
Journal of Al-Qadisiyah for Computer Science and Mathematics 
Vol. 4        No. 2        Year 2012 

On Second –Order Differential Subordinations for Multivalent Functions 

Associated with  Komatu Operator 

 

*Waggas Galib Atshan  and  **Abbas kareem Wanas  

Department of Mathematics  

College of Computer Science and  Mathematics    

University of Al-Qadisiya 

Diwaniya – Iraq 

E-Mail  *waggashnd@yahoo.com   ,   **k.abbaswmk@yahoo.com 

   Abstract. In this paper , we obtain some results for second - order differential 

subordinations  𝜓 (𝑓 𝑧 , 𝑧𝑓 ′ 𝑧 , 𝑧2𝑓 ′′ 𝑧 ; 𝑧) ≺ (𝑧), for multivalent functions in 

the open unit disk associated with the komatu operator . 

Keywords: Univalent function , Multivalent function , Differential subordination , 

Komatu operator. 

2000 AMS Classification : 30C45 , 30A20 , 34A30. 

1. Introduction and preliminaries  

      Let 𝑈 =  {𝑧 ∈ ℂ ∶  𝑧 < 1 } be the open unit disk in the complex plane ℂ and 

let µ = µ (𝑈) denote the class of analytic functions defined in U , for 𝑛 positive 

integer and a ∈ ℂ. Let µ [𝑎 ,𝑛] = { ƒ ∈ µ : 𝑓(z) = 𝑎 + 𝑎𝑛𝑧
𝑛 + 𝑎𝑛+1𝑧

𝑛+1 + ⋯ } , 

with µ
0

= µ[0,1] ,µ = µ[1,1] . 

     Let  ƒ  and g be members of  µ  . The function  𝑓 is  said to be subordinate  to g , 

written  ƒ ≺ g  or ƒ(z) ≺ g(z) , if there exists a Schwarz function w(z) analytic in U, 

with w(0)= 0 and |w(z)|<1  such that ƒ(z)= g (w(z)), (z  ∈ U) . 

In particular , if the function g  is univalent in U , then ƒ ≺ g  if and only if ƒ(0) = 

g(0) and  ƒ(U) ⊂ g(U). 

     Let 𝜓 :ℂ3 ×U ⟶  ℂ and let  be  univalent in  𝑈. If  ƒ is analytic in 𝑈 and 

satisfies the ( second –order) differential subordination  

𝜓 𝑓 𝑧 , 𝑧𝑓 ′ 𝑧 , 𝑧2𝑓 ′′ 𝑧 ; 𝑧 ≺   z  ,                               (1.1) 

then 𝑓 is called a solution of the differential subordination  . The univalent function 

𝑞 is called a dominant of the solutions of the differential subordination , or more 
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simply dominant if  𝑓 ≺  𝑞 for all 𝑓 satisfying (1.1)  A dominant 𝑞   that satisfies   

𝑞 ≺ 𝑞  for all dominants  𝑞 of (1.1) is said to be the best dominant of (1.1) . 

     Let L(p) denote the class of functions of the form: 

𝑓 𝑧 = 𝑧𝑝 +   𝑎𝑛+𝑝  𝑧𝑛+𝑝      (𝑧 ∈  U ,𝑝 ∈  ℕ = {1,2,3,… } ) ,      (1.2)

∞

𝑛=1

 

which are analytic and p-valent in 𝑈. 

For ƒ ∈ L(p) , let the komatu operator [4] be denote by  

К𝑐 ,𝑝
𝛿 𝑓(𝑧) =

 𝑐 + 𝑝 𝛿

𝛤 𝛿 𝑧𝑐
  𝑡𝑐−1

𝑧

0

  𝑙𝑜𝑔
𝑧

𝑡
 
𝛿−1

𝑓(𝑡) 𝑑𝑡         

= 𝑧𝑝 +   ( 
𝑐 + 𝑝

𝑐 + 𝑝 + 𝑛
)𝛿𝑎𝑛+𝑝  𝑧𝑛+𝑝

∞

𝑛=1

     𝑐 > −𝑝 , 𝛿 > 0   .     (1.3) 

     In order to prove the results , we shall use the following definitions and theorem. 

Definition 1.1[2] . Denote by 𝑄 the set of all functions 𝑞 that are analytic and 

injective on 𝑈 ∖     𝐸(𝑞), where  

E 𝑞 =   𝜁 ∈  𝜕𝑈: lim
𝑧→𝜁

𝑞 𝑧 = ∞                              (1.4) 

and are such that 𝑞′ 𝜁  ≠ 0 for 𝜁 ∈  𝜕𝑈\𝐸(𝑞). Further let the subclass of 𝑄 for 

which 𝑞(0) = a be denoted by 𝑄(𝑎) ,𝑄(0)  ≡  𝑄0  𝑎𝑛𝑑 𝑄 1 ≡ 𝑄1  . 

Definition 1.2 [2]. Let Ω be a set in ℂ , q ∈ Q  and let 𝑛 be positive integer. The 

class of admissible functions Ψ
𝑛
 Ω, 𝑞  consists of those functions 𝜓 :ℂ3 × 𝑈 → ℂ 

that satisfy the admissibility condition  𝜓 𝑟, 𝑠, 𝑡; 𝑧 ∉ Ω , whenever  𝑟 = q(𝜁) , s = 

𝑚𝜁q'(𝜁) , and     

Re   
𝑡

𝑠
+ 1 ≥ 𝑚 Re   

𝜁𝑞′′ 𝜁 

𝑞′ 𝜁 
+ 1 ,                                   (1.5) 

𝑧 ∈ 𝑈, 𝜁 ∈ 𝜕𝑈\𝐸 𝑞 ,𝑎𝑛𝑑 𝑚 ≥ 𝑛 . Let  Ψ
1
 Ω, 𝑞 =  Ψ[Ω, 𝑞] . 

Theorem 1.1[2]. Let  𝜓 ∈ Ψ
𝑛

[Ω, 𝑞] with 𝑞(0) = 𝑎. If the analytic function  

𝐹 ∈ µ [𝑎 ,𝑛]  satisfies   

𝜓  𝐹 𝑧 , 𝑧𝐹′ 𝑧 , 𝑧2𝐹′′ 𝑧 ; 𝑧 ∈ Ω ,                                  (1.6) 
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then   

𝐹 𝑧 ≺ 𝑞(𝑧).  

2. Main Results 

Definition 2.1.Let Ω be a set in ℂ and 𝑞 ∈ 𝑄0 ∩ µ [0 ,𝑝].The class of admissible 

functions Φ
𝑘

[Ω, 𝑞] consists of those functions  𝜙 :ℂ3 × 𝑈 → ℂ  that satisfy the 

admissibility condition :  

𝜙 𝑢, 𝑣,𝑤; 𝑧 ∉ Ω ,                                         (2.1) 

whenever 

𝑢 =  𝑞 𝜁  , 𝑣 =  
𝑚𝜁𝑞′ 𝜁 +  𝑐𝑞(𝜁)

𝑐 + 𝑝
   (𝑝 ∈  ℕ , 𝑐 > −𝑝 ) , 

  and                                    

Re  
(𝑐 + 𝑝)2𝑤 − 𝑐2𝑢

𝑐 + 𝑝)𝑣 − 𝑐𝑢
− 2c ≥  𝑚 Re   

𝜁𝑞′′ 𝜁 

𝑞′ 𝜁 
+ 1   ,         (2.2) 

𝑧 ∈ 𝑈, 𝜁 ∈ 𝜕𝑈\𝐸 𝑞  ,𝑎𝑛𝑑 𝑚 ≥ 𝑝  .                

Theorem 2.1. Let 𝜙 ∈ Φ
𝑘
 Ω, 𝑞 . 𝐼𝑓 𝑓 ∈ L 𝑝  satisfies     

 𝜙 К𝑐 ,𝑝
𝛿+2𝑓 𝑧 ,К𝑐 ,𝑝

𝛿+1𝑓 𝑧 ,К𝑐 ,𝑝
𝛿 𝑓 𝑧 ; 𝑧 : 𝑧 ∈ 𝑈  ⊂ Ω ,             (2.3) 

then 

К𝑐 ,𝑝
𝛿+2𝑓(𝑧) ≺ 𝑞(𝑧) . 

Proof.  We note from (1.3)that, we have 

𝑧  К𝑐 ,𝑝
𝛿+1𝑓 𝑧  

′

=   𝑐 + 𝑝 К𝑐 ,𝑝
𝛿 𝑓 𝑧 − 𝑐 К𝑐 ,𝑝

𝛿+1𝑓 𝑧  ,               (2.4) 

is equivalent to  

К𝑐 ,𝑝
𝛿 𝑓 𝑧 =

𝑧  К𝑐 ,𝑝
𝛿+1𝑓 𝑧  

′

+  𝑐К𝑐 ,𝑝
𝛿+1𝑓 𝑧  

 𝑐 + 𝑝 
 ,                         (2.5) 

and 

 К𝑐 ,𝑝
𝛿+1𝑓 𝑧 =

𝑧  К𝑐 ,𝑝
𝛿+2𝑓 𝑧  

′

+  𝑐К𝑐 ,𝑝
𝛿+2𝑓 𝑧  

 𝑐 + 𝑝 
 .                       (2.6) 
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Let the analytic function F in U defined by  

𝐹 𝑧 = К𝑐 ,𝑝
𝛿+2𝑓 𝑧  .                                                    (2.7) 

Then we have 

К𝑐 ,𝑝
𝛿+1𝑓 𝑧 =

𝑧𝐹′ 𝑧 + 𝑐𝐹 𝑧 

𝑐 + 𝑝
 , 

К𝑐 ,𝑝
𝛿 𝑓 𝑧 =

𝑧2𝐹′′ 𝑧 +  1 + 2𝑐 𝑧𝐹′ 𝑧 + 𝑐2𝐹 𝑧 

 𝑐 + 𝑝 2
 .                       (2.8) 

Further , let us define the transformations from ℂ3 𝑡𝑜 ℂ  by  

  𝑢 = 𝑟  , 𝑣 =  
𝑠 + 𝑐𝑟

𝑐 + 𝑝
  , 𝑤 =  

𝑡 +  1 + 2𝑐 𝑠 + 𝑐2𝑟

(𝑐 + 𝑝)2
 . 

Let    

𝜓  𝑟, 𝑠, 𝑡; 𝑧 = 𝜙 𝑢, 𝑣,𝑤; 𝑧 = 𝜙  𝑟,
𝑠 + 𝑐𝑟

𝑐 + 𝑝
,
𝑡 +  1 + 2𝑐 𝑠 + 𝑐2𝑟

 𝑐 + 𝑝 2
; 𝑧 .    (2.9) 

The proof will make use of Theorem 1.1. Using (2.7) and (2.8) , from (2.9) , we 

obtain 

𝜓  𝐹 𝑧 , 𝑧𝐹′ 𝑧 , 𝑧2𝐹′′ 𝑧 ; 𝑧 = 𝜙 К𝑐,𝑝
𝛿+2𝑓 𝑧 ,К𝑐 ,𝑝

𝛿+1𝑓 𝑧 ,К𝑐 ,𝑝
𝛿 𝑓 𝑧 ; 𝑧 .  (2.10) 

Therefore (2.3) becomes 

𝜓  𝐹 𝑧 , 𝑧𝐹′ 𝑧 , 𝑧2𝐹′′ 𝑧 ; 𝑧 ∈ Ω .                              (2.11) 

Note that  

𝑡

𝑠
+ 1 =

(𝑐 + 𝑝)2𝑤 − 𝑐2𝑢

𝑐 + 𝑝)𝑣 − 𝑐𝑢
− 2𝑐 ,                                    (2.12) 

and since the admissibility condition for 𝜙 ∈ Φ
k
 Ω,𝑞 is equivalent to the 

admissibility condition for 𝜓 as given in Definition 1.2 , hence 𝜓 ∈ Ψ
𝑝

[Ω, 𝑞] , and 

by Theorem 1.1, F(z)  ≺ 𝑞 𝑧 . 

By (2.7), we get 

К𝑐 ,𝑝
𝛿+2𝑓 𝑧 ≺ 𝑞 𝑧  . 
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      In the case  𝜙(𝑢,𝑣,𝑤; 𝑧) = 𝑣, we have the following example .   

Example 2.1.  Let the class of admissible functions Φ
𝑘𝑣

[Ω, 𝑞] consist of those 

functions 𝜙 ∶  ℂ3 × 𝑈 → ℂ  that satisfy the admissibility condition :  

𝑣 =
𝑚𝜁𝑞′ 𝜁 +  𝑐𝑞(𝜁)

𝑐 + 𝑝
∉  Ω  ,  

𝑧 ∈ 𝑈, 𝜁 ∈ 𝜕𝑈\𝐸 𝑞  ,𝑎𝑛𝑑 𝑚 ≥ 𝑝. 𝐼𝑓 𝑓 ∈ L 𝑝  satisfies   К𝑐 ,𝑝
𝛿+1𝑓(𝑧) ⊂ Ω , then 

К𝑐 ,𝑝
𝛿+2𝑓(𝑧) ≺ 𝑞(𝑧) . 

      We consider the special situation when Ω ≠ ℂ  is a simply connected domain. 

In this case Ω =  𝑈  , where  is a conformal mapping of U onto Ω  and the class 

is written as Φ
𝑘
 , 𝑞  . The following  result  follows immediately from Theorem 

2.1.  

Theorem 2.2. Let 𝜙 ∈ Φ
𝑘
 Ω, 𝑞 . 𝐼𝑓 𝑓 ∈ L 𝑝  satisfies  

𝜙 К𝑐 ,𝑝
𝛿+2𝑓 𝑧 ,К𝑐 ,𝑝

𝛿+1𝑓 𝑧 ,К𝑐 ,𝑝
𝛿 𝑓 𝑧 ; 𝑧  ≺  𝑧 ,                     (2.13) 

then   

К𝑐 ,𝑝
𝛿+2𝑓(𝑧) ≺ 𝑞(𝑧)  .  

     The next results occurs when the behavior of 𝑞 on 𝜕𝑈 is not known . 

Corollary 2.1. Let  Ω ⊂ ℂ , q be univalent in U and q(0) = 𝑎 . Let  𝜙 ∈ Φ
𝑘
 Ω, 𝑞𝜌  

for some 𝜌 ∈ (0,1) , where 𝑞𝜌(𝑧) = 𝑞(𝜌𝑧) . 𝐼𝑓 𝑓 ∈ L 𝑝  satisfies  

𝜙 К𝑐 ,𝑝
𝛿+2𝑓 𝑧 ,К𝑐 ,𝑝

𝛿+1𝑓 𝑧 ,К𝑐 ,𝑝
𝛿 𝑓 𝑧 ; 𝑧 ∈ Ω ,                 (2.14) 

then   

К𝑐 ,𝑝
𝛿+2𝑓(𝑧) ≺ 𝑞(𝑧)  . 

Proof.  From Theorem 2.1,we have  К𝑐 ,𝑝
𝛿+2𝑓(𝑧) ≺ 𝑞𝜌(𝑧) and the proof is complete .        

Theorem 2.3.  Let   and 𝑞 be univalent in 𝑈, with 𝑞(0) = 𝑎 and set 𝑞𝜌 𝑧 =

𝑞 𝜌𝑧  𝑎𝑛𝑑  𝜌 𝑧 =  𝜌𝑧  . Let 𝜙:ℂ3 × 𝑈 → ℂ  satisfy one of the following 

conditions : 

(1) 𝜙 ∈ Φ
𝑘
 , 𝑞𝜌  , for some 𝜌 ∈ (0,1) , or  
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(2) there exists 𝜌
0
∈ (0,1) such that 𝜙 ∈ Φ

𝑘
 𝜌 , 𝑞𝜌   , for all 𝜌

0
∈ (0,1) .  

𝐼𝑓 𝑓 ∈ L p  satisfies (2.13) ,then    

К𝑐 ,𝑝
𝛿+2𝑓(𝑧) ≺ 𝑞(𝑧)  . 

Proof . 

case (1): By applying Theorem 2.1 ,we obtain К𝑐 ,𝑝
𝛿+2𝑓(𝑧)  ≺ 𝑞𝜌(𝑧) , since 𝑞𝜌(𝑧) ≺

𝑞(𝑧) we deduce  

К𝑐 ,𝑝
𝛿+2𝑓(𝑧) ≺ 𝑞(𝑧)  . 

 case (2): If we let  F(z) = К𝑐 ,𝑝
𝛿+2𝑓(z)  and let 𝐹𝜌(𝑧) = 𝐹(𝜌𝑧) , then 

𝜙  𝐹𝜌 𝑧 , 𝑧𝐹𝜌
′ 𝑧 , 𝑧2𝐹𝜌

′′ 𝑧 ; 𝜌𝑧 = 𝜙 𝐹 𝜌𝑧 ,𝜌𝑧𝐹′ 𝜌𝑧 , 𝜌2𝑧2𝐹′′ 𝜌𝑧 ;𝜌𝑧 ∈  𝜌 𝑈  . 

By using Theorem 2.1 and the comment associated with 

𝜙 (𝐹 𝑧 , 𝑧𝐹′ 𝑧 , 𝑧2𝐹′′ 𝑧 ;𝑤 𝑧 ) ∈ Ω, where w is any function mapping U into U , 

with 𝑤(𝑧) = 𝜌𝑧  , we obtain 𝐹𝜌 𝑧 ≺ 𝑞𝜌 𝑧  for            𝜌 ∈ (𝜌0,1) . By letting 

𝜌 ⟶ 1− , we get 𝐹(𝑧)  ≺ 𝑞(𝑧) .   

Therefore   

К𝑐 ,𝑝
𝛿+2𝑓(𝑧) ≺ 𝑞(𝑧)  . 

      The next result give the best dominant of the differential subordination (2.13). 

Theorem 2.4.  Let    be univalent in U and let  𝜙 :ℂ3 × 𝑈 → ℂ  . Suppose that the 

differential equation  

𝜙  𝑞 𝑧 , 𝑧𝑞′ 𝑧 , 𝑧2𝑞′′ 𝑧 ; 𝑧 =  𝑧                            (2.15) 

has a solution 𝑞 with 𝑞(0) = 0 and satisfy one of the following conditions : 

(1) q ∈ 𝑄0 and 𝜙 ∈ Φ
𝑘
 , 𝑞  , 

(2) q is univalent in U and 𝜙 ∈ Φ
𝑘
 , 𝑞𝜌   , for some 𝜌 ∈ (0,1) , or 

(3) q is univalent in U and there exists 𝜌
0
∈ (0,1) such that 𝜙 ∈ Φ

𝑘
 𝜌 , 𝑞𝜌  ,for all 

𝜌
0
∈ (0,1). If  𝑓 ∈ L 𝑝  satisfies (2.13) ,then    К𝑐 ,𝑝

𝛿+2𝑓(𝑧) ≺ 𝑞(𝑧) and q is the best 

dominant .  

Proof .  By applying Theorem 2.2 and Theorem 2.3 , we deduce that q  is a 

dominant of  (2.13) . Since q  satisfies (2.15) , it is also a solution of  (2.13) and 

therefore q will be dominated by all dominants of (2.13) . Hence q is the best 

dominant of  (2.13) . 

Definition 2.2.  Let Ω be a set in ℂ  and q ∈ 𝑄0 ∩ µ
0

 . The class of admissible 

functions Φ
𝑘 ,1

[Ω, 𝑞] consists of those functions  𝜙 :ℂ3 × 𝑈 → ℂ  that satisfy the 

admissibility condition :  
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𝜙(𝑢, 𝑣,𝑤; 𝑧) ∉ Ω ,   

whenever  

𝑢 =  𝑞(𝜁) ,    𝑣 =
𝑚𝜁𝑞′ 𝜁 +  (𝑐 + 𝑝 − 1)𝑞(𝜁)

𝑐 + 𝑝
    (𝑝 ∈  ℕ , 𝑐 > −𝑝 ) , 

  and 

Re  
(𝑐 + 𝑝)2𝑤 − (𝑐 + 𝑝 − 1)2𝑢

(𝑐 + 𝑝)𝑣 − (𝑐 + 𝑝 − 1)𝑢
− 2(𝑐 + 𝑝 − 1) ≥ 𝑚 Re   

𝜁𝑞′′ 𝜁 

𝑞′ 𝜁 
+ 1 , (2.16) 

𝑧 ∈ 𝑈, 𝜁 ∈ 𝜕𝑈\𝐸 𝑞  ,𝑎𝑛𝑑 𝑚 ≥ 1 . 

Theorem 2.5. Let 𝜙 ∈ Φ
𝑘 ,1

[Ω,𝑞]. 𝐼𝑓 𝑓 ∈ L 𝑝  satisfies     

 𝜙  
К𝑐 ,𝑝
𝛿+2𝑓 𝑧 

𝑧𝑝−1
,
К𝑐 ,𝑝
𝛿+1𝑓 𝑧 

𝑧𝑝−1
 ,
К𝑐 ,𝑝
𝛿 𝑓 𝑧 

𝑧𝑝−1
 ;  𝑧 : 𝑧 ∈ 𝑈  ⊂ Ω ,          2.17  

then                              

К𝑐 ,𝑝
𝛿+2𝑓(𝑧)

𝑧𝑝−1
 ≺ 𝑞 𝑧  . 

Proof .  Let the analytic function F  in U defined by  

𝐹 z =
К𝑐 ,𝑝
𝛿+2𝑓 𝑧 

𝑧𝑝−1
 .                                               (2.18) 

By using the relations (2.4) and (2.18) , we get  

К𝑐 ,𝑝
𝛿+1𝑓(𝑧)

𝑧𝑝−1
=

𝑧𝐹′ 𝑧 + (𝑐 + 𝑝 − 1)𝐹(𝑧)

𝑐 + 𝑝
 , 

К𝑐 ,𝑝
𝛿 𝑓(𝑧)

𝑧𝑝−1
=  

𝑧2𝐹′′ 𝑧 + [2(𝑐 + 𝑝) − 1]𝑧𝐹′(𝑧) + (𝑐 + 𝑝 − 1)2𝐹(𝑧)

(𝑐 + 𝑝)2
. (2.19) 

Further ,let us define the transformations from ℂ3 𝑡𝑜 ℂ  by 

𝑢 = 𝑟 , 𝑣 =  
𝑠 + (𝑐 + 𝑝 − 1)𝑟

𝑐 + 𝑝
 ,𝑤 =  

𝑡 + [2(𝑐 + 𝑝) − 1]𝑠 + (𝑐 + 𝑝 − 1)2𝑟

(𝑐 + 𝑝)2
 . 

Let  
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 𝜓 𝑟, 𝑠, 𝑡; 𝑧 = 𝜙 𝑢, 𝑣,𝑤; 𝑧 

= 𝜙 𝑟,
𝑠 +  𝑐 + 𝑝 − 1 𝑟

𝑐 + 𝑝
,
𝑡 +  2 𝑐 + 𝑝 − 1 𝑠 +  𝑐 + 𝑝 − 1 2𝑟

 𝑐 + 𝑝 2
; 𝑧 . (2.20) 

The proof will make use of Theorem 1.1. Using (2.18) and (2.19) , from (2.20) , we 

obtain 

𝜓  𝐹 𝑧 , 𝑧𝐹′ 𝑧 , 𝑧2𝐹′′ 𝑧 ; 𝑧 = 𝜙  
К𝑐 ,𝑝
𝛿+2𝑓 𝑧 

𝑧𝑝−1
 ,
К𝑐 ,𝑝
𝛿+1𝑓 𝑧 

𝑧𝑝−1
 ,
К𝑐 ,𝑝
𝛿 𝑓 𝑧 

𝑧𝑝−1
;  𝑧 .  (2.21) 

Therefore (2.17) becomes  

𝜓  𝐹 𝑧 , 𝑧𝐹′ 𝑧 , 𝑧2𝐹′′ 𝑧 ; 𝑧 ∈ Ω .                             (2.22) 

Note that  

𝑡

𝑠
+ 1 =  

(𝑐 + 𝑝)2𝑤 − (𝑐 + 𝑝 − 1)2𝑢

(𝑐 + 𝑝)𝑣 − (𝑐 + 𝑝 − 1)𝑢
− 2 𝑐 + 𝑝 − 1  ,              (2.23) 

and since the admissibility condition for 𝜙 ∈ Φ
𝑘 ,1

 Ω, 𝑞  is equivalent to the 

admissibility condition for 𝜓 as given in Definition 1.2 , hence 𝜓 ∈ Ψ[Ω, 𝑞] , and 

by Theorem 1.1, F(z) ≺ 𝑞(𝑧) . 

By (2.18) , we get       

К𝑐 ,𝑝
𝛿+2𝑓(𝑧)

𝑧𝑝−1
 ≺ 𝑞 𝑧  . 

     In case 𝜙 𝑢,𝑣,𝑤; 𝑧 = 𝑣 − 𝑢 , we have the following example . 

Example 2.2. Let the class of admissible functions Φ
𝑘𝑣 ,1

 Ω, 𝑞   consist of those 

functions 𝜙 ∶ ℂ3 × 𝑈 ⟶  ℂ  that satisfy the admissibility condition :  

𝑣 − 𝑢 =  
𝑚𝜁𝑞′ 𝜁  −  𝑞(𝜁)

𝑐 + 𝑝
∉  Ω  ,  

𝑧 ∈ 𝑈, 𝜁 ∈ 𝜕𝑈\𝐸 𝑞  ,𝑎𝑛𝑑 𝑚 ≥ 𝑝. 𝐼𝑓 𝑓 ∈ L 𝑝  satisfies   

К𝑐 ,𝑝
𝛿+1𝑓(𝑧)

𝑧𝑝−1
−
К𝑐 ,𝑝
𝛿+2𝑓(𝑧)

𝑧𝑝−1
⊂ Ω , 

 then 

К𝑐 ,𝑝
𝛿+2𝑓(𝑧)

𝑧𝑝−1
 ≺ 𝑞 𝑧  . 

        We consider the special situation when Ω ≠ ℂ is a simply connected domain. 
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In this case Ω = (𝑈) , where    is a conformal mapping of  𝑈 onto  Ω  and the 

class is written as  Φ
𝑘 ,1

 , 𝑞  . The following  result  follows immediately from 

Theorem 2.5.  

Theorem 2.6. Let 𝜙 ∈ Φ
𝑘 ,1

 Ω,𝑞  . 𝐼𝑓 𝑓 ∈ L 𝑝  satisfies  

𝜙  
К𝑐 ,𝑝
𝛿+2𝑓 𝑧 

𝑧𝑝−1
,
К𝑐 ,𝑝
𝛿+1𝑓 𝑧 

𝑧𝑝−1
 ,
К𝑐 ,𝑝
𝛿 𝑓 𝑧 

𝑧𝑝−1
 ; 𝑧 ≺  𝑧 ,                    (2.24) 

then  

К𝑐 ,𝑝
𝛿+2𝑓(𝑧)

𝑧𝑝−1
 ≺ 𝑞 𝑧  . 

       The next results occurs when the behavior of q on 𝜕𝑈 is not known . 

Corollary 2.1. Let Ω ⊂ ℂ  , 𝑞 be univalent in U and q(0) = 0 . Let 𝜙 ∈ Φ
𝑘 ,1

 Ω,𝑞𝜌   

for some 𝜌 ∈(0,1),where 𝑞𝜌(𝑧) = 𝑞(𝜌𝑧) . 𝐼𝑓 𝑓 ∈ L 𝑝  satisfies   

𝜙  
К𝑐 ,𝑝
𝛿+2𝑓 𝑧 

𝑧𝑝−1
,
К𝑐 ,𝑝
𝛿+1𝑓 𝑧 

𝑧𝑝−1
 ,
К𝑐 ,𝑝
𝛿 𝑓 𝑧 

𝑧𝑝−1
 ; 𝑧  ∈ Ω ,                     (2.25) 

then    

К𝑐 ,𝑝
𝛿+2𝑓(𝑧)

𝑧𝑝−1
 ≺ 𝑞 𝑧  . 

Proof.  From Theorem 2.5,we have  

К𝑐 ,𝑝
𝛿+2𝑓(𝑧)

𝑧𝑝−1
≺ 𝑞𝜌(𝑧) 

and the proof is complete .  

Theorem 2.7 Let  h and q be univalent in U , with q(0) = 0 and set 𝑞𝜌 𝑧 =

𝑞 𝜌𝑧  𝑎𝑛𝑑  𝜌 𝑧 =  𝜌𝑧  . Let 𝜙 :ℂ3 × 𝑈 → ℂ  satisfy one of the following 

conditions : 

(1) 𝜙 ∈ Φ
𝑘 ,1

 , 𝑞𝜌   , for some 𝜌 ∈ (0,1) , or  

(2) there exists 𝜌
0
∈ (0,1) such that 𝜙 ∈ Φ

𝑘 ,1
 𝜌 , 𝑞𝜌  , for all 𝜌

0
∈ (0,1) .  

𝐼𝑓 𝑓 ∈ L 𝑝  satisfies (2.24) ,then  

К𝑐 ,𝑝
𝛿+2𝑓(𝑧)

𝑧𝑝−1
 ≺ 𝑞 𝑧  
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Proof .  

case (1): By applying Theorem 2.5, we obtain  
К𝑐 ,𝑝
𝛿+2𝑓(𝑧)

𝑧𝑝−1
≺ 𝑞𝜌(𝑧) , since 𝑞𝜌(𝑧) ≺

𝑞(𝑧) we deduce  

К𝑐 ,𝑝
𝛿+2𝑓(𝑧)

𝑧𝑝−1
≺ 𝑞 𝑧 . 

case (2 ): If we let  F(z) =
К𝑐 ,𝑝
𝛿+2𝑓(𝑧)

𝑧𝑝−1
  and let 𝐹𝜌(𝑧) = 𝐹(𝜌𝑧) , then  

𝜙 (𝐹𝜌 𝑧 , 𝑧𝐹𝜌
′ 𝑧 , 𝑧2𝐹𝜌

′′ 𝑧 ; 𝜌𝑧) = 𝜙 𝐹 𝜌𝑧 ,𝜌𝑧𝐹′ 𝜌𝑧 , 𝜌2𝑧2𝐹′′ 𝜌𝑧 ;𝜌𝑧 ∈ 𝜌 𝑈 . 

By using Theorem 2.5 and the comment associated with 

 𝜙 (𝐹 𝑧 , 𝑧𝐹′ 𝑧 , 𝑧2𝐹′′ 𝑧 ;𝑤 𝑧 ) ∈ Ω , where 𝑤 is any function mapping U into U , 

with 𝑤 𝑧 = 𝜌𝑧 , we obtain 𝐹𝜌 𝑧 ≺ qρ 𝑧  for           𝜌 ∈ (𝜌0,1) . By letting 

𝜌 ⟶ 1− , we get 𝐹(𝑧)  ≺ 𝑞(𝑧)  .  

Therefore  

К𝑐 ,𝑝
𝛿+2𝑓(𝑧)

𝑧𝑝−1
≺ 𝑞 𝑧 . 

       The next result give the best dominant of the differential subordination (2.24). 

Theorem 2.8.  Let   be univalent in U and let 𝜙 :ℂ3 × 𝑈 → ℂ .Suppose that the 

differential equation  

𝜙  𝑞 𝑧 , 𝑧𝑞′ 𝑧 , 𝑧2𝑞′′ 𝑧 ; 𝑧 =  𝑧                      (2.26) 

has a solution q with q(0)= 0 and satisfy one of the following conditions : 

(1) q ∈ 𝑄0 and 𝜙 ∈ Φ
𝑘 ,1

 , 𝑞  , 

(2) q is univalent in U and 𝜙 ∈ Φ
𝑘 ,1

 , 𝑞𝜌  , for some 𝜌 ∈ (0,1) , or 

(3) q is univalent in U and there exists 𝜌
0
∈ (0,1) such that 𝜙 ∈ Φ

𝑘 ,1
 𝜌 , 𝑞𝜌   ,for all 

𝜌
0
∈ (0,1).  𝐼𝑓 𝑓 ∈ L 𝑝  satisfies (2.24) ,then    

К𝑐 ,𝑝
𝛿+2𝑓(𝑧)

𝑧𝑝−1
 ≺ 𝑞(𝑧) and q is the best 

dominant .  

Proof .  By applying Theorem 2.6 and Theorem 2.7 , we deduce that q is a 

dominant of  (2.24) . Since q  satisfies (2.26) , it is also a solution of (2.24) and 

therefore q  will be dominated by all dominants of (2.24) . Hence q is the best 

dominant of  (2.24) . 

Definition 2.3. Let Ω be a set in ℂ and q ∈ 𝑄1 ∩ μ . The class of admissible 

functions Φ
𝑘 ,2

[Ω, 𝑞] consists of those functions  𝜙 :ℂ3 × 𝑈 → ℂ  that satisfy the 

admissibility condition :  



Journal of Al-Qadisiyah for Computer Science and Mathematics 
Vol. 4        No. 2        Year 2012 

 

𝜙(𝑢, 𝑣,𝑤; 𝑧) ∉ Ω , 

whenever 

𝑢 =  𝑞(𝜁) ,    𝑣 =
𝑚𝜁𝑞′ 𝜁 +   𝑐 + 𝑝  𝑞 𝜁  

2

 𝑐 + 𝑝 𝑞 𝜁 
     (𝑝 ∈  ℕ , 𝑐 > −𝑝 ) ,  

and         

𝑅𝑒  
 𝑤 − 𝑢  𝑐 + 𝑝 𝑢

𝑣 − 𝑢
− (𝑐 + 𝑝)(𝑤 − 3𝑢) ≥ 𝑚 𝑅𝑒   

𝜁𝑞′′ 𝜁 

𝑞′ 𝜁 
+ 1  , (2.27) 

𝑧 ∈ 𝑈, 𝜁 ∈ 𝜕𝑈\𝐸 𝑞  ,𝑎𝑛𝑑 𝑚 ≥ 1 . 

Theorem 2.9. Let 𝜙 ∈ Φ
𝑘 ,2

[Ω,𝑞]. 𝐼𝑓 𝑓 ∈ L 𝑝  satisfies     

 𝜙   
К𝑐 ,𝑝
𝛿+2𝑓 𝑧 

К𝑐 ,𝑝
𝛿+3𝑓 𝑧 

 ,
К𝑐 ,𝑝
𝛿+1𝑓 𝑧 

К𝑐 ,𝑝
𝛿+2𝑓 𝑧 

 ,
К𝑐 ,𝑝
𝛿 𝑓 𝑧 

К𝑐 ,𝑝
𝛿+1𝑓 𝑧 

 ;  𝑧 : 𝑧 ∈ U  ⊂ Ω ,         (2.28) 

then                              

К𝑐 ,𝑝
𝛿+2𝑓(𝑧)

К𝑐 ,𝑝
𝛿+3𝑓(𝑧)

 ≺ 𝑞 𝑧  . 

Proof . Let the analytic function F  in U defined by  

𝐹 𝑧 =
К𝑐 ,𝑝
𝛿+2𝑓 𝑧 

К𝑐 ,𝑝
𝛿+3𝑓 𝑧 

  .                                       (2.29)  

Differentiating  (2.29) yields   

𝑧𝐹′(𝑧)

𝐹 𝑧 
=

𝑧  К𝑐 ,𝑝
𝛿+2𝑓 𝑧  

′

К𝑐 ,𝑝
𝛿+2𝑓(𝑧)

+
𝑧  К𝑐 ,𝑝

𝛿+3𝑓 𝑧  
′

К𝑐 ,𝑝
𝛿+3𝑓(𝑧)

 .                     (2.30) 

By using the relation (2.4) , we  get  

𝑧  К𝑐 ,𝑝
𝛿+2𝑓 𝑧  

′

К𝑐 ,𝑝
𝛿+2𝑓(𝑧)

=
𝑧𝐹′(𝑧)

𝐹 𝑧 
+   𝑐 + 𝑝 𝐹 𝑧 − 𝑐 .                    (2.31) 

Therefore  

К𝑐 ,𝑝
𝛿+1𝑓(𝑧)

К𝑐 ,𝑝
𝛿+2𝑓(𝑧)

=
𝑧𝐹′ 𝑧 +  𝑐 + 𝑝 (𝐹 𝑧 )2

 𝑐 + 𝑝 𝐹 𝑧 
 .                          (2.32) 

Further computations show that 
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К𝑐 ,𝑝
𝛿+1𝑓(𝑧)

К𝑐 ,𝑝
𝛿+2𝑓(𝑧)

=
𝑧2𝐹′′ 𝑧 +  1 + 3 𝑐 + 𝑝 𝐹 𝑧  𝑧𝐹′(𝑧) + (𝑐 + 𝑝)2(𝐹 𝑧 )3

 𝑐 + 𝑝 𝑧𝐹′(𝑧) +  𝑐 + 𝑝 2(𝐹 𝑧 )2
 .   (2.33) 

Further , let us define the transformations from ℂ3 𝑡𝑜 ℂ  by 

𝑢 = 𝑟 , 𝑣 =  
𝑠 + (𝑐 + 𝑝)𝑟2

 𝑐 + 𝑝 𝑟
 ,𝑤 =  

𝑡 + [1 + 3 𝑐 + 𝑝 𝑟]𝑠 + (𝑐 + 𝑝)2𝑟3

 𝑐 + 𝑝 𝑠 + (𝑐 + 𝑝)2𝑟2
 . 

Let 

 𝜓 𝑟, 𝑠, 𝑡; 𝑧 = 𝜙 𝑢, 𝑣,𝑤; 𝑧 

= 𝜙  𝑟,
𝑠 +  𝑐 + 𝑝 𝑟2

 𝑐 + 𝑝 𝑟
,
𝑡 +  1 + 3 𝑐 + 𝑝 𝑟 𝑠 +  𝑐 + 𝑝 2𝑟3

 𝑐 + 𝑝 𝑠 +  𝑐 + 𝑝 2𝑟2
; 𝑧 . (2.34) 

The proof will make use of Theorem 1.1.Using (2.29), (2.32) and (2.33), from 

(2.34), we obtain 

𝜓 (𝐹 𝑧 , 𝑧𝐹′ 𝑧 , 𝑧2𝐹′′ 𝑧 ; 𝑧) = 𝜙  
К𝑐 ,𝑝
𝛿+2𝑓 𝑧 

К𝑐 ,𝑝
𝛿+3𝑓 𝑧 

 ,
К𝑐 ,𝑝
𝛿+1𝑓 𝑧 

К𝑐 ,𝑝
𝛿+2𝑓 𝑧 

 ,
К𝑐 ,𝑝
𝛿 𝑓 𝑧 

К𝑐 ,𝑝
𝛿+1𝑓 𝑧 

 ;  𝑧 . (2.35) 

Therefore (2.28) becomes  

𝜓  𝐹 𝑧 , 𝑧𝐹′ 𝑧 , 𝑧2𝐹′′ 𝑧 ; 𝑧 ∈ Ω .                               (2.36) 

Note that 

𝑡

s
+ 1 =  

 𝑤 − 𝑢  𝑐 + 𝑝 𝑢

𝑣 − 𝑢
−  𝑐 + 𝑝  𝑤 − 3𝑢  ,                    (2.37) 

and since the admissibility condition for  𝜙 ∈ Φ
𝑘 ,2

 Ω, 𝑞  is equivalent to the 

admissibility condition for 𝜓 as given in Definition 1.2 , hence 𝜓 ∈ Ψ[Ω, 𝑞] , and 

by Theorem 1.1, 𝐹 𝑧  ≺ 𝑞 𝑧 .  

By (2.29), we get       

К𝑐 ,𝑝
𝛿+2𝑓(𝑧)

К𝑐 ,𝑝
𝛿+3𝑓(𝑧)

 ≺ 𝑞 𝑧  . 

       We consider the special situation when Ω ≠ ℂ is a simply connected domain . 

In this case Ω= (𝑈) , where    is a conformal mapping of  U onto  Ω and the 

class is written as Φ 𝑘 ,2 , 𝑞  . The following  result  follows immediately from 

Theorem 2.9.  

Theorem 2.10. Let 𝜙 ∈ Φ
𝑘 ,1

 Ω, 𝑞  . 𝐼𝑓 𝑓 ∈ L 𝑝  satisfies  
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𝜙  
К𝑐 ,𝑝
𝛿+2𝑓 𝑧 

К𝑐 ,𝑝
𝛿+3𝑓 𝑧 

 ,
К𝑐 ,𝑝
𝛿+1𝑓 𝑧 

К𝑐 ,𝑝
𝛿+2𝑓 𝑧 

 ,
К𝑐 ,𝑝
𝛿 𝑓 𝑧 

К𝑐 ,𝑝
𝛿+1𝑓 𝑧 

 ;  z ≺  z  ,             (2.38) 

then     

К𝑐 ,𝑝
𝛿+2𝑓(𝑧)

К𝑐 ,𝑝
𝛿+3𝑓(𝑧)

 ≺ 𝑞 𝑧  . 
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