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1. Introduction and Preliminaries

Denote by U the open unit disk of the complex plane U = {z € C : |z| < 1},
U = {z € C:|z| <1} the closed unit disk of the complex plane and H (U x U)
the class of analytic functions in U x U.

For n a positive integer and a € C, let H[a,n, (] = {f € H (U xU) :
[(2,0) = a+an(Q)2" + ant1 (€) 2" + ..., 2 € U, ¢ € U}, where a; (¢) are
holomorphic functions in U for j > n.
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Let A¢ the class of functions of the form:
f(Z,C):Z—i—ZCLk(C)Zk, (ZEU,CEU), (1)
k=2

which are analytic in U x U and a;, (¢) are holomorphic functions in U for k > 2.

Definition 1. [7lWe denote by Q¢ the set of functions that are analytic
and injective on U x U\E (f, (), where

E(f,Q)={redu:lmf(:¢) =oo},

and f! (r,¢) # 0 for r € OU x U\E (f, ). The subclass of @, with f(0,{) = a
is denoted by Q¢ (a).

Definition 2. [7] Let f (2,(), F (2,() be analytic in U x U. The function
f(z,¢) is said to be strongly subordinate to F'(z,() if there exists a function
w analytic in U with w(0) = 0 and |w(2)] < 1 (2 € U) such that f(z,() =
F(w(z),¢) for all ¢ € U. In such a case we write f (z,() << F(z,¢), z € U,
ceU.

Remark 3. [7] (i) Since f (z,() is analytic in U x U, for all ¢ € U and
univalent in U, for all ¢ € U, Definition 2 is equivalent to f (0,¢) = F (0, () for
all (€U and f(UxU) C F(UxU).

(i) If f (2,() = f(2) and F'(z,({) = F (z), the strong subordination becomes
the usual notion of subordination.

If f (z,() is strongly subordinate to F'(z,(), then F (z,() is strongly super-
ordinate to f(z,().

As a dual notion of strong differential subordination, Oros [7] has introduced
and developed the notion of strong differential superordinations.

Lemma 4. [6] Let h(z,() be an univalent function with h(0,() = a for
every ¢ € U and p € C\{0} with Re (1) > 0. If p € H[a,1,(] and

Mao+%wuao<<Mao,@eU«eUm @)
then

P(2¢) << q(2,¢) =< (20, (€U, C€U),
where q (z,¢) = pz™" [ h(t,¢) t*~1dt is convex and it is the best dominant of

(2).



ON A NEW STRONG DIFFERENTIAL SUBORDINATIONS... 573

Lemma 5. [7]Let h(z,() be a convex function with h(0,() = a for every
¢ €U andp € C\{0} with Re (i) > 0. If p € H [a,1,{]NQ¢, p (2, C)—l—%zp’z (2,0)
is univalent in U x U and

h(z,¢) << p(2C) + %zp; (2,0), (z€U,CeD), (3)

then B

q(z,¢) =<p(2,¢), (z€U,¢el),
where q (z,() = pz=* fo (t,¢) t*=1dt is convex and it is the best subordinant
of (3).

Definition 6. [9]For f € A;, m € Ng = NU{0}, 8 > 0, a € R with
o+ > 0, the generalized operator 1[5 : Ac — A¢ is defined by

Eaf 0 =2+ Y () w@# Gevicenm. @
k=2

It follows from (4) that

Bz (INsf (2.0)). = (a+ B) IT5 £ (2,¢) — el f (2,C) - (5)
Remark 7. (i) For « =141 — A, 8 = A, the operator I = I(m,\1)
was studied by Alb Lupas [1], [2].

(ii) For 8 =1, a > —1, the operator I} = I;* was introduced and studied
by Cho and Kim [4] and Cho and Srivastava [5].

(iii) For « =1 — 3, f > 0, the operator 1" 5 5 = Dj" was introduced and
studied by Al-Oboudi [3].

(iv) For a = 0, B8 = 1, the operator Iy = S™ was introduced and studied
by Salagean [8].

Definition 8. Let 1/ (2,¢) be an analytic function in U x U with 1 (0,() =

lforevery ( € Uand A >0,a € R, 3> 0, m € Ny. A function f € Ay is said to
be in the class S (A, a, 8, m; 1)) if it satisfies the strong differential subordination

(- M) r 0+ 2 0] << 0 0.

A function f € A¢ is said to be in the class T' (X, o, §,m; %)) if it satisfies
the strong differential superordination

00 << (1= MU g g+ A g )]



574 A K. Wanas, A.L. Alina

2. Main Results

Theorem 9. Let v (2,() be a convex function in U x U with v (0,{) = 1
for every ¢ € U and A > 0. If f € S(\, «, 3,m;), then there exists a convex
function q(z,() such that q(z,{) << (2,() and f € S(0,«, 5,m;q) .

Proof. Suppose that

Im Z, oo a m
p(Z’C)ZL(C)Zl—FZ( +kﬁ> ar (¢) 2F L (6)

z

Then p € H[1,1,¢].
Since f € S (A, «, B, m; 1), then we have

1 CAa+B)N ; AMa+B) s . -
(-2 g o+ 20D )| << w0 0

From (6) and (7), we get

[( a+ﬁ )I;'fﬁf(z,C)—F W[Q’fgl]ﬂ(z’o]

=p(z )+Azpz( Q) <=1 (20).

NS

An application of Lemma 4 with y = % yields

p(2,¢) << q(z,¢) << (2,().

By using (6), we obtain

I f (.
M <= q(2,0) == ¥ (2,0),

where
q(z,0) = —z—%/ o, C) txLat
is convex and it is the best dominant. O

Theorem 10. Let 1 (2,¢) be a convex function in U x U with v (0,() = 1
for every ¢ € U and A > 0. If f € T (A, fyms00), 222C9 ¢ 31111, ¢ n @,
and 1 [(1 - (O‘JFB ) agf (2,Q) + )‘(O‘;’B)Igl’fglf(z, ()} is univalent in U x U,
then there exists a convex function q(z,() such that f € T (0,«, 3,m,q) .
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Proof. Suppose that

m Z, > /o m
p<z,<>_M_1+z< *"“ﬁ) ai () . (®)

z

Then p € H[1,1,{] N Q.
After a short calculation and considering f € T' (A, «, 8, m; 1)), we can con-
clude that

¥ (2,¢) << p(2,C) + Azpl (2,€).

An application of Lemma 5 with u = % yields

q(2,¢) == p(2().

By using (8), we obtain

~ Igfﬂf (Zu C)

~<
q(z,¢) ~ :
where
I 1 [ 14
q(z,¢) =<z > [ @t )txdt
A 0
is convex and it is the best subordinant. O

If we combine the results of Theorem 9 and Theorem 10, we obtain the
following strong differential ”sandwich theorem”.

Theorem 11. Let ¢y (2,¢) and 15 (2, () be convex functions in U x U with

1 (0,¢) =12 (0,¢) =1 for every ( € U and A > 0. If f € S (A, o, B,m; 1) N

T (Mo, B,mieds), 22059 € 20111 ¢ N Qe and

(-2

AMa+p)

L (.0

) et (1) +
is univalent in U x U, then
fes0,a,8,m;q)NT(0,a,8,m,q2),

where g (=,¢) = 3273 [y 1 (1,0) 3"t and g2 (2,¢) = §27 [ 2 (1,€) 13 dk.
The functions q; and gy are convex.
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Theorem 12. Let 1 (2,¢) be a convex function in U x U with v (0,() = 1
for every ¢ € U and

G(z,g):;f/o (5 (8,0 dt, (€U, CeT, Re(e) > ~2).  (9)

If f € S(1,«,8,m;v), then there exists a convex function q(z,() such that
q(2,¢) =<9 (2,¢) and G € S(1,a, 8,m;q) .

Proof. Suppose that
p(2¢) = (G (2,0))., (€U, ¢el). (10)
Then p € H[1,1,(].

From (9) we have

TG (2,0) = (e +2) / tf (t,¢) dt. (11)

0
Differentiating both sides of (11) with respect to z, we get
(€+2)f (2,0 = (e+1) G (2,() +2G (2,0)

and
(€+2) I f (2,0) = (e + D ITG (2,0) + 2 (IG (2.0)) .

Differentiating the last relation with respect to z, we have

(125 (2:Q)), = (105G (= O), + 5 (G (5 O) - (12)
Since f € S (1, B, m: 1), then we get
et A0 -l (O] << v 0. )
Now, from (5), (13) is equivalent to
(Iaf (2,0), == ¥ (%,0). (14)
From (12) and (14), we get
(175G (2,0))" + —= (115G (2,0))"y << ¥ (2,0). (15)

€+ 2
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Replacing (10) in (15), we obtain

p(z,¢) + 2pl (2,0) =< ¥ (2,0).

1
€+ 2
An application of Lemma 4 with p = € + 2 yields

p(2,¢) << q(z,¢) ==Y ().

By using (10), we obtain

(175G (2,0)) <= q(2,¢) == (2,C),
where

4(2,0) = (e +2) 2~ /z W (t,¢) et
0

is convex and it is the best dominant. O

Theorem 13. Let v (z,() be a convex function in U x U with v (0,() =
1 for every ( € U and G (z,() is given by (9). If f € T (1,a,B3,m;v),

(G g)); € H[L,1,¢]NQc and
3 [+ DI .0 — alZes (50

is univalent in U x U, then there exists a convex function q(z,() such that
GE T(laanBaTnUQ)'

Proof. Suppose that
p(20) = (INsG (2,0)., (€U, ¢el). (16)

Then p € H[1,1,{] N Q.
After a short calculation and considering f € T (1, «, 5,m; 1)), we can con-
clude that

¥ (z,0) <<p(z()+ €+2zp'z (2,0).

An application of Lemma 5 with p = € + 2 yields

q(2,¢) << p(20).

By using (16), we obtain

q(2,¢) <= (IIG (2,0)",
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where

q(2,¢) = (e+2) 2+ / Z ¥ (t,¢)t e
0

is convex and it is the best subordinant. O

If we combine the results of Theorem 12 and Theorem 13, we obtain the

following strong differential ”sandwich theorem”.

Theorem 14. Let 11 (z,¢) and 5 (z,() be convex functions in U x U

with 11 (0,¢) = 12 (0,¢) = 1 for every ¢ € U and G (z,() is given by (9). If

fe

S(laaaﬁam; wl) mT(laaaﬁam; ¢2)7 ( (T;ﬁG (Z,C)); €H [LLC] N QC and

é [(a +5) Igglf (2,Q) —all5f (2, C)} is univalent in U x U, then

«

fe S(l7a757m;Q1)mT(17a757m7q2)7

where

and

(1
2]

0 (20 = (4227 [Tp O etiar
0

q2 (Z, C) = (6 + 2) Z*(EJrQ) /Z P9 (t, C) et gy,
0

The functions q; and ¢ are convex.
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