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Abstract
We introduce subclass ABy (4,n,u1) of multivalent analytic
functions with a fixed point w. We obtain coefficient inequalities,
extreme points, integral representation, Hadamard product and
radii of starlikeness and convexity.
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1. Introduction

Let A(p,w) denote the class of functions f of the form:

f@)=G-wpr+ Z Gnipz = W)™ (p €N), (LD)

which are analytic in the unit disk U = {z € C:|z| < 1} and
w is a fixed point in U.
Let B(p,w) denote subclass of A(p,w) containing of
functions of the form:

0

f@) =(z-w)P - Z Anip (@ —W)™P (an4p = 0,p EN),

n=1
(1.2)
For the functions f € B(p,w) given by (1.2) and g €
B(p, w) defined by

9@) = (z—w)P — Z brap(z = W)™P (bryp 2 0,p €N),

we define the convolutlon (or Hadamard product ) of f and
g by B
(F 9@ = =W = ) angpbuip(z = W)™
n=1
Now, we define the class ABY (A, n,p) consisting the
functions f € B(p, w) such that
|E-wf @+ 1-pf @] _
=W @+ A+nr @]
where0 <A<1,0<n<land0<p<1.
Such type of study was carried out by various authors for
another classes, like, Atshan and Wanas [1], Ghanim and
Darus[2], Najafzadeh and Rahimi [3] and Shenan [4].

(1.3)

2. Coefficient Inequalities

Theorem 2.1. Let f € B(p,w). Then f € ABY (4,1, ) if
and only if

D+ PG+ 1) + 40P + ey < 0P +1),
i (2.1)

where0<1<1,0<n<land0<u<1.
The result is sharp for the function f given by

(WD up(Ap + 1)
f@ = @ =W = ) + D + nGip + 1))
X (z—w)™? (n > 1). 2.2)

Proof. Suppose that the inequality (2.1) holds true and
(z—w) € 0U where 09U denotes the boundary of U.
Then, we find from (1.3) that

|z =w)f'(2) + (1 = p)f'(2)|

_”M(Z -wf'@+@+mnf@)|

=) 1+ PIagey(z = wy P
n=1

= lup@p +m)(z = w)P~1

= D G+ PYAG +P) + gy (2 = W)

n=1
o0

< z n(n +p)anplz —w|™Pt —upp + n)lz —wlP?

n=1
o0

£ H+ DY + )+ Mg plz = wl™P

n=1
o0

= D @+ D[ + 1) + K +Dlaney — kp(p +1)
n=1
<0.

Hence, by maximum modulus theorem, we conclude
f € ABYy(An,1).

Conversely, suppose that f € ABy (A,n,u1). Then from
(1.3), we have
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Re

C-wf' @+0-pf @
Mz =w)f'@@) + A +mf'(2)

Z n(m + p)ans, (2 — W)™t ‘

n=1

0

POP+1) =W = D" 1+ YA+ D) + 1)y (7 — WY
n=1

< u.
So, we obtain

o0
D nn+ pagylz - wyr

n=1

tp(/lp +m)(z-w)Pt - z (n+p)AM +p) +Mag,(z —w)mP?
n=1

<.

By letting (z —w) — 17, through real values, we have

>+ QK + 1) + 1Op + Dy < wpGp +1).
n=1

Corollary 2.1. Let f € ABy (4,1, ). Then
o < up(Ap + 1)
P (n+p)n(An + 1) + p(p + )]

(n=1).

3. Extreme Points

Theorem 3.1. Let f,(2) = (z — w)P and

forp(2) = (z —w)P

_ pup(Ap +1)
(n+p)nAu+1) +pu(p +n)l

Then f € AB) (4,7, ) if and only if it can be expressed in

the form

(z=w)™P (n=1).

fl2) = Z Vn+p fn+p(z)' 3.1

n=0

where y,,,p, = 0, Z Yn+p = L.
n=0
Proof. Let the f of the form (3.1). Then
& = 1o+ ) Vs
n=1

up(Ap + 1) st
X <(Z W G pla+ D+ aGp M p)'
— (—w)P — up(Ap + 1)

Lo+ p)InGu+ D + plp + )] ™7
X (z — w)™*P,
Now,
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0

Z m+p)n(Au+1) + u(lp +n)l
pp(Ap +1)
up(Ap + 1)
(n+ PG+ D + kG + 1™

=Zyn+p=1_yp31-

n=1
Thus f € ABY (4,1, ).
Conversely, let f € ABy (4,7, ). It follows from Corollary
2.1 that

n=1

up(Ap + 1)
Apip <
m+p)nAp+1) +up +1n)]
Setting
_ m+p)n(Ap+ 1) + pu(Ap + 1)l
e up(Ap + 1)

(n=1).

Anip n=1)

andy, =1— Z Yn+p » We have
n=1

0

@) = (= w)P = ) anyy(z = W)™

#p(Ap +1)
LG+ )G+ D + pOp + )] ™

=(z-w)P -

X (z —w)™*P

o0

= =W = ) (@= W) = fup@) Yy

" n=1 w
- (1 -> yn+p> (2 =W+ D Yusp frsp(@

= o@D + D Vaip fasp@ = ) Yy fun(@),

n=1 n=0

that is the required representation.

4. Integral Representation

Theorem 4.1. Let f € ABy (4,1, 1). Then

7 [[FrO+ Y@ +p -1
f@ = | ew U - w1 - @)
where [Y(2)| < 1,z € U.

t|dt,

Proof. By putting % = Q(z) in (1.3), we have
Q) +1-p
- <M‘
Q@) +1+n
or equivalently
Q@ +1-p

0@ Tty - @ (@I <1zev).

So
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@ _pQ+myp@+p-1
f@  -w(1-up@)’
after integration, we obtain
o [P rAEmY® +p -1
log/ () = fo C—w(t—ap®)

Therefore
oy — p@a+my@® +p-1
fie = exp Uo C—w(t—awp®) |
After integration, we have
[ @ +myp@ +p-1
f@ = [ ew U G ()l

and this the required result.

5. Hadamard Product

Theorem 5.1. Let f, g € ABy (4,1, ). Then
f*g€ABY (Ao,
where
. < Ap(n +p)[n(Ap + 1) + u(p + n)]?
T wp@p+m?—(+p)n(Ape+1) +ul@p +n)?
B pp(p +m)*(n + Au(n + p))
wrr@p +m? — (m+p)[nGp + 1) + p(p + M]*
Proof. We must find the largest ¢ such that

i (n+ p)[n(p + 1) + u(p + 0)]

Apipbnip < 1.

up(Ap + o)

(5.1)
Since f, g € ABy (4,1, 1), then

i (n+p)[n(u + 1) + u(Ap + )]
o] up(Ap + 1)

n+pSl

bpip < 1.

- up(Ap +1)
By Cauchy-Schwarz inequality, we have

S+ p)[nAu+ 1) + u(Ap + 1))
; up(Ap + 1) W <1
(5.2)

and
i (n+p)[nQu + 1) + u@p + )]

We want only to show that
(n+p)[n(Au+1) +u(Ap + 0)]
1p(Ap + o)

(n+p)[n(p+1) +p@p +n)]
= up(Ap + 1) o

This equivalently to

(Ap + o) [n(Ap + 1) + u(p +n)l

an+pbn+p < :

\ Ap +Mn(Au +1) + u(Ap + 0)]
From (5.2), we get

IR = D) n(Au+ 1) + up + ]

A +pbnp
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Thus, it is enough to show that
up(Ap + 1)
(n+p)n(Au + 1) + u(Ap +n)]
Ap+o)[n(Au+1) + pu(p +n)]

~ Mp+mn@u+ 1)+ u@p + o)l
which implies that

. < Ap(n+p)[n(Ap + 1) + uAp + n)]?
T wrp(Ap +n)? — (n+p)n(Au + 1) + u(Ap + n)]?
B up(Ap +m)*(n + Au(n + p))
wp(Ap +m)? — (m+p)[n(Ap + 1) + u(Ap +n)]*

6. Radii of Starlikeness and Convexity

Theorem 6.1. If f € ABY (4,1, 1), then f is starlike of
order § (0 < § < p) inthedisk |z — w| < r; , where

B {(n + D) - )Gy + 1) + uGip + n)]}%
r; = inf .

up(Ap +m(n+p —6)
The result is sharp for the function f given by (2.2).
Proof. It is sufficient to show that

n

%—4 <p—-§ for|lz—w|<r. (6.1)
But
- wf () T2 o
@ ‘p‘ - "
@=w)P = D uyp(z—w)m?
n=1
i nan+p|Z - Wln

n=1

1- z Aniplz — w|"
n=1
Thus (6.1) will be satisfied if

0
Z nan+p|Z - Wln
=1

<p-6,
1- z Aniplz —wl™
n=1

or if

- (n+p—9) N

- 7 — < .

a (p _ (S) a‘n+p|Z Wl - 1: (6 2)
with the aid of (2.1), (6.2) is true if
(n+p-9) 2 — it < (n+p)nGu+1) +pGp +n)]

(—9) - up(Ap +m) '

or equivalently
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1
2 —w| < {(n +p)(p —8O)nAp+1) +u(dp + 77)]}H
- up(Ap +m)(n+p —6) '
which follows the result.
Theorem 6.2. If f € ABY (4,1, 1), then f is convex of
order § (0 < § < p)inthedisk |z —w| < r, , where

B {(p — &)y + 1) + p(lp + n)]}%
r, = inf .

uA@p +m(n+p—96)
The result is sharp for the function f given by (2.2).
Proof. It is sufficient to show that

%Jﬂ—p <p—4§ forlz—w|<m.(63)
But

(z—W)f”(Z)

CoIID

n=1

=3+ P)ansy(z — w)r ‘

pz—w)Pt = D (n+P)ny(z — w)m+e-?
n=1

o0

2t P)anplz = wl”
n=1

p— Y. (M+p)anylz—wl
n=1
Thus (6.3) will be satisfied if
D N+ panplz —wl"
n=1

<p-6,
P= D, (tP)anylz—wl®
n=1
or if
(n+p)(n+p-9)
& p(p—96)
with the aid of (2.1), (6.4) is true if
(n+p)(n+p-9)

Auiplz—w|" <1,  (6.4)

2 = wl”
p(p — &)
_ @+ pnGu+ D +p@p + 1)
- up(Ap + 1) '

or equivalently

- &G+ 1) +ulip + n)]}%

z—w| <
| | { pAp+mn+p—95)
which follows the result.
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