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ABSTRACT. In the present paper, we introduce and study a new class of higher-
order derivatives multivalent analytic functions in the open unit disk and closed
unit disk of the complex plane by using linear operator. Also we obtain some
interesting properties of this class and discuss several strong differential sub-
ordinations for higher-order derivatives of multivalent analytic functions.

1. INTRODUCTION AND PRELIMINARIES

Let U={z€C:|z] <1} and U = {z € C : |z| < 1} denote the open unit disk
and the closed unit disk of the complex plane, respectively. Denote by H (U X U)
the class of analytic functions in U x U.

For n a positive integer and a € C, let

Hland={f e H(UxT): f(z,0) =a+ay(()z" + a1 (()z" +---
z€eU(eU},

where a;(¢) are holomorphic functions in U for k > n.
Let A} = {fer(UxU): f(2,0) =an1 () 2" +--- ,2€ U, €U}, with
ic = AL, where ag(¢) are holomorphic functions in U for k > n + 1.
Denote by
z2fl(z —
5S¢ = {f € H*[a,n, (] : RG{M} >0,z€ U forall ( € U}
f(z,¢)
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the class of starlike functions in U x U and by

= {fEH*[a,n,(]:Re{%—i—l} >0,z€Uf0mll(EU}

the class of convex functions in U x U.

Definition 1.1. [8] Let f(z,¢), g(z,¢) be analytic in U x U. The function
f(z,¢) is said to be strongly subordinate to g (z, (), written f (z,() << g(z,(),
z € U, ¢ € U, if there exists an analytic function w in U with w (0) = 0 and
lw ()| < 1, z € U such that f (z,() = g(w(z),¢) forall ¢ € U.

Remark 1.2. [8]

(1) Since f(z,¢) is analytic in U x U, for all ¢ € U and univalent in U, for
all ¢ € U, Definition 1.1 is equivalent to f(0,¢) = ¢ (0,¢) for all ¢ € U
andf(UxU) Cg(UxU).

(2) If f(2,() = f(2) and g(z,{) = g(z), then the strong subordination
becomes the usual notion of subordination.

Let A%(p) denote the subclass of the functions f(z,¢) € H (U x U) of the

form:
F(2.0)=2"+> api(Q)"™*, (peN={1,2,---},2€UCel), (L1)
k=1

which are analytic and multivalent in U x U.
Upon differentiating both sides of (1.1) j-times with respect to z, we obtain

(F (22O = 60,027 + 32000+ by apea(Q)
k=1
(peN,jeNy=NU{0},p>j),

where

' plp=1)---(p—Jj+1),(j #0).
Fora € R, c € R\ Z,, where Z; = {0,—-1,—-2,---}, 0 < A < 1, p € N,
a > —p, p,v € R with g —v —p <1 and Ai(p), the linear operator 52:1;@(% c):
Ai(p) — Ai(p) (see [4]) is defined by

o p+1— We(p+1=A+v)e(a+p
EAp (a,c)f = Zp—i-z O Dnp £ 1= ot vkl ap (€)M,

(1.2)
It is easily verified from (1.2) that

2 (L0 (@, 0 f (€)= (a+p) Ly (a,0) f(2,0) — Ly (a, ¢) f(2,0). (1.3)
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Differentiating (1.3) j-times with respect to z, we get

2 (L2 (a,0) f(2,0) ) = (a+p) (L22° (a, ¢) f(2,0)) Y
— (o +J) (£22%(a, &) £ (2,0) . (1.4)

Note that the linear operator Lﬁ:{j”o‘(a, ¢) unifies many other operators considered
earlier. In particular:

(1) Eg:’;’a(a, c) = J3(a,c) (see Cho et al. [1]).
2) Lo¥*(a,a) = D*P7L (see Goel and Sohi [2)).
3) Eg:fj’l(p +1-\1)= Q) (see Srivastava and Aouf [10]).
4) 583,{’0‘*1(@, c) = J&* (see Hohlov [3]).
5) Lo, ““(a,c) = Ly(a,c) (see Saitoh [9]).
(6) ng;’l(p +a,1) = Jap, @ € Z, a > —p (see Liu and Noor [5]).

The purpose of this paper is to apply a method based on the strong differential
subordination in order to investigate various useful and interesting properties for
higher-order derivatives of multivalent analytic functions involving linear opera-

tor.
We need the following lemmas to study the strong differential subordinations:

(
(
(
(

Lemma 1.3. [7] Let h (z,¢) be convex function with h (0,¢) = a, for every ( € U
and let v € C* = C\{0} with Re (y) > 0. If p € H*[a,n,(] and

p(20) + %zp; (,0) << h(20), (€ U.CeT), (1.5)

then

p(2,¢) == q(2,¢) == h(20), (€U, e ),
where q(z,¢) = 2= 7 ta h(t,¢) dt is convexr and it is the best dominant of
(1.5).

Lemma 1.4. [0] Let q(z,() be convex function in U x U for all ¢ € U and let
h(z,¢) = q(z,¢) + ndzq. (2,(), z € U, € U, where 6 > 0 and n is a positive
integer. If

p (Za C) =q (07 C) +pn(C)2n +pn+1(<)zn+l T,

is analytic in U x U and
p(2,¢) +82p. (2,¢) << h(z,0), (2 €U C€U),
then
p(z,¢) << q(2), (€ U,C€T),

and this result is sharp.



STRONG DIFFERENTIAL SUBORDINATIONS FOR HIGHER-ORDER 163

2. MAIN RESULTS

Definition 2.1. Let n € [0,1),a € R,c € R\ Z;,0< A< 1,pe N, a > —p,
pv € R, p—v—p<1,j€ Nyand p > j. A function f (z,() € AZ(p) is said to
be in the class N (a, ¢, \, p, a, p, v, j,n, ¢) if it satisfies the inequality

e { (L (@, 0)f (=, )T

2p—j—1

}>77, zeUCel.

In the first theorem, we demonstrate that the class N (a, ¢, \, p, a, p, v, 3,1, C)
is convex set.

Theorem 2.2. The set N (a,c, \,p, a, u, v, 7,1,C) is conver.

Proof. Let the functions
fi(z,¢)=2"+ Zap+k,i(C)zp+ka 1=1,2

be in the class N (a, ¢, A, p, o, i, v, j,m, €). Tt is sufficient to show that the function
T (Za C) = tlfl (Z, C) + t2f2 <Z7 C) is in the class N (CL, ¢, >\7P7 «a, W, V7j7 7, g)a where
t; and t5 non-negative and t; + t, = 1. Since

T (2,¢) =2"+ Z (t10psk,1 (C) + taaper2(C)) 217,

(t1ap 11 (C) + taapir2(C)) 2217,

(2.1)

/f+§: P+1— Wre(p+1—=A+v)(a+ph
k(P + 1@+ 1—p+v)pk!

Differentiating both sides of (2.1) (j + 1)-times with respect to z, we obtain

| + k)!
E)\,p,a (3+1) — b: p—j—1 p
( [787% (G,C) ("7’ C))ZJ+1 ( j Z +Z p_|_k_j_1> X
rlp+1—pp(p+1—-X+ u)k(a —|-p)k

(@)k(p+ Dr(p+1—p+v)ik! (t1ap1£1(C) + taap ka(Q)) 2PTFI71,

Thus,

(L2 (@.9T(=.0) vy < (pt k)
AR ey
e+ 1= i@+ 1=+ v)e(a+p

(@)r(p+ Dr(p+1— p+ v)ik! (110p1r,1(C) + taapyna(C)) 2*.
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Now,
Ap.o e AR

}k{(ﬁw,(zgjiéﬁyﬂ }_(p—itlﬂ

4¢J%{§2p+£t§_1)(M%gi;fﬁﬁgfifjﬁziiph%Mﬂo%}

©tRe {i . o+ l;) i . (C)k%:(;f)fﬁ iz()p++11—_/\ﬂ++u)y;; 0P, )2

(2.2)
Since f17f2 S N(aa c, )\,p,a,,u, V7j7777§)a then we get

}%{53( (p+ k)! @n@+1—M%@+1_A+”MW+WM%MAO*}

“(p+k—j—1) (@)r(p+ Dr(p+1 = p+v)ik!
p! :
>0 - =12 2.3
i) (23)

From (2.2) and (2.3), we have

(Lpe(a,0)T(z,0)) L) P o
Re{ 2p—j—1 }>(p_j_1)!+t1<77 (p——j—l)!)

*tz("‘#!—m):”

Therefore, T (z,¢) € N (a, ¢, \,p, @, i, v, 7,m,() and we obtain the desired result.
]

Next, we establish the following inclusion relationship for the class
N (a,c, A\, p,a, i, v, j,n,C).
Theorem 2.3. Let h(z,() = %, zeUCeU,nel0,1). Then
N(a, e, A\ p,a+ 1 pv,5,1,¢) CN(a,¢, A p, o, p, v, 1", C)
where n* =2n—(+2(C—n) (o +p) Bla+p—1) with B(x) = 01 Ldt.

Proof. Suppose that f(z,() € N (a,c,\,p,a+ 1,u,v,7,1,(). Using (1.4), we
have

(a+ p) (L32° a,0) f(2.0) Y = 2 (L)% (a. ) f (2, 0)) T
+(a+g) (L@ f(= )Y . (24)
Differentiating both sides of (2.4) with respect to z, we get
(o +p) (L2 (a,0) (2, 0)) 1) = 2 (£30(a, 00 f(2.0) 01
oG+ 1) (£2%(a, 0 f(2, )0 (2.5)
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Let the function F' be defined by
Ap, (@G+1)
(Lab(a, ) f(2,0)) 0

p—j—1

F(z2,¢) = , zeU(CeUl.

After some computations, we have

(L222(a,¢) f(=,.0)) VT2

(== D F (2,Q) # 2F (2,0) = 20200 (2.6)
It follows from (2.5) and (2.6) that
(L2 (a,e) f(2,¢) 05 T
T =F(0+ o0 @)

Since f (z,¢) € N (a,c,\,p,a+ 1, u,v,5,1,(), then from Definition 2.1 and the
equation (2.7), we obtain

Re{F(z,C)+ isz; (z,()} >n, zeU(el.
We note that
/ o 2(77_C) " _ _4(77_C)
hz (27<) - (1+Z)2 CLTLd 22 (ng)_ (1+Z)3 .
Hence
zh!’; (2,¢) B 1—z] 1 —1r(cosf + isin)
Re{ R (z,(Q) +1} _Re{l—i-z} _Re{l—i-r(cosﬁ—i-isin@)}
1—17?
> 0.

T 1+ 2rcosf+ 12
Therefore h (z, () is a convex function and
¢+ (2n—=0)z

F(20)+ -

Since the image of the unit disk U through function A is the semi plane

1
sz; (z,() <<

{we C:|w|>n}.
By using Lemma 1.3, we deduce that F'(z,({) << ¢(z,{) << h(z,(), where

(2 s poctp-1
(1) = S50 [ Oy gy 52 [

zo+p 1+t za+p 1+t

and ¢ (z, () is convex and which is the best dominant.
Since ¢ (z,() is convex and ¢ (U x U ) is symmetric with respect to the real
axis, we obtain

{0

Zp—j—l

> lrr‘linRe{q (2,0}

= Re{q(1,0)}

=2n—C+2(C—n)(a+p)/0 1

1 tCH-P—l

dt =n*.



166 A K. WANAS, A.H. MAJEED

Thus, f(z,¢) € N (a,¢, \,p, o, i, v, 7,1n*, ) and we obtain the desired result. [

In the next result, we discuss strong subordination property of the integral
operator.

Theorem 2.4. Let q(z,() be a convezr function such that q(0,() =1 and let h

be the function h(z,() = q(z,¢) + aépzq; (2,C), where a > —p. Suppose that

a+2p
zatp

G(z,() = /0 tetPlf (¢, O)dt, 2€UCeU. (2.8)

If f € Ai(p) satisfies the strong differential subordination

' Apar (J+1)
(p—j—1)! (,CW, (a,C)f(Z,C))Zj+1 << h(z,0)), (2.9)

p! zp=i—1
then
(p—j — 1) (L32°(a,0)G(2,0) 1)

p! zp—i—1

<< q(z,¢)

and this result is sharp.

Proof. Suppose that

(p—j— D (LMD(a, )G (2,¢) VT

p! Zp—i—1

F(z,() = ., zeUcCeUl. (2.10)

Then the function F (z,(¢) is analytic in U x U and F (0,¢) = 1.
From (2.8), we have

2°"PG (2,¢) = (o + 2p) /OZ totPLE (¢ C) dt. (2.11)

Differentiating both sides of (2.11) with respect to z, we get

(a+2p) f(2,¢) = (¢ +p) G (2,¢) + 2G. (,()

and

(o +2p) L5 (a,0)f (2,0) = (a+p) LT (a, )G (2,0) +2 (L0 (a, )G (2,())

!/
.-
Differentiating the last relation (j + 1)-times with respect to z, we have

Ap.a G+1) oa+p+7+1
(Lhp(a, ) f (2,0) i = ot

? Ap,a (7+2)
+ at 2 (Ly2(a, )G (2,0)) Sua -

(£22°(a,0C (,0)) 01

zi+1



STRONG DIFFERENTIAL SUBORDINATIONS FOR HIGHER-ORDER 167

So
(p—j— 1! (. 0)f (5, 0) 1)
p! 2p—i—1
C(adptiDp—j -1 (L0 0G (2,0) T
B (o + 2p)p! Zp—i—1
(== D! (E3(0.0)G (-, Q)T 2.12)
(o + 2p)p! Zpi=2 '
From (2.10) and (2.12), we obtain
. (3+1)
, (p—g DL (a0 f (2,0) S
F(27<)+a+2pZFz (27<>_ p' Zp ] 1 : (213)

Using (2.13), (2.9) becomes

F(z,0)+ 2F(2,¢) << q(z,0) +

/
o PR (2,0).
An application of Lemma 1.4 yields F' (2,() << ¢ (z,(). By using (2.9), we obtain
(o= -1 (6270 00 0)5

p! 2P=i—1

=< q(z,0).
O

Next we will give particular case of Theorem 2.4 obtained for appropriate
choices of the functions f(z,() = (ze* and ¢(z2,{) =1+ %z with j = A=p =1,
p=a=c=1and a=2.

Example 2.5. Let z € U, ( € U. If
2
C(z4+1)e* << 1+ ng,

then ,
2(22 =2 2)e* + 4
3¢ |es 20 = ] RV
z 2
Theorem 2.6. Let q(z,() be a convex function such that q(0,() = 1 and let h
be the function h(z,¢) = q(z,¢) + 2q,(2,¢). If f € Ai(p) satisfies the strong

differential subordination

/

2 (L35 0, 0)f (. ¢)) BRI (2.14)

(ch2*(0.05.0)) )

then
Ap,a+1
(Lptett(a, o) f (=, C))(;)J <q(2.0).
(£h2 (@, 0)f(.0)
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Proof. Suppose that

Ao+l ()
(£ (a’c)f(z’o)?j zeU/Cel. (2.15)
(£h2°(,0)1(,0))

()’
Then the function F (2, () is analytic in U x U and F (0,() = 1.
Differentiating both sides of (2.15) with respect to z and using (2.14), we have

(Lh2e 4 (a,0)f(2,)) )

)
(£h2(@,0)f(2,0))
2 (L3 (a,¢) f(2,0)) 0 (L33 (a, ) f(2.0)) 01

[(ewarc0)]

F(z,0) =

F(z,¢) +2F (2,0) =

zJ

2 (L2 (a,0) f(2,0) Y (L2327 (a,¢) f(=,.0)) VT

(et wan.0)”|

(L3 (0.1 (2 0)Y) (= (L4 (0,91 (. )Y
N2
(2 (@as.0).)
2 (L2 (a, ) f(2,0)) D) (L£30(a, ) £(2,€) 9T
2

(e (@ar0).)

zJ

/
z

/

_ Z(E‘A‘il’jwl(a’C)f(Z’O)g) << h(z().

o ()
(£h2(@,0)f(,0)
An application of Lemma 1.4, we obtain

Ap,a+1 (9)
(G el O)

(£h2"(@,0)f(.0)

O
Next we will give particular case of Theorem 2.6 obtained for appropriate
choices of the functions f(z,() = —ZEQ and ¢(z,() = %, 0<n<1

withj=A=pu=1,p=a=c=1and a=2.

Example 2.7. Let z € U, ( € U. If
2(z —4) (2n —1)¢22 +2nCz + ¢
2(z—2)° (1+2)

)
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then
z (2n —1)¢z+¢
25G-2)  1+z

Theorem 2.8. Let h(z,() be a convexr function such that h(0,{) = 1. If f €
Ai(p) satisfies the strong differential subordination

(p—j— DL (a,e)f (2,0)) 91D

pit1
; e << h(z0), (2.16)
then
) A\ p,cr (4)
p_] ' E N (CL,C)f(Z,C) 2
(p,>(“ N 45,6 <= (3:0),
where q(z,¢) = &=L [F#P=I7h (¢, () dt is conver and it is the best dominant.

Proof. Suppose that
(- 1 (820,95 (:.0)%

p! 2P=J

F(z,¢) = , z€UCel. (2.17)

Then the function F (z,(¢) is analytic in U x U and F (0,¢) = 1.
Simple computations from (2.17), we get

(p—j— 1) (L22(a.0)f (2. 0) T

p! 2p—i—1

F(z,¢)+ 2F(2,() = (2.18)

p—1J
Using (2.18), (2.16) becomes

F(z,¢) + L 2F! (2,() << h(z,().

p—=17
An application of Lemma 1.3 with n =1, v = p — j yields
. o () .
pP—17 ' (£>\:€7 (CL,C)f (27 C))Z] b—) ? —j—
(p!) — <%0 =T [ TR QA <<k (z0).

OJ

By taking p =1, j =0 and h(z,() = %;OZ, 0 <7n < 1in Theorem 2.8, we
obtain the following corollary:

Corollary 2.9. If f € A%(p) satisfies the strong differential subordination

/ oIn —
(L (a, ) f (2,0)) <= “H—ZOZ
then
A1 R
GOS0 LRG0ty g 2y
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Theorem 2.10. Let h(z,() be a conver function such that h(0,() = 1. If
f € Ai(p) satisfies the strong differential subordination

(=B i) (LAl 0]
pl—op—j) 2P~

Blp—i) [ (La(a.0)f (2.0)) 7
pl—alp—17) (p—g)zr=i—t

- o—> << h(z,0), (2.19)

then

-5 ((L2(a.0f (2.0)
pl—o(p—7j) 2P~

—0) <=<q(z,() =< h(z/(),

where q (z,() = ]%jz_p% N "5 h (L, ¢) dt is convex and it is the best dominant.

Proof. Suppose that

(p—3)! ((ﬁﬁ:ﬁ’“(aw)f(z,c))i?

pl—o(p—J) 2P=d

F(z,¢) = —a>, ze U/ CeU. (2.20)

Then the function F (z,() is analytic in U x U and F (0,() = 1.
Differentiating both sides of (2.20) with respect to z, we have

O ) () L A GO
ER Ay A T )] ( T
Blp—j) [ (Er(ao)f (0)00
pl—alp—7j) (p—J)zp a
(2.21)
From (2.19) and (2.21), we get
F(z,C)%—pszFz'(z,C) << h(z().
An application of Lemma 1.3 with n =1, v = & ] yields
(v - j)! <£z:%a<a,c>f<z,o)i? )
pl— 0(17—]’) 2P~ 7
<= q(2,() = /tﬁl (t,0)dt << h(z,().
]
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