 (1), p. 32] that limR/S1 =
=k

BAimly . Therelore,
—

Tary (R/1, M) = Tor, {R Himi 1 .M}

= Tar, {Iim Rl |'|-:I'}
XIL5.4 {d3]}

{by [9. Theorem

= lim Tory (R/1, M) = 0 by [,

Proposition 7.8]).
{3)==(a} Clear,
{Li=5) By [9, Theorerm XIES4 (3], we have
lhe exacl sEuence
0— Tory (RSS- N1, M) — (5. n]1SM —
Rp@M . Thas the equivalense between (1) and (5)
i3 trae
(d)==(a] 1% smlzr o ({105, =
In tollowing, we will uss the symbol 557
(resp. S5F ) io denote the classes of ss-injective
roght (resp. gs-diag left ) R-modules.
Corollary 2.4. The pair ( S5F, $51 ) is an
almaost dual pair
Proof. By Lermma 2.3 and [1, Theorem 2.4). =
Lemmia 25, Foroa rng R, the following
slatements hald:
1y If 5. n) is finitely generated, then every
pure.  submodule  of  ssanjective  npht
R-module is ss-injective.
{2} Ewery pore sebmodule of ss-flai ledt
R-maodule s ss-lat,
{3} Ewery derect Limits {dineer sums) of s5-at leid
R=modules iz w-fal
A TF M, N are left R-modules, M = N, and M
i5 gg-flat, then N s ss«flat,



Journal of AL-Qadisiyah for computer science and mathematics
No.2

Year 2016 I

Vol.8
4 3 1Mdet M be an ss-injective right
;‘35}30{1%5 W be a pure submodule of M.
&‘g&" (5 WA is fimitely presented, thus the
senuence § a Hom{R/(5, nJ) M) —

'ﬂ,-_.‘_-‘-.'il M INY) = 0 is exace. By [9,
o WIA4 (43, we have the exact

q'IlETIC\E

HomiR /(5. nJ) M} —
Hom{R /(5. nJ) MfN] =
Ext' (RS ) Ny —
Ext®{RS(5, nJ) M)=0 which
Ext {RS(5, Ny Ny=0,
ss-injective right H-module,
(2}, (1) and (4) By Corollary 2.4 aond [4,
Proposition 4.2.8, p. 70]. =

Fecall that oo right' B-medule M s s2id o
be FP -injective {or  absofutely  pure} if
Ext'(N. Ml =0 for every finitely presented
right 8 -moduele N (zee [11, VX)L A right
f-madule M s colled m-presented, if there s
& exact sequence F — F_, — o — F, —
M — 0 such that each F; 5 a finnely generated
free might R-module {see [13]L A rng R is
called min-coherent, if every simple nght ideal
of & i fimtely presented (see [2]); eguivalently,
if every finitely generated semisimiple small night
ideal s fnilely presented. In the following
definition, we will introduce the concept of
ss-coferent ring as o gencralization of coherent
ring
Definition 2.6, A rng B 15 said o be oghi
ss-coherent ring, if R is o right min-coherent
and 5.0 [ s fmtely generated; equivalently, if
S 0 s fimitely presented

Example 2.7.

leads Lo
Hence N 3 an

{1} Ewery cohesent ring is ss-coherent.
{2)  Ewveryss-coherent ring is min-coherent.
{3} Le K be a commutative ring, then the

polynomial ring B[x] is not coherent ring
with zero socle by [2, Remark 4.2 (3}]. Hence
R[x] 15 an ss=coberent ring bt not coberent,

Corollary 2.8, A right ideal 5, 1 [ of a ring
R s finitely penerated if and only if every
FP-injective right R-module @5 ss=-mjective,
Proof. By [11, Proposition, p, 361}, =
Theorem 2.9, The following statements are
eduivalent for o ring K;

(17 R isaright min-coberent ring.
(2] If M i an ss-mjective nght R=module, then
M* iz ss-flat.

n

Akeel. B Adel. S

1F M 15 an ss-anjective nght R-module, then
M 5 ss-injeciive.

A left R-module & s ss-flat if and enly if
N** G szeflat

S5F is closed under direct producis,

w15 sa-flat for iy index set 5.
Ext!(R/I,M) =0 for every FP -injective
right R -modole M and every  finitely
yenerated semisimple small right ideal .

If 0—N—M—H—0 I5 on exact
sequenee of right R -modules with N is
FP -injective and M is ss-injective, then
Ext'(R/ H})=0 for every finitely
generated semesimple small right tdeal 1.
Every left K -module has  on
(E5F y-preenvelope.

I M — N i3 an (557)-preenvelope of o
right B-madule M, then a® NT — M7 1
ari (55 F }-precover of M*,

For any positive infeger o oand  any
Byeielg ES- NS, then the right idenl
{ref|lyr4+brm4 v+, ran=
0 For some - & H) 1%
generated.

For pov finitely genernted semisimple small
right ideal A of & and any x € £ 1 J, then
{r € R:xr € A} is finitely generated,

rix) s finitely penerated for any simple
right ldeal x&.

Every simple submasdule of o projective nght
R-module is finitely presented,

K}
4

{3
(E)
{mn

(2]

(%

L
(LR

fimbely

(42

(13

[14)

Proof. (1)={2) Let [ be & finitely generated
sernasimple small right ideal of R, thus there is
an  exact sequence Fy =% F X 1'—0 in
which F; & a finitely generated  free nght
Remodule, i =12 by hypethesis. Therefore,

the sequence F;it.l"] —ﬂtR—lﬂ B — 0 s
exact, where (1 — R ond m R =— R/l are
the inclusion and the naroral maps, cespectively
and F = oy, Thus BST is Z-presented and
heoce  [I3, Lemma 27]  implies that
Tor, (R MY = Ext* (RS MY =0
Therefore, M* is an s5-flat l=ft §-module.

(2= (1) By (2} and Lemma 2.3.

(3= (4] Assume that ¥ i5 an ssfint ledt
R-module, thus N* is ss-injective by Lemmoa
2.3 and ths dmiplies that N7 45 sseinpeciive by
{30 80 N s ss-flat by Lemma 2.3 again. The
converss is onined by [3, 3426 {1)] and Lemma
2502
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{4)=(5) By (4), ($5F)** < S5F. Since { 55F,
5571 yis an almost dual poic (by Corellory 2.4,
thus [4, Proposition 4.3.1 and Preposition 4.2.8
{31] implies that S5F is closed wnder direct
products.

[3)={6) Clear,

(6}={1) By Example 2.2 {2} and [2, Theorem
4.5].

(1= 7 Le I bz a Cfinitely penerated
semisimple small nght ideal of & and st M be
a FP-injective right R-module; By [9, Theorem
XiLa4 (3], we have the exact sequence
Ext!(], M) — Ext*(R/I M) — Ext’(R M)
But Ext'(I,M) =0 (since M is FP-injective
and | is finitely presented) and Ext®*(8, M} =0
[sm-:c R is projective). Thus Ext?(f/1 M) =

1'.'].::-[:-‘.] Lot =N = M— H— 0 bz an
exacl sequence of ight H-modules, where W is
FP-injective and M s ss-injective and let | be
a Nnitely gencrated semisimple small mght ideal
of ®, By [%, Theorem X11.4.4 (4]], we bove an
exact sequence 0= Ext' (R/I, M) —
Ext!(R /1, H) — Ext®*(R/I, N} =10 Thiss
Ext'(&/1 ,H} = 0 for every finitely generated
semisimiple small mght ideal f oof R

(B} = (1} Let N be o FP «injsctive right
R=modele, thas we have ihe exacl sequence
0— N — E(N)— E(N)/N =0, Let | ben
finitely penerated semisimple spall nght ideal of
f, thus Ext'(R/1,E(N}/N) =0 by hypathesis.
So i Tellows from [9, Theoremy XI14.4 (4]] that
the sequence 0= Ext'(R/I.E(N)/N) —
Ext?(R/I, N} — Ext*(R/I,E(QNY) =D i
cxnct, and so Ext?[R/S1, M) = 0, Hepce we have
the exact sequence 0 = Ext*(R, N} —
Ext'(I,N) — Ext*(R/I.N) =0 (see [9,
Theorers X144 (3)]). Thus Ext* (L, N) =0 and
this implics that ! s finitely presenied (see [11]]).
Therefore B s a right min-coherent,

{5)={0 By Corollary 2.4 and [4, Proposition
42,8 (3}, p. 0.

(2)=(10) Since (55/)* S 35F (by hypothesis)
and ($5F)* & S5I (by Lemma 2.3}, thus the
reselt follows from [14, 32, p. 1137].

(10==(2) By w2king M is on ss-injective night
R-micdule in (107}

(1= (11 Let &y, by, By ES- AT . Put
K =B R+ bR+ -4 bR and Xy w bR+
"""b.-lll'-l| . Thus H] =h;|q+ H’; Dﬂﬁﬂ‘:
FiR = K K by Firy=br+ K which is a
well-d=fine  § -epamiocphism,  because  if
ry mry R, then byry — by = 0 € K, thot s
by + Ky = byry + Ky Now we have

15

R|b|rE H:}—{rERib r
by =0 for some ry,«
ustng [F5, Lemma 4, 54[I]j 1
is finitely presented. But RS0 ’||
ker(f} is finitely generated,
{11 )= 12 Let x€ 5.0 f ondd
pengrated semisimple small right II.E'Hl ol R,
then A =@, a;R. so we bhave that (re
Rlaredl={rER|lxr+an+ -ty =
0 forsomer, -, E K] i fnitely generoted
by hwpaothesis.
(12}={13) By wnking A =10,
{13={1) Let xR be & simple right ideal, Since
r{x) is finitely pererated and xR = R/r(x).
thus o s fnitely presented,

(1={14) Let 5 =B, ok, where ayff ds a
cimple right idenl for each (1. W P is a
projective” right & -module, then P i
isomorphic to & direct summand of RY for
some index et 5. Let 4 be oany simple
submodule of P, then A=8=%@,5 =
kB agR. Sinee A s finitely peneroted, then
there are finile index selg S, 25 and &/
such that A =B s%u@; B, mR, 50 it
follows from [15, Lemma 454 (3}] that A is
finitsly presenied
{ld)==(1} Clear. m

Hecall that & subelass F of Mod-R s

said to be definable of it is elosed under direct
products, direct limits ond pune submodules {see
[4, Definition 2.4.1, p. 29).
Theorem 2,10, The following siniements are
equivalent for o ing

{t] R isaright ss-coberent ring,

(2} A nght 8-meodule M is ss-mjective 1f and

only if M7 s gga0lat
i3} A right Remodule M 05 ss-injective if and
only if M** is ss-injective,

{4
{5

551 15 closed under dircet limits,

5. 0 is finitely generated and every pure

quotient of ss-injective right B -module is

ss-injechive

The following two conditions hald;

{a) Ewery righi R -module
{551 ) =cover,

(b} Every purs quetient of as-injective right

f-module is ss-injective.

[

has  an
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et MY be ig-flan, Then M7™
1 I'I-'II-'I'I-I 2.5, 5o it follows from

ddil Lemma 2.5 (1) that M is
chi E=The comverse i obained by
=== kST 1.9,

(21=(3) Let M** be ws-injective, thus M7 is
ss-flat by Lewesa 23 ond hence M s
si-injective by hypothesis, The converse is true
by Thearem 2.9,

(31=0l) Let M be an FP anjsctive nght
R-medule, then the exact sequence 0 — M =
E(M) — ECM)/M — 0 is puwe by [16,
Froposition 2.4 {c)], so it follows from [3, 34.5]
that ~the sequence 0 — M™ — E[MY** —
CE(MISMYTT — 0 is split. Sioce E(M)Y* s
ss-injective by  hypothesis, thus MT™ s
ss-injective and hence M 05 ss-imjective by
hypothesis ognin.  Therefore, 5, n) i fobely
generted by Corollary 28, and 50 5.0 is
finitely presented by Theorem 29 Thus § iz a
right ss=coherent ring,

(=44 Let {Mi}ies be o direet system of
ss-igjective might R -modules. Since 5.0 is

finitely presented, then BS5 N i Z-presented,

s dr Follewss from [13, Lemma 2.9 (2)] that
Ext! {R;[s,, A Jy,lim m] =

=y
lim Ext* (R /(5. 0 ). M) =0, Hence lim M,
— —

i5 s5-Imjective,

(4)=(2) Let {E;;i € I} be a family of injective
right R -mdules, Xinge
Bhies £y = Um (B, Ei:ly £ 1,1, finite ) (see

[3. p. 206]), then &g E; 15 ss-injective and
hemce - Son ) is o fnitely  generated by [1,
Corollary 2.25). By Lemma 2.5, S5/ 35 clossd
urder pure submodules, Since 55 i closed
under direct products { by [, Theorem 2,41 nd
since 551 is closed under direct limits { by
hvpothesiz), thus 857 15 o definable class. By [4,
Froposition 43,8, p. B9, (S5 E5FY 95 an
almost dual pair and hence 3 right R-module M
i sa-injective if and only if MY s sa-Tlag
(Z)=(3) By the equivalence between (1) and (2],
we have that 5 ) s Dnilely generaled, Now,
ket O=—N—=M—M/N—0 b o pur
exact sequence of right R-modules with M is
si-injective, so it follows from [3, 34.5] thot the
gequence O o= (M/N — MY = N* =0 is
split. By hypothesis, M* is ss-flat, so (M /N)®
5 ss-flat. Thus M/SN s ssinjective by
hypothesis again,

1Y
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(5}=id) Lot [Mylica be 2 diect system of
sg-injective nght R-madules, By [3, 33.9 (2]
there is 0 pure exacl seguence B., M, —
limn My = 0. Since g0, My 05 ss-injective by
[1, Comallary 2.25], thus Hm M; & ss-injective
by hypothesis.

(5)==(6) By [l. Coroflary 235] and [17,
Theorsm 2,5), =
Corollary 2.11. A ring R is ss-coberent if

and anly if it s min-coherent and the class 55!
ig closed wider pure submodules,

Proof. ( = ) Suppose that R s
ss-coherent ring, thus R is min-coherent
and 5. NJ is a finitely generated right
ideal of R. By Lemma 2.5 (1}, S5I is
closed under pure submaodules.

(=) Let M be any ss-injective right
R -module. Since R is min-coherent,
thus Theorem 2.9 implies that M* is
ss-flal. Conversely, let M be any right
R-module with such that M* is ss-flat,
By Lemma 2.3, M*" is ss-injective.
Since M is a pure submodule of M**
( by [3, 346 (1)) and since 55T is
closed under pure submodule { by

hypothesis) it follows that M is
ss-injective. Hence for any  ripht
R-module M, we have that M is

ss-injective if and only if M* is ss-flat,
Thus Theorem 2,10 implies that / is
ss-coherent, m

Corollary 2.12. The following statements are
equivalent for 2 right min-coherent ring #:

(1) Ewveryssflat lefi R-module is fai

{2)  Every ss-injective’ mght R -module s
FP-injective

{3] Every ss-imjective pure injective night

R-module is injective.
Proof, (1p=42) For any ss-injective. right
R-module M, then M* s ss-flat by Theorem
29, and g0 MY is flat by Ivpothesis, Thus MY
i injective by [10, Proposition 3.54). Since M
is: pore  submodule of MY then M s
FPeinjective by [20, 353.8].
;23}?[3] By [16, Propasition 2.6 {c}] and [3,



Vol.§

No.2

Journal of AL-Qadisiyah for computer science and mathematics

Year 2016

(3 =1) Asume that N is an sl left
R-module, thus N i ss-injective pare injective
by Lemuna 2.3 ond {3, 34,6 (2]]. Thus N° is
injective, and g0 N is flat by {10, Proposition
354 =

Proposition 2.13. The following statements
re equivalent for a right ss-coherent ring R:

(1} K isanght ss-injective ring.
(2} Ewery left B-modele bas a monic ss-flai

preenvilope.

{3} Every nght R-module has epic ss-injective
COVET.

{4y Every injective left. H-module is s3-flat

{50 Ewery Matright B-module is ss-inpective.

Proof. {13={2) Let N be o leit R-module,
then there is an R-cpimorphism n:.l?&‘*"—rnr'
for some index set 5 by [10, Theorem 2.35],
and a0 there 5 an B-monomorphism giN —
(R5)° by applying [9, Proposition X1.2.3], [3,
PLLO 2Y (ii)] and [3, 346 (1}], respectively, Un
tee atser hard, & has o as-Tat preenvelops
f:N — F by Theorem 2.9, Since (RF)* is
sueflat by Theorem 1.9 again, thus there is on
R -homomerphism i F —+ (RA)® such thal
Bf =g, so this dmplies that [ is an
f-monomorphism,

(Z1=44) Let N be-an injective left R=module,
then there is an B-monocsesphism Fi0 — F
with F is ss-Ma. But N = f(N) &? F, s0 we
have that ¥ is s5-11n01 by Lemma 1.3 (4]
(4¥=+{51 Ler M be o flat rght R-module, then
M* is injective and hence ss-flat Thus M is
ss-injective by Theorem 210

(51=e( 1) Dovicus, since My s fal

[1)=2(3) Let M beony right B-module, then M
has ss-injective cover, say. @iN — M by
Theorem 2,10, By [10, Theorem 2235, there 5
an & -epimorphism R‘ff}—r M for some
index st 5, Sioce R':ﬁ.ﬂ i5 ss-injective by [1,
Corollary.  2.25],  them  there. i BB
B -homomorphism .k'.RE-" =& such that
gh={, s g isan R-cpimorphism,

(3)=01) Let f: N — Ry be an epic ss-injective
cover: Singe Hp is projective, then there is an

R-bomomorphism g; Bg — N such that fgo= Ig,

thus [ is split, and so N = ker(f) & 8 for
some s-inpective submodule B ool N, Therofore,
Ry = NSker(F) e 8 s ss-injective, B

40

Proof, (=) Clzar,

(<] Let A and B be nny ss-injective e

R -modules and be any R -homomorphean
from A to B. Define o: ABE — A@EF by
al(z,¥)) = (0,f(x)) . Thus, we have that
(A @ B)/im (o) = {A@® B}/ 0 @ im {f])
= AE(BSim ) 5 ss-injective.. Thus
it fien () 14 ss-injective. =
Proposition 2.15. The class 55F is closed
under kemnels of homomorphises if and only if
ker(a) s ss-flar, for every ss=flat left B-modulz
M and o € End(M).
Proof. (=) Cleas.
(=) Let- N — M by any K-homemorphism
with N amd M arc ss-flat left 8 -modules.
Define @ NEM—NGM by allab))=
(0,g(b)) . Thus ker(e) =ker(g) &M is
w-flar by hypothesis and bence ker(g) is
se-llal m
Theorem 2.16. If B is o commulative ring,
then the fallowing statements are equivalent:

(17 K iz nmme-coherentring.

(21 Hom{M,N} is ss-flal for all s-injective

B -macubes: M oand all injective R -modules
N
HoemiM, N3 05 ss-flat for all  injective

3}
R-modules M oand &,

4y Hom{M. N) is ss-flat for all peojective
Femodules M and .

{57 Hom{M. N1 s s-flat for aoll projeclve

F-wmadules M and all ss-Mat R-modieleas N

Proof. (11=(1) If | i a finitely generated
semisimple small ideal of R, then { is fimitely
presented. By [9, Theorem XT14.4 (3)], we hove
the exoct sequence 0 — Hom{R/S M) =
Hom(®, M) — Hom[l,M}—0 . Thus the
SEqUENCE 0 — Hom{Hom(l, M), N) —
Hom{Hom(#, M) N} —

Homi{Hom{& /0 ML, N} — 0 @5 exact by [9,
Theorem XIL4.4 (3)] apain. 5o we have the
exact SIS HEE {0 =+ Hom{M, NS —
Hom M, N)S8 — Hom{M N)@B(RA) = 0
by [T, Theorem 3.2.11] and- this-implics - that
Hom (M, N isss-flaz.

(2}=({3) Clear
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5 Proposition 2.3.4]  and
.'-_ hawe that {R*"‘]j=

Tlms
. LR }SJ is :ﬂﬂli for any
._= EJ 1L10°(2)] and since §* and
gt are  injective. Since RY i5 a2 pure
HItIITIEIdI.:Ih: of (R™*)* by [3, 34.6 (1)) and [18,
Lemimea 1 (23], so it follows from Lemma 2.5 (2
that RS is ss-flat for any index set 5. Thus (1)
follows from Theorem 2,9,
(1)=i(5) Since M is a projective K-medule, thus
there i= 0 projective 8 -module P osuch thay
M@ P BY for some index set 8. Therefore,
Hom{M, N} & Hom [P, N} = Hom{R*5 4%
o I:H-:rltll:l'i'.N}:ls = N5 by [3, 11,10 and 11,11].
But N*® is ss-flat by Theorem 2.9, thus
Hom (M, N s as-flat.
[5)1=={4) Clear,
(4)={1} For any index sei 5, by [3, D110 and
11.11], we have that BF = Hom(R*® 7). Thus
B* is gs-flat by (4), 5o it follows from Theorem
2.9 that (1) holds. =
Corollary 2.17. The following statements are

cquivalent for a commulative ss-coherent ring R:

{1} M is on ss-injective f-module.

{2}y HemiM, M} i3 ss-flat for any  Injective
R-muodule N,

{3} ME&N s ss-injective for any flat B-moudlule
N.

Proof. (1}=(2) By Thearem 2.16.
(2]={3} By [10, Theorem 2.73], we have that

(MSN)}" = Hom(M,N*) for any R-module N,

If N s Owd, then N* is injective by [10,
Proposition 3.54), so (MEN)® b ss-flar by
hypothesis, Therefore, M@EN s ss-injective by
Theorem 2.10.

(3)=2(1} This follows from [3, Propasition 2.3.4],
since A oisflas. ®

Corollary 2.18. Let R be o commulative
ss-coherent ring and S55F g elosed wnder
kemels of homomarphisms, Then the following
conditions hold for any R-module M-

{1} HomiM,N} is sa-Mat for any ss-injeclive
R-module M,

(2} Hom{N,. M} is ss-flat for any ss-flai
R-module M,

(3 MEN iz sa-injective for any ss-injective
R-module M,

4]
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Proof. (13 Ler M be an ss-injective K-module.
[t 15 clear that the exact sequence § — N —
Ey — E; induces the ‘exacl sequence 0 —
Hom (M, N} — Hom (M, B3} — Homi{M, E;}
where Ey ond £ ore mjective R-modules, By
Theorem 2146, we have that Hom{M, B;} and
Hom(M, E;) are ss-flar, thus Homi{M, N s
si=flat by hypathesis,

(2} Let M be an ss-flat R-module, =0 we have
tha exaci dequence 0 — Hom(N, M)
— Hom(Fp, M) — Hom(F,, M} where Fy nnd
Fy are free R-modules. By Theorem 216, the
modules  Hom{F, M} amd Hom(F, M) are
ss=llat, Therefore Hom(N, M) is ss-flai by
hypathesis.

(3} Let M be any ss-ingective R-madule, then
(MESNT* = Hom(M, M) s ss-flad by [10,
Theorem 2.75] ond applying (1), nnd heoce
MEN s ss-injective by Theorem 210, =
Theorem 209 Let B obe o commutative
ss=coherent ring, then the following conditions
are eqquivalent:

{17 R isan ss-injective ning,

(2 Hom{M, N} is ss-injective for pny projective
F-module M and aoy flot B-module M.

(3 Hom{M.N) iz ss-injective for any projectve
Bemadules M and N,

(4)  Hom{M,N) is ss-injective for any injective
R-modules M oand N

{50 Hom{M_N) iz ss-flat for any flai #B-maduls
M pnd ooy injectirve §-module M,

(6) M@EN I8 ss-Mat for any fag R-moadiele M

and any mjective B-module N

Proof. (1}=(2] Since B is ss-injective, thus

every flat. F -modole  is  ss-injective by
PFrogosition. 2,13, Let M be a  projective
R =module; then M@ P =RY for dome

projective f-madule P oand for some index set
. Thus for all flat R-module N, we have
Hom(M, N) @ Hom(P, ¥) = Hom(R'*, N} =
NS by [3, 1110 snd 1L11]. Sinee N¥ i
se-injective, thus. HomiM, N} s si-injective,
()= 3) Clear,

(3}=01) Since B & Hom(R,R) bw [3,
thus R is ss-injeclive ring.

111,




(U={d4) By the dual version of [¥, Theorem
3.2:1]. Ext'(R/(S. nJ) Hom{M,N))
i Hom{Tor{R S5 0 1 MLKEY  for all
uyeciive B-meodules M oand N, By Proposition
203, M iz wi-11at Thus
Tory (RS (5 0]} MY=10 and hence
Hom (M, N} is se-injective.

(4)1={1) To prove R s an ss-injective ring, we
need o prove that every injective R-module is
si-flal (see Proposition 2 13) Mow, let M be
any anjective Remcsdule, then Hom(M,R*) 15
sg=injective, 50
0 = Ext'(R/(5,nJ) Hom(M, R*)) =
Hom{Tor, (R SIS, n JLMLE*) =

(Tory (R/(S, n J), M)@R)*

= Tor, (RS(S, Y, MY by applying the dual
version of [T, Thearem 3.2.1], [10, Theorem 2,75]
and [5  Proposition 2.3.4]. Therefore,
Torg(RAS- N Mym D | since QfE s
injective cogenerator. Thus M 15 ss-fla,
(3y=(1) and (6)}=(1) By taking M = R and
using [3, 11.11] and [5, Propaosition 2.3.4].
{1)=(5) Let M be a flar B-module and N be
an injective. R -modulethen  Hom{M.N) is
injective. Therefore Hom(M, N7 s ss-flat by
Propaosition 2,13,

{1y={f) Let M bo o flat ®-teodule and let N
b an injective R-madule, Then N s ss-fls by
Proposition. 2,03, =0 the sequence O —
N@E N — N i3 exacl Sioce M s fln,
then  the sequence 0 — M@N&(5 N[ —
M@N s exact and this implics thar MEN s
sz-flat. m

Pmpnsilinn 220, Let B be a commutative

ring, then the following  sisiements  are
ciuivalent:
(1} M isss-flot.
(2} Hom{M,N) iz ss-injective for all injective
F-madule N,
(3}  M@N is ss-flat for oll flat R-modole N,
["'l'[ll'.'l-f (1y==(2) Lex N be any injsclive
-miodule, Simee
E:tt (RS n ) Hom(M, X))
& Hom(Tor, (RS(S. N )  MLNI=0 by the
dual wversion of [T, Theorem 3.2.1], then
Hom{M, N} is ss-injective,
(2)=(3) Les N be a flac R-mosdule, then N* s
imjective by [10, Proposition 3.54]. So 0 follows
from [I0, Theorem 2.75] thot [(M@N)* &=
Hom{M N} iz ss-injective. Thus MESN &
s5-{lnt by Lemmn 2.3,
(3= 1} Follows from [, Proposiien 2.3.4]. =
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Proposition 2.21. Let B be o o
ring and M be asemisimple B-maodigs
ss-flof, then End{M} i ss-1ig
R-module, A
Proof. By [5 p. 157], there i PORETY, o
epimorphism Pride N f1EM — 5 "'J'Jfrl' ot
pven by p@x e ax for each penerator .

oy & (5.0 @M . Thes we bave the

commutative deagraon;

0 — (5 nnem 2 ey

el b

D= (5 A M —— M
where [y e the identity map, [ and {; apre
the inclusion maps, and f is an isomarphism
dgefined by [3, Proposition 2.34]  Since
Foefi@ly) is E-monomorphism, ihen g s
isnmarphism, Therefore (5 nj)yEM =
{5, nJIM = J{M}) = 0 by [19, Theorem 9.2.1].
So 0 follows from [LD, Theorem 2.95] that
0 = Hom((5, 1 3@M, M) = Hom([3, n
LEnd(M}). Bt the sequence O = Hom{5, n
L End{M}) — Ext*(R/(5- n [}, End U‘-'l:l:l
— Ext’(R.End(M)) =0 i exact by [9
Theorem XIN=.4 i3] Thaus
Ext'(R/(5- 1)), End{M)) =0 and hence
End{M) is an ss-injective as R-module. m

Proposition 2.22, Let B be a commutative
ripg and M be a simple #-modole, Then M 05
sseflat if and onby if M 15 ss-injective.

Proof. (=) Let M=mR be 1 simple
R-modele, Defing [ Hom{mi, mE) — m8 by
fle) = e{m). We assert that [ is a well define

R -homomorphisme Let @y =@, ,  then
aiim) = mylmp, so0 o) = flag), Now, les
g,y & End{M) and rnureR 0 then

flne, +rag) = (nay + nagd{im) =

Ly ) o (s d(m) = reg (md +
relmy=rn (o) +r2f{o;)  proving  the
assertion.  Simce  f{End(M)) =M  and
ker(f) = {& € End(M}: fla] = 0) =

{2 EEnd(Mlaim) =0} = {a & End{M}: 0 =
meEkem(z)} =0 , then End{M}=M and
hence M Ois ss-njective by Proposition 2,21,
=) Let (Si}es be oo family of el simple
R -modules st E = E{@yes 50 - Then
Homi{M, E1 = M by the proaf of [12, Lemma
2.48], so it follows from the dual version of |7,
Theorem 3.2.1] that Ext*{R/(S, nJ), M} =
Hom{Tor, (R /A5, n 1, M), E). Singe M is

A1
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1) MLE)=0. But. E is
by |8, Corollary 18.19].
RN My=0 (zee [T,
, #d hence M isss-flat, m
ecall that a ring R s called PS-ring
-ring) if & is projective (resp., flat)
1 equivalently, of 5.0 s projective
{resp,, lat). The following coroilary exiends a
result of [20, Proposition 8 (1)) that a
commuotative FS-ring is PS-ring

Corollary 2.23. The following statements are
equivalent for a commutative ring K-

(1} & s aumversally mininjective

(2} K isa PS-ring,

(3} Risan FS-ring.

(4} 5, I ss-flac

Proof. By [1, Corollary 1.19] and Proposition
11 m
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