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Abstract

In the present paper , we study some classes of analytic functions , we obtain a
number of sufficient conditions for normalized analytic functions in the unit disk . Also we
give some applications of the first — order differential subordination for generalized Briot-
Bouquet differential subordination .
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1. Introduction and Preliminaries
Let L (L) denote the class of all functions of the form:

f(z):z+ianz"-ﬂ (0<A<1), (1.1)

which are analytic in the open unit disk U = {z eC: |Z| < 1} and satisfying f(0) = f (0)-1=0.
Also let T (L) denote the class of all functions of the form:

F(z)=2-Sa" (0<A<1 .4,20), (12)

which are analytic in the open unit disk U={ze C:|z|<1} and satisfying f(0)= f (0)—1=0.
A function f € L())is said to be starlike of order B, if f

zf'(z) > € <pH<
Re{f(z)} B (z U.,0<p 1). (1.3)

Denote this class by S*( 8)
A function f € L (A) is said to be convex of order B if
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Re{1+zf,”(z)}>/3 (zeU ,0<f<1). (1.4)

f(2)

Denote this class by C f3

For two functions f and F analytic in U, we say f is subordinate to F in U, denote by
f(z)< F(z)or f <F, if there exists a schwarz function w(z) analytic in U, with w(0)=0 and Iw(z)<1
such that f(z)=F(wW(z)),(z € U).

In particular , if the function F is univalent in U , then f < F if and only if f(0) = F (0) and f(U)
F@U).

Let ) C° U —C and let & be univalent in U. Assume that p, ¢ are analytic and univalent in U if
p satisfies the differential subordination

w(p(z).2p (2).2°p (2):2) < h(z), (1.5)
Then p is called a solution of the differential subordination . The univalent function ¢ is called a

dominant of the solutions of the differential subordination , or more simply dominant if p < gfor all p
satisfying (1.5) A dominant p that satisfies q <q for all dominants g of (1.5) is said to be the best
dominant of (1.5) .

Let a, b,c E Cwith . c=0,- 1, 2,The Gaussian hypergeometric function ;F; is defined by

- (a), (D), "
=(a,b,c;z)=y —n > 1.6
(2)=(abei)= 3 R T (16)
where (A) , is the Pochhammer symbol defined , in terms of the Gamma function , by
_r(A+n) 1

M =" {y(k+1)...(k+n—l) (=0

(ne 0)

Definition 1.1. [1] Let 0<A<1 and pveR . Then , In terms of familiar (Gauss ’s)

hypergeometric function ,F; , the generalized fractional derivative operator [;'*'  of a function f is
defined by :

1 d _ ‘
A (1,1)[1{le #Ié(z—rﬁ) f(f9)~2Fl(,u—i,—v;l—l—,l;l_i)dg},
r(l -
e f@ = s S
,Z d A—np,v (17)
dT"JO,Z f @, 0<i<l)
(n £ 4 <n+1,neN)

where the function fis analytic in a simply-connected region of the z-plane containing the origin , with
the order.

f (z)=0(zl"),(z = 0),...
for £ >max{o,u—v}—1, and the multiplicity of (z—¢)™" is removed by requiring log(z—¢) to be real,
when (z—€)>0 .

Definition 1.2. [1] The fractional derivative of order 4 ,(0 < A<1)of a function fis defined by

DAz =— 4 [ f(e) .

r(1-A) dz 70 (z—¢)

where f it is chosen as in Definitionl.1 , and the multiplicity of (z—¢)™ is removed by requiring
log(z—¢) to bereal , when. (z—€)>0

(1.8)
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By comparing (1.7) with (1.8) , we find

> f(z) = DX (z), O<a<l). (1.9)

In terms of gamma function ,we have

mv n_ r(n+Dr(n—pu+v+1) g (1.10)
r(n—u+Dr(n—=A+v+1)

(0<A<Lu,v,e Rand n> max {0, u-v}—1)

Lemma 1.1. [5] Let g be univalent in the unit disk U and & and ¢ be analytic in domain D
containing q(U) with ¢(w)=0 when w € q(U) . Set Q(z) =zq'(z)®(q(z));h(z) = 0(q(z)) + Q(z) Suppose
that

1. Q (z) is starlike univalent in U , and

2. Re {Zh'())}>0for ze U.

If 6(p(z))+zp'(z)p(p(z)) < 8(q(z))+2q'(z)(q(z)) , then p(z) < g(z) and g is the best dominant
Lemma 1.2. [6] Let g be convex univalent in the unit disk U and and t E C with

Re {1 ((? ltﬁ} >0. If p is analytic in U and yp(z)+tzp'(z) < yq(z) +tzq'(z) , then p(z) < q(z)
q'(z

and q is the best dominant .

2. Main Result
Theorem 2.1. Let the function g be univalent in the unit disk U , q(z) =0 and assume that

Re {1+iq(z)+ ’L q 1)+ ¢ ()+ Zq'"(Z) EECACINTY @2.1)
t q'(z)  q(2)

where 4, £C,i=1,2,34, teC\{O}.

Suppose that q(( )) is starlike univalent in U . If € L (A)satisfies
q(z
A+ X{Z+Zf (z)} ) {Z+Zf’(1)}w+/1 {z+zf’(z)r+t5 {H 3 "(2) _z+zf'(z)}
2+ f(2) z+ f(2) Y2+ f z+f'(2) z+f(2)
< A+A4q9(D)+ 44 () +A4,q (Z)+IZ§((ZZ)) (2.2)
then
)
{ZZ_:Z—;((ZZ))} <q(z), zeUf(z)#-z
and ¢ is the best dominant .
Proof . Define the function p by
0
_|2+7 (@) )
p(z)—{ +f(z)} 2€eUf(z) %2 (2.3)
Note that
26
@) 2+ f(2) 2+ f(2) 0.4)

1 {z+zf'(z)} +t5{1+ 7 "(2) _Z+Zf'(1)}
2+ f(2) I+ 1)  z+f(2)
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From (2.2) and (2.4) , we have
A+ Ap@) +Ap° @)+ AP @)+t 5(( ;
By setting

Ow)=A + A4, +Aw>+A,w’ and ¢ (w) =—w¢0
w

<A+ A49@)+4q° @)+ 4,9’ (2) +t Zp((z)) 2.5)
q(z

We see that ¢(w) is analytic in ¢, ¢(w) is analytic in C\{O}and that ¢(w)=0, w E C . Also , we

get
0(2) = 20 (Dplag(2)) =1 212
q(2)
and
h(2)=0(g(2)) +0(2) = A + A4a(2) + Aq’ (z)+ﬂ4q()+tzf]’((;)
It is clear that Q(z) is starlike univalent in U ,
2h'(2) A, 213 34, 29" (2) Zq'(z)}
Re Re{1+—= +— +— + — 2.6
{Q(Z)} e{ q(z) 7’ (2) t 7' (2) RN (2.6)

From (2.1) and (2.6) , we have

Re {Zh(Z)}>o.
0(2)
Therefore by Lemma 1.1 , we get p(z)<q(z) By using (2.3) , we obtain the result .
By fixing 4, =4,=4,=0 and A4, =tr=0=1 in the Theorem 2.1,we obtain the following

corollary :
Corollary 2.1. Let the function ¢ be univalent in the unit disk U ,q(z)=0 and assume that

Re {1+ g0+ &) _ '(Z)} >0
q'(z)  q2)

Suppose that q(( )) is starlike univalent in U . If f e L(A) satisfies
q(z

1+ d'@ 29'(z) (z)

T TSR
then
2+ '(2)
—z+f(z) <q(2),

and gq is the best dominant .
By taking q(z)=(1+Az)/(1+Bz) (-1<B<A<l1) in the Theorem 2.1 , we obtain the following

corollary :
Corollary 2.2. Let the function q be convex univalent in the unit disk U and assume that

2 3 2
Re A1+ Az +2/?3 1+ Az +3/14 1+ Az N 1-ABz 0
t [ 1+Bz t [1+Bz t [1+Bz (1+ Az)(1+ B2)

If fe L(A) satisfies

is ﬂ{wzf (z)} ”{wzf'(z)rM {z+zf'(z)}35+t5{l+ 4@ _z+zf'(z)}
7+ f(2) 7+ f(2) 7+ f(2) I+ f'(z) z+f(2)
< /12[1+Az} [1+AZTM[1+AZT+ {(A—B)z
1+ Bz 1+ Bz “114Bz| (+A(+B2)’
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-1<B<A<I1

72+ f(2) 1+Bz’

1=Az
and =
9(2) 1+B

{z+zf '(Z)j| 1+ Az

is the best dominant .

By taking q(z)eyAX, y=0 in the Theorem 2.1 , we obtain the following corollary :
Corollary 2.3. Let the function q be convex univalent in the unit disk U and assume that

Re{l_i_&eyAz 23 2}Az 4 3}AZ}>O
t

t
If feL(A) satlsfles

is ﬂ{wzf (z)} M{zﬂf’(z)rM{Hzf'(z)rH({H 4@ _z+zf'(z)}
2+ f(2) 2+ f(2) 2+ f(2) I+f'(2) z+f(2)

<A+ + e + A,eP + 1Az
then
)
Z+Zf(Z) <€yszy¢0
2+ f(2)

yAZ .

and ¢g(z)="""1s the best dominant .
y
By taking ¢(z) = E-'_—Z} y #0 in the Theorem 2.1 , we obtain the following corollary :
-z
Corollary 2.4. Let the function g be convex univalent in the unit disk U and assume that
y 2y Py 2
Re i[l+z} 24 [l+z} ez [1+z IR .2 N P
t 11—z t [1-z t [1-z] (d_2d+2)
If feL(A) satisfies

a4 ﬂ{wzf(z)} ﬂ{zﬂf'(wrﬂk_z+zf'(Z)r+t5{l+ ') _z+zf'(z)}
2+ f(2) 2+ f(2) | 2+ f(2) I+ f'(z) z+f(2)
I+z 7 (1] 2p
‘ML—J ”{1—J ﬂ“[l—z} -+
then

g Ql fin]
2+ f(2)

Y
and ¢(z) B_'_—Z} is the best dominant.
-z

Theorem 2.2. Let the function g be univalent in the unit disk U , g(z) # Oand assume that

Re{1+”i‘+wq(z)+w+(/¢—nm}>o, 2.7)
t t q'(z) q(z)

where 1, M2, ke C, te C\{0}.
Suppose that z(g(z ))k'lq’(z) is starlike univalent in U . If f e L(A) satisfies

{z +of '(z)r o {z T+ of '(z)r'““ .l 5{ 2t of '(z)r {H 7'+ '(z)}
2+ f(2) 2+ f(2) 2+ f(2) I+ f'(z) z+f(2)
< [M+19()1(q(2) +12(9(2) " q'(2), (2.8)
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then

{Zﬂf'(z)
2+ f(2)

and ¢ is the best dominant .
Proof . Define the function p by

2+ f(2)
Note that

)
} <q(2),ze U, f(2)#—2

)
} 'ze U, f(z) # -z (2.9

z+ Zf@r N {Z +f (Z)TM

[, +1,p ()P (2))" +1z(p(2))" p'@)=n, { 2+ f(2) z+ f(2)

BTy NPLEREIE) oo
2+ f(2) I+f'(2) z+f(2)

From (2.8) and (2.10),we have

[, +1,p@1(P)* +12(p(2)) " p'(2) < [, + 1,9(2)](R)" +12(q(2))" 'q'(2) (2.11)

By setting

O(w) =, + nzw)wkand¢(w) =, w0,

We see that (w) is analytic in C, @w) is analytic in C\{0} and that @w) # 0, w € C\{0}. Also
, we get

0(2)=2q’ (2) Aq(2))=tz(q(2))k-1q’ ()

and

h(z) = Aq(2))+Q@)=[Mm+1q(2)1(q(2)+12(9(2) ' ¢’ (2).

It is clear that Q(z) is starlike univalent in U,

Re{Zh'(Z)} = Re{1+ﬁ+—’72(" D 40+ 9D 4 gy qu(Z)}. (2.12)
0(z) t t q'2) q(2)
From (2.7) and (2.12) , we have
Re{zh’@} 20,
0()

Therefore by Lemma 1.1 , we get

p(2) < q(z). By using (2.9), we obtain the result .

Remark 2.1 . Taking

m=k=0,1,=0=t=1in Theorem 2.2 , we obtain the result in corollary 2.1 .

By taking in the Theorem 2.2 , we obtain the ¢(z)=(1+Az)/(1+Bz)(-1<B<A<l) following
corollary :

Corollary 2.5. Let the function g be convex univalent in the unit disk U and assume that

2

Re ’71_k+ nz(k+1)(1+Az)+1+k(A—B)z—ABz ) >0
t t(1+Bz) (1+ Az)(1+ Bz)

If fe L(A) satisfies

{zﬂf'(z)rJr {zﬂf'(z)rkm+t5{Z+Zf'(Z)Tk {1+ 3f "(2) _z+zf'(z)}

z+ f(2) 2+ f(2) z+ f(2) 1+ f'(z) z+f(2)
- (1+Azj (1+Azjk+t(A-B)(1+Az)k'lz,
W B )\ 14 B2 (1+ B2)

then
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)
{ZJer (Z)} <1+AZ,—1SB<A£1

z+ f(2) 1+ Bz
1+ A

and ¢(z) = % is the best dominant .
1+ Bz

By taking
q(z)=e"
Corollary 2.6. Let the function g be convex univalent in the unit disk U and assume that

Re{1+kyAz+ﬁ+MeW}>o.
t t

,¥# 0 in the Theorem 2.2 , we obtain the following corollary :

If fe L(A) satisfies

l{z+zf'(z)r+ {Hzf'(z)r““Hé[zuf'(z)r {H ) _Z+Zf'(z)}
2+ f(2) 2+ f(2) 2+ f(2) I+f'(z) z+f(2)
<[n + 7126”‘Z ]e®™ + t}/AzekyAZ ,

then

{Zﬂf'(z)
2+ f(2)

)
} <" y#0

and g(z)=e"" is the best dominant .
. 1+z |,
By taking g(z)=|——| 'y #0.
1+z

in the Theorem 2.2 , we obtain the following corollary :
Corollary 2.7. Let the function g be convex univalent in the unit disk U and assume that

Y 2
Re ﬂ+’72(k+1)(1+1) I +2kyz +1 -0
4 1(1-z)” (1-2)(1+2)
If fe L(A) satisfies

{z+zf'(z)r N {z+zf'(z)rk+l)+t§{z+zf'(z)r {H #'(2) _z+zf'(z)}

2+ f(2) T f(2) 2+ f(2) TIERTTE
{m+n2(1+zjy}(1+zj’”+2z7(1+kz)klmz |
I—Z I—Z (I'Z) 7+

then

@ [1+z7
{Z+Zf <z)} { z} 0
2+ f(2) 1-2
and

1+z ] . )
q(z)=|—— is the best dominant .
1+7

Theorem 2.3. Let the function g be convex univalent in the unit disk U, ¢(z) # 0 and assume

Re{1+ 9°(2) +1} >0, (2.13)
q'(z) t

where te C\{0}. If fe T(A) satisfies



Differential Subordination Theorems of Analytic Functions and Some Applications 98

2+ @) '(Z)_§k+t5{Z+ZfV(Z)T{1+ 7@ 2ty '(Z)}q(z)ﬂzq'(z) (2.14)
L z+f(2) | 72+ f(2) I+ f'(z) z+f(2) ’ '
then

'@
L 2+ f(2)
and ¢ is the best dominant .
Proof . Define the function p by

<q(2),ze U, f(2)#-z

5
p(Z)={Z+Z—f(Z)} 2eU, f(2)#-z. (2.15)
z+ f(2)
Note that
p(2)+1zp'(2) = {“Z—mrc +t5{Z+Z—fV(Z)T {1+ 7@ _LF ¥ '(Z)}. (2.16)
z+ f(2) z+ f(2) I+f'(z) z+f(2)

From (2.14) and (2.16) , we have

p(2)+1tzp'(2) < q(2) +1zq'(2). (2.17)

By setting = lin Lemma 1.2 , we get p(z) < g(z).By using (2.15) , we obtain the result .

By taking ¢(z) = (1+Az)/(1+Bz)(-1<B<A<l) in the Theorem 2.3 , we obtain the following
corollary :

Corollary 2.8. Let the function ¢ be convex univalent in the unit disk U and assume that
Re{l_BZ +1} >0

I+Bz t
If fe T(A) satisfies

_Z+Zf'(z)_5k+t5{Z+Zf’(Z)T{1+ 7/ "(2) _z+zf'(z)}1+Az+t(A—B)z
L 2+ f(2) 2+ f(2) 1+ f'(z) z+f(z) | 1+Bz (1+Bz)?*’
then
_z+zf'(z)_5<1+Az
| z+f(z) | 1+Bz

1+ Az
and ¢g(z) =
1D=15.

,—1<B<A<I

is the best dominant .

By taking g(z)=e"", =0 in the Theorem 2.3 , we obtain the following corollary :
Corollary 2.9. Let the function g be convex univalent in the unit disk U and assume that

Re{l+ 7Az+l}>0.
t

If fe T(L). Satisfies

_—Z+Zf'(Z)—5+t5{z+zf'(Z)T{1+ 7@ —Z+Zf'(Z)}<e7Az+t%4zeW
L 2+ f(2) 2+ f(2) I+ f'(2) z+f(2) ’
then

r 46

g @) <e™ Y20

L 2+ f(2)

and ¢(z)=¢" is the best dominant.
By taking
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_| 1tz
q(Z)—[l_Z

Corollary 2.10. Let the function g be convex univalent in the unit disk U and assume that

Re{wg}w

(A-2)+z) ¢

If fe T(M). satisfies

_Z+zf'(z)_5+t5{z+zf‘<z)}5{l+ ') _z+zf’<z)}<[l+ZT+2t7(1+z)7‘1z

/4
} ,7#0 in the Theorem 2.3 , we obtain the following corollary :

| z+ f(2) ] 2+ f(2) 1+ () z+f(2) 1-z (1—z)"™"
then

i @1 T1+z7

72+zf'(2) {[ z} %0

| 2+ f(2) | 1-z
and

{H—ZT . )
q(z)= — is the best dominant .
-z

3. Applications

We introduce some applications containing fractional derivative operators . Assume that
g(2)=) 07"
n=2
By Definition 1.2 , we have
o ['(n+l]) 4\ )
D'g(z)=) —————0,7"" =) 0,7,
:8(2) ,,Z:;‘F(n+l—/1) " ,,Z:;‘ "
where
a = [(n+1) o
I'(n+1-4)
Thus z+ ng(z) € L(A) and z— ng(z) e T(4).(o, 20), then we have the following results:
Theorem 3.1. Let the assumptions of Theorem 2.1 hold .Then
s
2z+2zDlg\(z
22+ D[ g(2)

and q is the best dominant .
Proof . Define the function f by

f(2)=2+Dg(2)(ze U, f(2) #~2),
it can easily observed that fe L(A). Since g(0) = 0, then
[ng(z)]'z D’g'(2).
Thus by using Theorem 2.1 , we obtain the result .
Theorem 3.2. Let the assumptions of Theorem 2.2 hold .Then
[ZZ +2D7¢(z)
2z+D’g(2)

and ¢ is the best dominant .
Proof . The proof is similar to that of Theorem 3.1 .
Theorem 3.3. Let the assumptions of Theorem 2.3 hold .Then

n=2,3,...

)
} <q(2),
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5
2z-zD'g(z
—;g @1 q(2),
2z-D g(2)
and q is the best dominant .
Proof . Define the function f by

f(2)=2-D/g(2)(ze U, f(2) #~2),
it can easily observed that fe T(A). Since g(0) = 0, then
| Dlg(2)]'=D/g'(2).
Thus by using Theorem 2.3 , we obtain the result .
By using (1.10) , we have
S T+ D)I'(n—pu+v+1) .

Jﬂ/fv )= O-nZ #= 3 O-nZn_ﬂ’
. 8(2) ;F(n_ﬂ+1)r(n—/1+v+l) HZ:;

where
4 = I'n+DI(n—pu+v+1) -
" T—pu+DC(n-A+v+1) "
Let u=A. Then
Z+ Jj’z“"’g(z) € L(A)and z- Ji‘z“’vg(z) e T(A)(o, 20), thus we have the following results :
Theorem 3.4. Let the assumptions of Theorem 2.1 hold .Then

Ay , o
{z(zzﬂo,f‘ g(2)) } o

n=273,...

22+ 71 g(2)

and g is the best dominant .
Proof . Define the function f by

f()=z+J""g(2)(ze U, f(z) #—2),

it can easily observed that fe L(A). Thus by using Theorem 2.1 , we obtain the result .
Theorem 3.5. Let the assumptions of Theorem 2.2 hold .Then

5

2(2z=J/""g(2))'

e <q(2),
27-J,7"g(2)

and g is the best dominant.

Proof . The proof is similar to that of Theorem 3.4 .
Theorem 3.6. Let the assumptions of Theorem 2.3 hold .Then

_ Jhay 7
{Z(ZZ J, g(Z))} < (@),

2:-1;1"8(2)
and ¢ is the best dominant .
Proof . Define the function f by

f()=z2=J7""g(2)ze U, f(2) #~2),
it can easily observed that fe T(A). Thus by using Theorem 2.3 , we obtain the result.
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