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1. Introduction

Let o#,, denote the class of functions | of the form:

f@=2"+ Y &z, peN={1,2,}, 1)
k=p+1

which are analytic and p-valent in the open unit disk U = {z€ C:|z| < 1} and let o] = <.

Given two functions f and g which are analytic in U, we say that f is subordinate to g, written f < g or f(2) < g(z)(z €
U), if there exists a Schwarz function w which is analytic in U with w(0) = 0and |w(z)| < 1 such that f(z) = g(w(z)),(z €
U). In particular, if the function g is univalent in U, then f < g if and only if f(0) = g(0) and f(U) < g(U).

For functions f given by (1) and g € <}, given by

[e.0]
gy =2z"+ Y bzt
k=p+1

the Hadamard product f * g of f and g is defined by

(f*@@=2"+ Y arbez"=(g* 2.
k=p+1

Recently, Mahzoon and Latha [3] introduced and investigated the operator Dy, (u, ¢, A) : o), — <), defined by

Dy, Vf(d)=2P+ ) [1+

- 7
p/l) akzk,
k=p+1 ¢
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where u,c, A€ R, i, c,A = 0.
In [6], Mustafa and Darus defined the linear operator Dg"s(u, c,A) : o, — of) in terms of the Hadamard product by

D% (i, ¢,A) = k%% Dy (p, ¢, A) x Z°, )

where y,c, A€ R, 1,c,A=20,a,6 € Ny = NU {0} and % denotes the Ruscheweyh derivative operator [8] given by
X TO+k)

R° = S — k  (5eNyzel).

f(2) Z+,Cz::21“(5+1)l“(k)akz (6 € Np,ze U)

It is easy to obtain from (2) that

Dz"s(y, cVf()=2"+ ) k*

_ Iz
(1+k p/l) I +k) r
k=p+1

prc' ] Te+yrn )
In view of (3), we obtain the following relation:
!
Az (Dg"s(,u, c, /l)f(z)) =(p+0) D2 (u+1,6,1)f(2) ~ (¢~ p(A - 1) D% (, ¢, 1) f (2. 4)

Let T be the class of functions £ of the form:

hz)=1+Y hz¥,
k=1

which are analytic and convex univalent in U and satisfy the condition:

Re{h(2)} >0, (zel).

Definition 1.1.
A function f € o}, is said to be in the class L(u, ¢, A, a,8, p,y; h) if it satisfies the following differential subordination
condition:

/
1 [ (Ppwenfa)
P=v| Dy’wef@

-y |<h(2), )
where g, c, A€ R, 1,c,A=20,a,6 € Ng= NU{0},pe N,0<sy<pand heT.
We will require the following lemmas in proving our main results.

Lemma 1.1 (Eenigenburg and et al. [2]).
Let u,v € C and suppose that v is convex and univalent in U with w(0) = 1 and Re{uw(z)+ v} > 0,(z € U). If q is
analytic in U with q(0) = 1, then the subordination

zq'(2)
q(2)+ uq(z)+v <y

implies that q(z) < w(z).

Lemma 1.2 (Miller and Mocanu [4]).
Let h be convex univalent in U and 9 be analytic in U with Re{J (2)} =0, (z € U). If q is analytic in U and q(0) = h(0),
then the subordination

q(2)+T (2)zq' (2) < h(z)
implies that q(z) < h(z).

Lemma 1.3 (Ebadian and et al. [1]).
Let q be analytic in U with q(0) =1 and q(z) # 0 for all z€ U. If there exists two points z1, zp € U such that
7 7
_Ebl =arg(q(z))<arg(q)<arg(q(z))= Ebg,

for some by and by (b; >0, b, > 0) and for all z (|1z| < |z1| = |z2]), then

z1q'(z1) .(b1+b2) 22q'(z2) .(bl + by
=—i m and =i ,
q(z1) 2 q(zp) 2
where
1_ —
m= el and €= imnE (bz bl).
1+ €| 4\ b1+ by
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Lemma 1.4 (Robertson [7]).
The function

(1-2)"=exp(log(1-2)),(n #0)

is univalent if and only ifn is either in the closed disk |1] - 1| <1 orin the closed disk |n + 1’ <1.

Lemma 1.5 (Miller and Mocanu [5]).

Let q be univalent in the unit disk U and let 0 and ¢ be analytic in a domain D containing q (U) with ¢ (w) # 0 when
weqU). SetQ(z) = zq' (2)¢(q(2) and h(z) =0 (q (2)) + Q (2). Suppose that

1- Q(2) is starlike univalent in U,

2- Re{”’ (2) } >0 forzeU.

Q(2)
Ifk is analytic in U, with k(0) = q(0), k(U) c D and

0 (k(2)) +zk (2) ¢ (k(2) <0(q(2)+2q (2)$(q(2)),

then k < q and q is the best dominant.

2. Main Results

Theorem 2.1.
LetRe{(p—y)h(z) +y+ %H} >0. Then L(u+1,c,A,,0,p,y;h) < L(u,c, A, a,8,p,y; h).

Proof. LetfeL(u+1,c,A,a,0,p,y;h) and put

!
1 [2(p5wenfa)
q(z2) = o v aE (6)
P=Y\ Dy (e, Nf(2)

Then g is analytic in U with g(0) = 1. According to (6) and using the relation (4), we obtain

DY (u+1,¢,1)f(2) Cp(A—
e 5 ! = (p-pa@+y+ LAY
A DS (e M f(2) A

)

By logarithmically differentiating both sides of (7) with respect to z and multiplying by z, we get

!
zq'(2) 1 Z(Dg’é(,uﬂ,c,/l)f(Z))
(P—Y)q(Z)+y+%H pP-Y Dz'ﬁ(,u+1,c,/l)f(z)

q(z) + -7 | < h(2). (8)

Since Re{(p -Ph(z)+y+ %H} > 0, then applying Lemma 1.1 to the subordination (8), yields g(z) < h(z), which

implies f € L(u,c, A, a,0,p,v; h). O
Theorem 2.2.
Letfesly, 0<aj,ap<land0<y<p.If
!
. 2(D§ (w+1,0,0f(2) x
——ay<arg 5 -yl < <ap,
2 DY (u+1,¢,)g(2) 2

forsomege L(u+1,c,A,a,6,p,7; i:gﬁ), (-1=sB<A<1), then

!
. z (Dg"S e, f (z)) T
-=bi<arg v -y |<=by,
2 DY (1, c,A)g(2) 2

where by and b, (0 < by, by < 1) are the solutions of the equations:

(1-lel)(by+b2)cos 5 t

2(1+|£|)((1+';)+(g_7)+y+c_p(;_”)+(17|£|)(b1+b2)sin%t '

b1+%tan_1( B#-1

9)

a =

by ,B=-1.
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and
_ (1-|e)(by+b2)cos L t
by + 2tan! _ e M B#-1
ay = " 20+ 1eD [ FHE 4y + SERJra-leh (b +bo)sin § ¢ 10)
by ,B=-1.
with
by—b 2 A=B)(p-
£:itang(ﬁ) and t:—sinl( - (Ail)( )(p Y) ) 11
1hh g (y+ <20 (1- B2)+ (p-y) (1 - AB)

Proof. Define the function G by

!
1 |z (Dg"s e, f (Z))
G(z)= — -7, (12)
P=T\ D, (pcNg@

where ge L(u+1,c,4,a,0,p,7; i:gﬁ), (-1=sB<A<landO=<7t<p.

Then G is analytic in U with G(0) = 1. Therefore by making use of (4) and (12), we obtain

+ -pA-1
(p-1)Gla) +71) DZ’5(u, c,Ng(z) = %DZ"S(M+ Le,Nf(z)- %

Dy (e, V[ (2).
Differentiating above relation with respect to z and multiplying by z, we get

(P-1)G@+7)2(DF (e, /l)g(z))/ +(p-1)2G (2D (1, ¢, g (2)

+c 1 c-pA-1 !
- pTz(Dg"s(p+ 1,c,;L)f(z)) - %)Z(Dgﬁ(u, c,/l)f(z)) . (13)
Suppose that
!/
1 z(DZ'(S(/J, c A)g(z))
H(2) = v -y
P=Y| Dp (uc,Mg(2)
Using (4) again, we have
5
+c Dy (+1,6,1)g(2) c-pA-1
< paé =(P—Y)H(Z)+Y+—p( 3 (14
A DY (u,c,M)g(2) A
From (13) and (14), we easily get
a,0 !
20 1 [2(Dpwrenf2)
G(z) + A = — -7 (15)
(p-yv)H@)+y+=E— P=-T| Dp°u+1.c1g2
Notice that from Theorem 2.1, g€ L(u+1,¢,4,a,8,p,7; }L’;i) implies g€ L(u, ¢, A, @,0,p,v; %). Thus,
1+ Az
H(z) < (-1=sB<A=<1).
1+ Bz
By using the result of Silverman and Silvia [9], we have
1-AB A-B
H(z)—- 11— 52 <ﬁ B#-1,z€eU) (16)

and

1-A
Re{H(2)} > > (B=-1,z€eU). 17)
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It follows from (16) and (17) that

—pA-1) (Y+M)(1—Bz)+(P—Y)(1—AB) _(A-B(p-y)

(p—7)H(2) +y+°

A 1-RB2 1—B2 )
B#£-1,zeU)
and
-p(A- 1-A)(p- (-
Re{(p—y)H(z)+y+c pid 1)}>( )(p Y)+y+c pt 1), B=-1,ze U)
A 2 A
Putting
- -1 .
(P—Y)H(Z)+Y+%“=Pelf¢,
where
(A-B)(p-7) (A-B)(p-7)

L(B#-1)

A-1 <(p< A-1
[y+”’( 1) (1-B2) +(p-y) 1 - AB) (y+<22=0) (1- B2)+ (p-y) (1 - AB)

and-1<¢<1,(B=-1).

Then
1-A)(p- —pA- 1+A)(p- —pA—
a-A(p Y)+Y+C pAA 1)<p<( +A) (p-v) i S pA-1)

1-B A 1+8 A » B#-D

and
a-A(p-v) c-pA-1)
T R A

An application of Lemma 1.2 with 9 (z) = (p—y)H(z)-il—y-%— —aT vields G(2) < h(z).
A
If there exist two points z1, z € U such that

<p<oo, (B=-1).

—gbl = arg(G(z1) < arg (G(2)) < arg (G(zz)) = gbz,

then by Lemma 1.3, we get
Ve) G/(Zz) _ mi

ZlGl(Zl) mi
=—— (b1 +b d =— (b1 +bo),
Gz 2 (b1 +b2) an Gz 2 (b1 + b2)

where
— el
1+ el

m

\%

br—b
and e=itan— (Ioj+b;)

Now, for the case B # —1, we obtain

!
1 & (Dg’é(,u+ 1,0,/1)f(21))
arg P -7
P=T| D, (u+1lcM)glz)

z21G (z1)

Glz) +
(p-7) H(zp) +y + 2D ”)

=arg

216G (z1) )

=arg(G(z))+arg|1+
( [(p=7) Hez + v+ =282 Ga)

|
|

T
<-——b —tan! (
2

= —gbl +arg|l- ’:—pl (b +b2)e_i%¢)

b4 m b4 mi 1
:—§b1+arg 1—5(bl+b2)cos§(1—¢>)+$(b1+b2)sm§(l—¢))

m (b + bg)sin%(l —¢)
20+ m (b +b2)cos%(1—qb))
(1-lel) (b1 + by)cos § ¢ )

1
(2(1 +1el) (““1‘1(5‘” +y+ “"’(f‘”) +(1—lel) (by +by)sin % ¢

T _
<-—b; —tan
2

85
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where a; and ¢ are given by (9) and (11), respectively.

Also,
!

1 |2 (Dg"s(,u+l,c,/1)f(22))

arg -
P=7| DY°(u+1,c4)g()
T (L—leD (by +b2)cos 5 ¢
> —by
2 200+ Jel) (BB oy + ALY (- e (by + By)sin 5 ¢

T,
=5 a

where a, and ¢ are given by (10) and (11), respectively.
Similarly, for the case B = —1, we have

!/
1 (2D e D @) 7
arg 5 -7 < ——bl
P=7| D%(u+1,cMgz) 2

and
a,0 !
1 [2(Pp WL ense) .
arg Y -1||=2=-b
P=T| Dy°(u+1,c1g(z) 2
The above two cases contradict the assumptions. Consequently, the proof of the theorem is complete. O

In the following theorem, we find integral representation of the class L(u, c, A, @,d, p,y; h).

Theorem 2.3.
Let fe L(u,c,A,a,0,p,v; h). Then

Zh(w(s) -1
(p—Y)f i ds],
0 N

where w is analytic in U with w(0) =0 and |w(2)| < 1,(z € U).

Dzﬁ(ﬂ’ c,A)f(z) =2zP.exp

Proof. Assumethat f € L(u, c, A, a,6, p,v; h). Itis easy to see that subordination condition (5) can be written as follows

!
2(D5 e M f(2)
D% (1, ¢, M) f(2)

where w is analytic in U with w(0) =0 and |w(z)| < 1, (z € U).
From (18), we find that

(D82 e, f(z))' »

=(p-v) h(w(2) +y, (18)

h(w(z)) -1
- Loy a9
Dy (1, e, M) f(2) 2 z
After integrating both sides of (19), we have
D% (1, ¢, M) f(2) z h(w(s) -1

log| 22— " | =(p- f —ds. 20
og( g ) (=7} — s 20
Therefore, from (20), we obtain the required result. O

Theorem 2.4.
Letl < 3 <2 andn € R\{0} such thateither‘ M + 1| =<1 or|w - 1| = 1. Iff € o), satisfies the condition

DY (u+1,c,1 1-
Re{1+ p (rle )f(Z)}>2—[3+u, 1)

DY’ (e, ) f(2) ptc

then
2n(B-1) (p+c)
1

(zDZ"s(u, c, /l)f(z))n <(1-2"

2n(f-1) (p+c)
7

and (1-2)~ is the best dominant.
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Proof. Define the function k by
ul
k(2) = (2D5° (e, D f(2)) " 22)
Differentiating (22) with respect to z logarithmically and using (4), we obtain

zk'(z) _n(p+c) Dg'ﬁ(ﬁH LeMfla) n(c-pA-1D+21)

k(2) A DY, M f(2) A

Now, in view of the condition (21), we have the following subordination

Azk'(2) - 1+28-3)z
n(p+c)k(z) 1-z

Assume that

O(w)=1, ¢w) A and q(z)=(Q1 )—w
=1, = —_ z) = —z ,
n(p+cw q
then by making use of Lemma 1.4, we know that g is univalent in U. It now follows that
2(6-1)
Q2) =24 (¢ (q(2) = %.
and
1+(26-3
h(z) =0 (q(2)) +Q(2) = %Z)Z.

If we define the domain D by

2 -1 +c
qU) ={w:|w% —1‘ < |w$ ,0 = %}CD,
then, it is easy to check that the conditions of Lemma 1.5 hold true. Therefore, we get the desired result. O
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