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1. Introduction and Preliminaries

Let R(p, m) denote the class of functions of the form:
f(z) =2+ Z anipz" P (pm e N ={1,2,...}), (1.1)

which are analytic and multivalent in the open unit disk U = {z € C : |z| < 1}.
Upon differentiating both sides of (1.1) j-times with respect to z, we obtain (see [7])

FO2) = 6(p, )" + > 5(n+p, f)anspz" P

n=m

(p,m e N;je Ng=NU{0};p>j),
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where

’ ’ plp—1)---(p—j+1) (#0).

(p—i)
Several researchers have investigated higher-order derivatives of multivalent func-
tions, see, for example [1,3,4,7,13-15, 20, 22, 28, 29].
Let H = H(U) be the class of analytic functions in U and let Hle,p| be the
subclass of H consisting of functions of the form:

f(z)=e+apz’ +ap 2P+ (e€C;peN)

For the functions f € R(p,m) given by (1.1) and g € R(p, m) defined by
g(z) = 2"+ Z bn+pzn+p (p,m € N),

we define the Hadamard product (or convolution) f g of the functions f and g (as
usual) by

(f*xg)(z) =2"+ Z antpbntpz™ P = (g% f)(2).

Let f,g € H. The function f is said to be subordinate to g, or ¢ is said to be
superordinate to f, if there exists a Schwarz function w analytic in U with w(0) =0
and |w(z)| < 1(z € U) such that f(z) = g(w(z)). This subordination is denoted by
f=<gor f(z) < g(2)(z € U). It is well-known that, if the function ¢ is univalent in
U, then f < g if and only if f(0) = ¢(0) and f(U) C g(U).

Let k,h € H and 9(r,s,t;2) : C3 x U — C. If k and ¥(k(z), 2k'(2), 22k" (2); 2)
are univalent functions in U and if k satisfies the second-order differential superor-
dination

h(z) < p(k(2), 2K (2), 22k" (2); 2), (1.2)

then k is called a solution of the differential superordination (1.2). (If f is sub-
ordinate to g, then g is superordinate to f.) An analytic function ¢ is called a
subordinant of (1.2), if ¢ < k for all the functions k satisfying (1.2). A univalent
subordinant ¢ that satisfies ¢ < ¢ for all the subordinants ¢ of (1.2) is called the
best subordinant.

Recently, Miller and Mocanu [18] obtained conditions on the functions h, ¢ and
1 for which the following implication holds:

h(z) < Y(k(2), 2K (2), 2" (2); 2) = q(2) < k(2).

Using the results due to Miller and Mocanu [18], Bulboaca [5] considered cer-
tain classes of first-order differential superordination as well as superordination-
preserving integral operators [6]. Ali et al. [2] have used the results of Bulboaca [5]
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to obtain sufficient conditions for certain normalized analytic functions to satisfy

2f'(2)
f(z)
where ¢1 and g2 are given univalent functions in U with ¢1(0) = ¢2(0) = 1.
Very recently, Shanmugam et al. [25-27] and Goyal et al. [3] have obtained
sandwich results for certain classes of analytic functions.
For real or complex numbers a, b, c other than 0, —1, —2, ..., the hypergeometric
function 2 F1 (a, b, c; z) is defined by the infinite series

q(z) < =< q2(2),

abz  abla+1)(b+1) i (a)n( ")

Fi(a,b, =14 —=—
2Fi(a;b,62) + c 1! clc+1) = ()nn! nn'

where (z),, is the Pochhammer symbol defined by
(x)o=1 and (z)p=z(x+1)---(x+n—-1), neN.

We note that the series (1.3) converges absolutely for all z € U so that it represents
an analytic function in U.

Fu and Liu [10] introduced a function (2P2Fj(a,b,c;2)) ! given by

P
—— (A> —p),
(1- z)M'p ( )
which leads us to the following family of linear operators:

Lm(a,b,¢) f(2) = (2P2F1(a, b, 2)) ' f(2),

where f € R(p,m),a,b,c € R\Z; ={0,-1,-2,...},A > —p.
By some easy calculations, we obtain

(zPoF1(a,b,c;2)) * (2P2F1(a, b, ¢ z))*1 =

Yn (A +p n
I;‘,m(a,b o)f(z) =2+ Z (@ 2P (1.4)

It is easily verified from (1.4) that
2 (a,b,0) f(2)) = A+ p) I a,b,e) f(2) — ALY, (a,b,e) f(2).  (1.5)
Differentiating (1.5), j-times, we get
21 (a,b,¢) f(2) 9T = (X4 p) (I (a,b,0) f ()Y
— A+ D) (a,b,0)f(2))9). (1.6)

Note that the generalized Noor integral operator I;; ., unifies many other operators
considered earlier. In particular, for f € R(p, 1) we have the following:

(i) Iy, (k + p,c,¢) = I p(ne N) the operator introduced by Liu and Noor [16]
and Patel and Cho [21].
(ii) 1, (a,1,¢) = I)(a, ) the operator considered by Cho et al. [8].
(i) I, (a, A+ p,c) = Iy(a,c) the operator investigated by Saitoh [24].
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For our present investigation, we shall need the following definition and results.

Definition 1.1 ([17]). Denote by @ the set of all functions f that are analytic
and injective on U\E(f), where

E(f) = {C e U : igf(z) = oo}
and are such that f/'({)# for ¢ € QU\E(f).

Lemma 1.1 ([17]). Let ¢ be univalent in the unit disk U and let 6 and ¢ be
analytic in a domain D containing q(U) with ¢(w) # 0 when w € q(U). Set Q(z) =
zq'(2)p(q(2)) and h(z) = 0(q(2)) + Q(2). Suppose that
(i) Q(z) is starlike univalent in U,
(i) Re{Z5 &} >0 for 2 € U.
If k is analytic in U, with k(0) = ¢(0),k(U) C D and

0(k(2)) + 2K (2)p(k(2)) < 0(a(2)) + 2¢'(2)8(a(2)), (1.7)

then k < q and q is the best dominant of (1.7).

Lemma 1.2 ([18]). Let ¢ be a conver univalent function in U and let o« € C, [ €

C\{0} with
) > o (5))
Red 1+ > max< 0, —Re | = .
{ 7(2) B
If k is analytic in U and

ak(z) + B2k (2) < aq(z) + Bz4'(2), (1.8)
then k < g and q is the best dominant of (1.8).

Lemma 1.3 ([18]). Let g be convex univalent in U and let § € C. Further assume
that Re(8) > 0. If k € H[q(0),1] N Q and k(z) + Bzk'(z) is univalent in U, then

(z) + Bzq'(2) < k(z) + Bzk'(2), (1.9)
which implies that ¢ < k and q is the best subordinant of (1.9).

Lemma 1.4 ([5]). Let g be convex univalent in the unit disk U and let 6 and ¢ be
analytic in a domain D containing q(U). Suppose that

(i) Re{ i((j((:))))} >0 for zeU,

(il) Q(z) = 2¢'(2)9(q(2)) is starlike univalent in U.
If k € H[q(0),1]NQ, with k(U) C D,0(k(z)) + zk'(2)p(k(2)) is univalent in U and
0(q(2)) + 2¢'(2)p(a(2)) < O(k(2)) + 2k'(2)$(k(2)), (1.10)

then q¢ < k and q is the best subordinant of (1.10).
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2. Subordination for Analytic Functions

Theorem 2.1. Let q be convexr univalent in U with ¢(0) = 1,v > 0,n7 € C\{0} and
suppose that q satisfies

Re{l + zqﬁ(z)} > maX{O —Re (M>} (2.1)
q'(z) ’ U ' '
If f € R(p,m) satisfies the subordination

(1_ n(A+p)> ((p—]) (I (a,b, c)f(z))m)’*

p—1J p! ZP=I

n(A+p) ((p — ) (a,b,¢) f(2))) ) ! ((I;;}(a, b, c>f<z>)<j>>
p! / ’

p—17J

then

A (ab. o) F()N@D T
((p i) Um0, b,0)1 (2) ) <o)

p! 2P~

and q is the best dominant of (2.2).

Proof. Define the function k& by

ko) = <<p —J)! <I;,m<a,b,c)f<z>><f>> R 2.3

p! 2P=J

Then the function k is analytic in U and k(0) = 1. Therefore, differentiating (2.3)
logarithmically with respect to z, we get

2 2(I), (a,b,¢)f(z))0+D )
K (2) v( (hnlasb,0)f(2)) _(p_]))

k(= (I3 m(a,b, ) f(2))V)

, we obtain the following subordination

Ya,b,c)f(2)D)
D os )<<I;:n( b0 ()¢ _1)

Now, in view of (1.6

k z) (I (a; b, ) f(2))0)
Thus,
K(z) _Atp ( (0.0, c>f<z>><ﬂ‘>>” ((I;;J(a,b, ()Y 1)
vp—3) P 2P (Im(a; b, ) f(2))0) '
The subordination (2.2) from the hypothesis becomes

" ,
K+ v(p—J)Zk( Hq(z”v(p—j)zq (=)

Hence, an application of Lemma 1.2 with « = 1 and = ﬁ,
desired result. O

we obtain the
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Theorem 2.2. Let u,v,e,0 € C,v > 0,t € C\{0} and ¢ be convex univalent in U
with q(0) = 1,q(z) # 0(z € U) and assume that q satisfies
2e

Re{l + %q(z) + TqQ(z) + 3T(Tq?’(z) + qu,/;iz)) - Zjég)} > 0. (2.4)

=g/ (2)

Suppose that g(z) is starlike univalent in U. If f € R(p,m) satisfies

2q'(2)
q(2)
(2.5)

where

@(uﬂvﬂgﬂaﬂl}/?tﬂ )\7a/7b7c7m7p7j;z)

—utw 2(I)n(a,b,¢) f(2))0HD g
(P = 5) I (a,b,0) f(2))

[ A pmlab (@)UY %+ﬁ d(nlab ()00 7
(P =3I (a;b,0)f(2))) 0 — )T (@,b,0) (2)D

+W<L+d@mw@®ﬂdW“)_AQMWﬁwM@Wﬁ”>’ 26

(I3 m(a,b, ) f(2))0FD) (Ip.m(a, b, c) f(2)))

then

(P — J) (I (a,,0) f(2))D

and q is the best dominant of (2.5).

2(I>, (a,b,¢)f(2)0+D \7
( (1305, C) ) o

Proof. Define the function k& by

k(z)z(f“’im(a’b’c)ﬂz))u“) ) , z€eU. (2.7)

p = )L (a,b,0)f(2)))
Then the function k is analytic in U and k(0) = 1. Therefore, by making use of
(1.6) and (2.7), we obtain
2k (2)
k(z)

u+ vk(z) + Ekz(z) + ak?’(z) +t = o(u,v,e,0,7,t, A\, a,b,c,m,p, j; 2),

(2.8)

where ¢(u,v,e,0,7,t, A\, a,b,c,m,p, j; z) is given by (2.6).
By using (2.8) in (2.5), we have

2k (2)

k(z)
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By Setting

O(w) = u+vw+ew+ow® and G(w) = %, w # 0,
we see that (w) is analytic in C, ¢(w) is analytic in C\{0} and that ¢(w) #
0, we C\{0}. Also, we get

and
2q'(2)
q(2)

h(z) = 0(a(2)) + Q(2) = u+vq(z) +e¢*(2) + 0¢*(2) +

we find that Q(z) is starlike univalent in U and that

W _poly s Py s Zoty o P, 20C) )
Re{ g} = Ref 1+ o) + o+ e+ S5 - e o

Thus, by applying Lemma 1.1, our proof of Theorem 2.2 is completed. |

If we take A = 7 = 0,a = c and b = p in Theorem 2.2, then we obtain the next
result.

Corollary 2.1. Let u,v,e,0 € C,v > 0,t € C\{0} and q be convexr univalent in
U with q(0) = 1,q(2) # 0(z € U) and assume that q satisfies (2.4). Suppose that

—zgé;) is starlike univalent in U. If f € R(p,m) satisfies

Qu,v,e,0,7,t,m,p; 2) < u+vq(2) +e¢*(2) + 0¢®(2) + tzj;S),
where
e uto 2f'(2)\” zf'(2) o - zf'(2) 7
Qu,v,e,0,7,t,m,p;z) =u+ (pf(z)) +€<pf(z)> * (pf(Z)>
O
then
2f'(2)\"
(3r5) <o

and q is the best dominant.

3. Superordination for Analytic Functions

Theorem 3.1. Let q be conver univalent in U with ¢(0) = 1,7 > 0 and Re{n} > 0.
Letf € R(p,m) satisfies

((p ) a0, f ()

p! 2P~

) € H[g(0),1]NQ

1450024-7
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and

(1 A +p>) ((p —j)! <Iﬁ,m(a,b,c>f<z>><j>>”

p—7J

L1+ D) ((p — ) (L (a:b, c>f<z>><j>>” ((I;;}(a, b, c>f<z>><7'>>

pP—J
be univalent in U. If

4(2) + ——2¢/(2)

Y(p—J)
) (1 B 77(/\+p)> (p = ) I (a0, ) ()P
pP—J p! 2P~

10D (0= D) (@b, (PN [ (Tl e 0,01 ()9
=i \ 7 D@0, f)D )
(3.1)

—~

then

and q is the best subordinant of (3.1).

Proof. Define the function k& by

k(z) = ((p —Jj)! (Iﬁ,m(a,b,c)f(z))(j)>v, .

p! ZP=J

After some computations and using (1.6), we have

(1 B 77(/\+p)> ((p—j)! (I} (a,b, c)f(z))m‘))’*

p—J /

p! ZP=J

L1040 (@) (@b AP (R ab.A7)0
p—J p! ZP~ (I (a, b, ) f(2))0)
=k(z K (2). .
—k()+7(p_j)k() (3.2)
By using (3.2) in (3.1), we have

Ui ’
=)+ -1 (=) < k(o) + v(p—J)

Using Lemma 1.3, the proof of Theorem 3.1 is completed. |

2k (2).

1450024-8
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Theorem 3.2. Let u,v,e,0 € C,v > 0,t € C\{0} and q be convex univalent in U
with ¢(0) = 1 and assume that q satisfies

Re {%q(z) + %q%z) + 370(]3(,2)} > 0. (3.3)

Suppose that Z;]Eg) is starlike univalent in U. Let f € R(p,m) satisfies

(L), (a,b,0) f(2))0 )

(p = 3)Ipm(a, b, ) f(2))

and o(u,v,e,0,7,t, X\, a,b,c,m,p, j; z) be univalent in U, where p(u,v,e,0,7,t,\,
a,b,c,m,p,j; z) is given by (2.6). If

2q'(2)

q(2)

j)> € Hlo(0).1]nQ

(3.4)

then

(P = ) pm(a,b,0)f(2))D
and q is the best subordinant of (3.4).

z a Cc z G+1) K
q(W( (Bomla,b.0)f ()5 )

Proof. Define the function k& by

o 2(lab o) f ()Y T
= ((P — 3 (a0, c)f(z))(j)> , 2eU (3.5)

Simple computations from (3.5), we get

o(u,v,e,0,7,t, A, a,b,e,m,p, j; 2) = u+ vk(z) + Ekz(z) + O'kS(Z) + tz

where o(u,v,e,0,7,t,\,a,b,c,m,p, j; z) is given by (2.6).
From (3.4) and (3.6), we obtain
2q'(2) zk'(2)
q(2) k(z)
By Setting 8(w) = u + vw + ew + ow® and ¢p(w)==L,w # 0, we sce that O(w) is
analytic in C, ¢(w) is analytic in C\{0} and that ¢(w)# 0,we C\{0}. Also, we get
/ 2q'(2)
Q(z) = 2q'(2)0(q(2)) =1 )
we find that Q(z) is starlike univalent in U and that

0 (q(2)) B v 2e , 30
Re{ 50 } = Re{zq(z) + ~ (z) + 7q3(z)} > 0.

Now Theorem 3.2 follows by applying Lemma 1.4. |

u+vq(2) +eq?(2) +og®(2) +t < u+vk(2) +ek?(2) + ok (2) + t

1450024-9
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If we take A = j = 0,a = ¢ and b = p in Theorem 3.2, then we obtain the next
result.

Corollary 3.1. Let u,v,e,0 € C,v > 0,t € C\{0} and q be conver univalent in
U with q(0) = 1 and assume that q satisfies (3.3). Suppose that z;;(S) is starlike
unialent in U. Let f € R(p,m) satisfies

(2

and Q(u,v,e,0,7,t, m,p; z) be univalent in U, where Q(u, v, e, 0,7, t,m, p; z) is given
by (2.9). If

)veﬂmmxqu

2q'(2)

q(z)

= (5)

u+vq(z) + Eq2(z) + aq3(z) +t < Qu,v,e,0,7,t,m,p; 2)

then

and q is the best subordinant.

4. Sandwich Results

Concluding the results of differential subordination and superordination, we arrive
at the following “sandwich results”.

Theorem 4.1. Let ¢1 and g3 be convex univalent in U with ¢1(0) = ¢2(0) = 1.
Suppose qa satisfies (2.1), v > 0 and Re{n} > 0. Let f € R(p, m) satisfies

((p —j)! (I;m(a,b,c)f(z»u))v )

H[1,1]NQ

p! 2P=J

and

p—3j p! 2P

(1 e +p)) ((p — I, b,c)f(z»m)”

+nu+p>Cp—ﬁw@mwwmﬁ@»@>”(uﬁ#mwmv@»@>

p—J p! 2P

be univalent in U. If

Ui

q(z) + mzq/l(z)
_<O_HM+M) (=) L (a,b, ) f ()P
pP—1J p! 2P=J

1450024-10
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p! 2P~

L1040 (=0 Blab SO (R @b of(2))
p—J ' (I3 (a,b,c) f(2))0)
Ul /
< q2(2) + m«z%(z)7
then

< @2 (Z)

q1(2)< ((p—j)! (I}, (a,b, Qf@))(j))V

p! 2P~
and q1 and qo, are, respectively, the best subordinant and the best dominant.

Theorem 4.2. Let ¢1 and gz be convexr univalent in U with g1(0) = ¢2(0) = 1.
Suppose q1 satisfies (3.3) and qo satisfies (2.4). Let f € R(p,m) satisfies

( z(Iﬁ,m(a,b, o) f(2))@+D

(p = 3)Ipm(a, b, ) f(2))
and p(u,v,e,0,7,t, A\, a,b,c,m,p, j;z) be univalent in U, where p(u,v,e,0,7,1,

A a,b,e,m,p, g; ) is given by (2.6). If

zq1(2)
q1(2)

.
j)> € H[1,1]NnQ

2q5(2)
q2(2)

)

< u+vga(2) +eg3(2) + og3(2) +

then

2(I),n(a,b, ) f(2))0 D) 8!
q(2)=< ((p - j)(Iﬁm(a, b, C)f(z))(j) ) < q2(2)

and q1 and q2, are, respectively, the best subordinant and the best dominant.

If we take A = j = 0,a = ¢ and b = p in Theorem 4.2, then we obtain the next
result.

Corollary 4.1. Let ¢1 and g2 be convex univalent in U with ¢1(0) = ¢2(0) = 1.
Suppose q1 satisfies (3.3) and qo satisfies (2.4). Let f € R(p, m) satisfies
(Zf '(2)
pf(z)

and Q(u,v,e,0,7,t,m, p; z) be univalent in U, where Q(u, v, e, 0,7, t,m,p; z) is given
by (2.9). If

Y e H[1,1]NQ

2q" (2
wt v (2) + e (=) + ogd () + tq‘“T(z)) < Qs v,2 0,7, 6y, i 2)
1

z
< u+vga(2) +eg3(2) + ogs(2) + P

1450024-11
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then

0= (55) <e

and q1 and qo, are, respectively, the best subordinant and the best dominant.

Remark 4.1. By specifying the parameters A\, v, 1, a, b, ¢, u, e, 0, m, j and p, we can
derive a number of known results. Some of them are given below.

(1)

Taking A = 0,m = 1,a = ¢ and b = p(p € N) in Theorems 2.1, 3.1 and 4.1,
we get the results obtained by El-Ashwah and Aouf [9, Theorems 3.1, 4.1 and
5.1].

Putting A = 0,y =n=m = 1,a = ¢ and b = p(p€ N) in Theorem 2.1, we
obtain the results obtained by Ali et al. [1, Theorem 2.9].
Selectingu=ec=0c=j=0,y=A=m=p=1la=k+ 1(k€Np) and b = ¢
in Theorems 2.2, 3.2 and 4.2, we obtain the results obtained by Ibrahim and
Darus [12, Theorems 2.1, 2.3 and 2.5].

Setting A =j =0,m =b=p=1and a = cin Theorem 2.1, we get the results
obtained by Murugusundaramoorthy and Magesh [19, Corollary 3.3].

By taking A = 7 =0,m =b =p =1 and a = ¢ in Theorems 3.1 and 4.1,
we get the results obtained by Raducanu and Nechita [23, Corollaries 3.7 and
3.10].
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