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DIFFERENTIAL SUBORDINATIONS OF MULTIVALENT
ANALYTIC FUNCTIONS ASSOCIATED WITH RUSCHEWEYH
DERIVATIVE

WAGGAS GALIB ATSHAN!, ABBAS KAREEM WANAS?

ABSTRACT. In the present paper, we consider a class k;"(A, ~; h) which consists
of analytic and multivalent functions in the open unit disk U = {z € C: |2] < 1}
associated with Ruscheweyh derivative. Also we obtain some results for this class.

1. INTRODUCTION AND PRELIMINARIES

Let R(p, m) denote the class of all analytic functions f of the form:

flz) =2+ Z Anip?" P (pm e N=1{1,2,3,---}), z € U. (1.1)

n=m

The Hadamard product (or convolution) (f1 * f2)(z) of two functions

fi(2)=2"+ > anip;2"P € R(p,m) (j=1,2)

n=m

is given by

o0
(fixfa) =2" + Z Untp1Gnip 22" P

Given two functions f and g, which are analytic in U, we say that the function
g is subordinate to f, written g < f or g(z) < f(z) (¢ € U), if there exists a
Schwarz function w(z), analytic in U, with w(0) = 0 and |w(z)| < 1, and such that
g(z) = f(w(z)), (z € U). In particular, if the function f is univalent in U, then g < f
if and only if g(0) = f(0) and g(U) C f(U).

For A > —p and f € R(p,m). The Ruscheweyh Derivative of order A +p — 1 (see
[1]) is denoted by DAP~1f and defined as

Adp1 B 2P )\+n+p et _
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We note from (1.2) that, we have
(DN (2) = (A+ p)(DMPf(2)) = ADMPTLf(2). (1.3)

Let H be the class of function h with h(0) = 1, which are analytic and convex
univalent in U.

Definition 1.1. A function f € R(p,m) is said to be in the class k" (A, v; h) if it
satisfies the subordination condition:

(1 =)z PDMP7f(2) + 727 PDMPf(2) < h(2),

where v € C and h € H.
A function f € R(1,m) is said to be in the class S*(«) if

Re{zﬂg)} >a(zel)

for some o (a0 < 1).
When 0 < a < 1, S*(«) is the class of starlike functions of order a in U.
A function f € R(1,m) is said to be prestarlike of order « in U if

W * f(2) € S*(@) (@< 1).

We note this class by R(«).
Clearly a function f € R(1,m) is in the class R(0) if and only if f is convex
univalent in U and R (%) = 9" (%)

Lemma 1.1. [4] Let g be analytic in U and let h be analytic and convexr univalent
in U with h(0) = g(0). If

g(z) + izg'(z) =< h(z), (1.4)

where Re > 0 and p # 0, then

9(2) < 7(z) = pz* /0 Ut < h(z)

and h(z) is the best dominant of (1.4).

Lemma 1.2. [6] Let a < 1,f € S*(a) and g € R(«). Then, for any analytic
function F in U
g9* ([F)
g*f
where co(F(U)) denotes the closed convex hull of F(U).

(U) ceo(F(U)),

Such type of study was carried out by various authors for another classes, like,
Dinggong and Liu [2], Liu [3], Prajapat and Raina [5] and Yang et. al. [7].
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2. MAIN RESULTS
Theorem 2.1. Let 0 < v < 2. Then k;,”(/\,'yg;h) C k;”()\,’yl;h).

Proof. Let 0 <71 <2 and f € k' (X, 723 h).
Suppose that
g(z) = 27 PDYPLf(z). (2.1)
Then the function g is analytic in U with g(0) = 1.
Since f € k;*(\, 725 h), then we have

(1 —42)2 P D MPLf(2) + 722 PDMP£(2) < h(2). (2.2)
From (2.1) and (2.2), we get

(1- 'yg)z_pDA-‘rp—lf(z) + 72z—ppx+pf(z) =g(2)+ (/\Vjp) 29 (2) < h(z). (2.3)

By using Lemma 1.1, we have
g9(z) < h(2). (2.4)
Note that 0 < ;% < 1 and that h is convex univalent in U. Hence
(1 —41)2 " PD P f(2) + 7127 PDMP f(2)
- %“1 = 72)2 PDMPTLf(2) 4 22 PDMPf(2)) + (1 - 12) 9(2) < h(2).
Therefore f € k'(A,71; h) and we obtain the result. O

Theorem 2.2. Let f € k;*(\,v;h),g € R(p,m) and
1

Re{z"Pg(z)} > 5
Then
(f *9)(2) € k" (A, v; h).
Proof. Let f € ky'(X\,v;h) and g € R(p,m). Then we have
(L= 7)z PDMP7H(f x ) (2) + 72 PDMP(f x g)(2)
= (1=7)(z7Pg(2)) * (2 PDMP7Lf(2)) + 4(27Pg(2)) * (z7PDYP f(2))

= (2779(2)) x ¢(2) (2.6)
where
B(2) = (1= 7)z P DML f(2) 472 P DV £(2) < h(2). (2.7)
From (2.5) note that the function z27Pg(z) has the Herglotz representation
- dp(x)
p — 2.
= [ ) (28)

where p(x) is a probability measure defined on the unit circle |z| =1 and

/;c|=1 du(x) = 1.
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Since h is convex univalent in U, it follows from (2.6) to (2.8) that

(1= )27 PDXP7H(f % g)(2) + 72 PDYP(f % g)(2) = / P(zz)du(x) < h(z).

|z|=1

Therefore
(f*9)(2) € k' (A, v; h).

Corollary 2.3. Let f € k;*(\,v; h) be defined as in (1.1) and let

= ct+p 1

Then

i) =2 [ e )
is also in the class k' (X, v; h).
Proof. Let f € kj*()\,v;h) be defined as in (1.1). Then
r(z) = c—&-7p/ t () dt = 2P + Z Ay p2" TP
0 c+p + n

ZC
n=m

— S n+ S ctp n+ —
= (zp+nz;nan+pz p>*<zp+zc+p+nz p)-(f*F)(z),

where
flz) =2+ Z anpz" TP € k(N5 h)
n=m
and
—zp—l—z i 2"tP ¢ R(p,m).
“ c+p+n ’
Note that

n=m

- 1
Re{27PF(2)} = Re{1+ Z %ZN} > 3
k

From (2.10) and (2.11) and by using Theorem 2.2, we get r(z) €

b (A k).

(2.9)

(2.10)

(2.11)

O

Theorem 2.4. Let f € k'(\,v;h),g € R(p,m) and 217Pg(2) € R(a), (o < 1).

Then
(f x9)(2) € k' (A, 73 h).
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Proof. Let f € kj*()\,v;h) and g € R(p,m). Then, we have
(1 =)z PD P71 (2) 4 42 PD P f(2) < h(z2). (2.12)
Now from (1.3), (2.12) is equivalent to

w —p HA+p—1 Y 1-p/prtp—1 /
Nt 27PD f(z)+ /\+pz (D f(2)) < h(z). (2.13)

Hence
WZ_pDA+p_1(f xg)(2) + )\L—i—pZ1_p(D>\+p_l(f *g)(2))
_ W(z%(z» # (DM ()

1) (DN ()

_ P (2v(2)
B (zt=Pg(2)) x 2’ (=€), (2.14)

where

W(z) = A+ =) —pprip-1 F(2) + —L o AP(DMPLE(L)) < h(z).  (2.15)

A+p A+p
Since h is convex univalent in U, ¢ (z) < h(z),2'7Pg(z) € R(a) and z € S*(a), (o < 1),
it follows from (2.14) and Lemma 1.2, we get the result. O

Theorem 2.5. Let v > 0,0 >0 and f € ky'(\,v;0h+1—0). If 0 < 09, where

Atp -1
1 Afp (a7
=—|1- d 2.16
0T ( Y /o Tru ) (216)
then f € k' (\,0;h). The bound og is the sharp when h(z) = 1iz.
Proof. Suppose that
g(z) = 27 PD P f(2). (2.17)

Let f € k,'(A,v;0h +1 — o) with v > 0 and o > 0. Then, we have

92+ 1p) 2g'(2) = (1= 7)2 PDMPLf(2) + 72 PDMP f(2) < oh(2) +1 — 0.

By using Lemma 1.1, we have

DD [ i e, 219

g(z) < 5 ;

where
Atp 1

A 2ty
o(z) = wz_ E / __dt+1-o. (2.19)
v 0
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If 0 < 0 < 0, where 0g < 1 is given by (2.16), then it follows from (2.19) that

A Vo
Re(p(z)) = w/ w "' Re ( > du+1—-o
ol 0 1—uz
= . |
> U(Mrp)/ T utl-o> e
¥ o 14+u 2
Now, by using the Herglotz representation for ¢(z), from (2.17) and (2.18), we arrive

at
ZPDMPI(z) < (hx p)(2) < h(2).
Since h is convex univalent in U, then f € kgT(A, 0; h).
For h(z) = - and f € R(p,m) define by

11—z

Atp

A n [Tt !
prDAer*lf(z) — w[“i : / i dt+1—o,
g o 1—t

we have
(1 =)z PDMPLE(2) 442 PDMPf(2) = oh(2) +1 — 0.
Thus f € k(A v;0h +1—0).
Also for o > 0(, we have

Atp
_ _ A+Dp) Loy~ 1 1
Re{z~PDMP-1 o / dutl—0<=, (2—1
efz fey - O [ —a <G 5 )

which implies that f & k(A 0; ).

Therefore the bound o cannot be increased when h(z) = =

1—=z"

This completes the proof of the theorem. O
Theorem 2.6. Let f € k' ()\—i— 1,7; }igi) A>—p,—1<B<A<1. Then
SPDMPL() < R(e) = A TR e / T (1 * AZ) dt

vy 0 1+ Bz
and h is the best dominant.
Proof. Let f € k' ()\ + 1,7; iigz) Then, we have
1+ A
(1 =)z PDMPf(2) + 42 PDMPHLf(2) < 1 iBi (2.20)
Suppose that
g(z) = 27 PD P f(2). (2.21)

Then the function g is analytic in U with g(0) = 1.
From (1.3), (2.20) and (2.21), we get

(1 =)z PDMPf(2) 492 PDMPH L () = g(2) + ————2¢/(2) <
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By Lemma 1.1, we obtain
~ A 1 _o4p+y [7 1+ A4
g(z) < h(z) = 2EPE -0 / A il (i
¥ 0 14 Bz
and £ is the best dominant. Thus we have the result. [l
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