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SANDWICH THEOREMS FOR CERTAIN SUBCLASSES OF ANALYTIC
FUNCTIONS DEFINEND BY CONVOLUTION STRUCTURE WITH
GENERALIZAD OPERATOR

ABBAS KAREEM WANAS! AND AHMED SALLAL JOUDAH?2

ABSTRACT. The purpose of the present paper is to derive sandwich results involving
Hadamard product for certain normalized analytic functions with generalized operator
in the open unit disk.

1. INTRODUCTION

Let H be the class of analytic functions in the open unit disk U = {z € C': |z| < 1} .For

n a positive integer and a € C, let H [a,n] be the subclass of H consisting of functions of
the form

f(2)=a+anz" +an 2" 4 (aeC). (1.1)

Also, let A be the subclass of H consisting of functions of the form:

flz) = z—i—Zanz”. (1.2)

Let f,g € H. The function f is said to be subordinate to g , or g is said to be superordinate
to f, if there exists a schwarz function w analytic in U with w(0) = 0 and |w(z)| < 1(z € U)
such that f(z) = g(w(z)). In such a case we write f < g or f(z) < g(2)(z € U). If g is
univalent in U , then f < g if and only if f(0) = g(0) and f(U) C g(U).

Let p,h € H and ¥(r,s,t;2) : C3 x U — C. If p and 9 (p(2), 2p'(2), 2%p" (2); 2) are
univalent functions in U and if p satisfies the second -order differential superordination

h(z) < d(p(2), 2 (2), 2°p" (2); 2), (1.3)

then p is called a solution of the differential superordination (1.3). (If f is subordinate to g ,
then g is superordinate to f). An analytic function g is called a subordinate of (1.3), if ¢ < p
for all the functions p satisfying (1.3). An univalent subordinat ¢ that satisfies ¢ < ¢ for all
the subordinants ¢ of (1.3) is called the best subordinant. Recently Miller and Mocanu [10]
obtained conditions on the functions h, ¢ and v for which the following implication holds:

h(z) < ¥(p(2), 2p'(2), 2%p" (2); 2) = q(2) < p(2).

For the functions f € A, f(z) = 2+ > .- ,a,2" and g € A defined by g(z) = =
S 5 bnz™, we define the Hadamard product (or convolution ) of f and g by (f * g)(z)

24 Y asg anbn2" = (9% f)(2).

+
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For m € Ny = NU{0},8 > 0, € R with a+ 3 > 0 and f € A. The generalized operator
I3 5(see [16]) is defined by

,z+z (‘Zi”;) an 2" (1.4)
It follows from (1.4) that
Bz (1051 (2)) = (a+ B)ITA f(2) = ol s f(2), 8> 0. (1.5)

Note that the genralized operator I})'5 unifies many operators of A. In particular :
(1) I f(z) = I f(2),a > —1(see Cho and Srivastava [6] and Cho and Kim [7]).
(2) IT" 5 5 f(2) = D' f(2), 8 > O(see Al-Oboudi [2]).

(3) Ity _p 5f(2) = I f(2), B > O(see Catas [5]).

Using the results of Miller and Mocanu [10], Bulboaca [4] considered certain classes of
first order differential super ordinations as well as superordination-preserving integral op-
erators (see [3]). Recently many authors [1,8,11-15] have used the reaults of Bulboaca [4]
and obtain certain sufficient conditions applying first order differential subordinations and
superordinations.

The main object of the present paper is to find sufficient condition for certain normalized

m+l *
analytic functions f in U such that (f * ¥)(z) # 0 and f to satisfy ¢;(z) < % =<
q2(2), where ¢; and ¢ are given univalent functions in U and ®(z) = 2+ -, t,2", ¥(z) =
z+ Z;;O:Q spz™ are analytic functions in U with ¢, > 0,s, > 0 and ¢, > s, . Also , we

obtain the number of results as their special cases.

2. PRELIMINARIES
To establish our main results , we need the following:

Definition 2.1. [9] Denote by Q the set of all functions f that are analytic and injective
on U\E(f), where

E(f) = {C €U : linéf(z) = oo}
and are such that f'(¢) # 0 for ¢ € OU\E(f).
Lemma 2.1. [9]Let Q be univalent in the unite disk U and let 6 and ¢ be analytic in a

domain D containing q(U) with ¢p(w) # 0 when w € q(U) . set Q(z) = 2¢'(2)¢(q(z)) and

h(z) =0(q(z)) + Q(z). Suppose that
(1)Q(z) is starlike univalent in U.

(Q)Re{zg((;;)} >0 forzeU.
If

0(p(2)) + 20" (2)8(p(2)) < 0(q(2)) + 24 (2)b(q(2)), (2.1)

then p < q and q is the best dominant of (2.1).

Lemma 2.2. [4] Let q be convez univalent in the unit disk U and let 6 and ¢ be analytic
in a domain D containing q(U) .Suppose that

(Z)Re{i((gj))))} >0 forzeU,
(2)Q(z) = zq'(2)p(q(2)) is starlike univalent inU.

If p e Hig(0),1] N Q, with p(U) C D,0(p(2)) + zp'(2)p(p(z)) is univalent in U and

0(a(2)) + 2¢'(2)6(a(2)) < 0(p(2)) + 2p'(2)(p(2)), (2.2)
then ¢ < p and q is the best subordinat of (2.2).
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3. SUBORDINATION RESULTS

Theorem 3.1. Let &,V € A and q be univalent in U with q(2) # 0,q(0) = 1 and assume

that
Re{1+w+mq(3)+(3—2)zs(g) + qu/(i‘;)} >0, (3.1)

where A1, A2,y € C, A3, 0 € C\{0}.
T fx z
Suppose that z(q(2))72¢'(z) is starlike univalent in U .IF f € A, % #0,z€U

satisfies the differential subordination

Nl(qu)a\I/a)\laA27>\377ao'7a7ﬁ;Z) <( ( )) <)\1+ )\ +>\3 Zq/(Z)> ) (32)

q(z) (q(2))?
where ,
I (f«d
Ni(f, @, 0, A1, Ao, A3, 7, 0,0, 0;2) = <M)
N, Lo s(f*)(2) RECICRSE) Irs(f+0)() (I +2)(x) L5 (F+0)(E) )
' 21’"“(]‘ *®)(2) B I 0) (o) \ITFN (@) (=) Ia(f+0)(z) ) )
(3.3)
08>0, then
Im“(f*‘b)( ) < 4(2)
VR E
and q is the best dominant.
Proof. Define the function p by
m—+1 ”
p(z) = Loy (J+2)(z) zel. (3.4)

17 (f * ¥)(2)

Note that ~
p'(2) \7 _ [ Las (F+®)(2)
(p(2))” ()\1 A ORES (p(z))2) = (Igfﬁ(f*\P)(z)) x

<A1+A2 ITs(fx)(2)  As(a+B) ITs(f + 0)(2) (Igng(fm)(z) Im“ (f % U)(2) ))
5)

+
LI5S+ @)(2) B IFN(f@)(2) \ I3 (F = ®)(2) s(f* ¥)(2)
(3.
From (3.2) and (3.5), we have (p(z))” (/\1 + 505 T A (Z’EZ()Z) ) =< (q(2))” ()\1 + q(z + A3 zq ()2))2) )
This equivalently to (p(z)) </\1 + (Z) + A3 (ZZ)TEZ()Z)2> =< (q(2))~ </\1 + Ti) + )\3%) .
By setting 8(w) = (\w + Xo)w="" and $(w) = A\zw= 2, we see that O(w) and ¢(w)
are analytic in C\{0} and that ¢(w) # 0,w € C\{0}.Also , we get Q(z) = z¢'(2)p(q(2)) =
N2 (a(2)~24/(2) and h(z) = 0(a(2) + Qz) = (a(2)7 (M + 2% + da 205k )
It is clear that Q(z) is starlike univalent in U,

zh'(2) } { A(y—0) Ay V24 (2) | 2d"(2) }
Re =Reql+ ——+ —q(z)+(=—2 + . 3.6
Va6 o TG TN e e 69
From (3.1)and (3.6), we have Re{ Q(( ))} > 0. Therefore by Lemma 2.1, we get p(z) < ¢(2).
By using (3.4), we obtain the result . O



186 ABBAS KAREEM WANAS, AHMED SALLAL JOUDAH

By taking 6 =1 and o > —1 in Theorem 3.1, we obtain the following Corollary for the
operator I'" [6].

Corollary 3.2. Let &, € A and q be univalent in U with q(z) # 0,q(0) = 1 and
assume that (3.1) holds true. Suppose that z(q(z))72¢'(z) is starlike univalent in U .If
feA W&W # 0,z € U,satisfies the differential subordination

No(F, @, A, Aoy gy, 0 2) < (q(2))7 [+ 2% + 2y L) ’
2, L, Wy AL, A2, A3, Y, 0, q 1 q(z) S(q(z))Q )
where
SRR

N2(faq)a\p7)‘17A27)‘3a750-7a;z) = ( Im( )(Z

)
12(f * ¥)(2) I7(f*W)(z) (I8P *B)()  I9H(f* )(z)
<A1+A21&"+1(f<1>)(2)+A3(a+1)1&"+1(f*<1>)(2) (I’”“(f* 2)(2) Imf )(2) )>

(3.7)

ITHH(f = 2)(2)

a0

and q is the best dominant.

By taking « = 1 — 3 and 8 > 0 in Theorem 3.1,we obtain the following Corollary for
generalized Salagean operator D' [2].

Corollary 3.3. Let ®,¥ € A and q be univalent in U with q(z) # 0,q(0) = 1 and
assume that (3.1) holds true. Suppose that z(q(z))72¢'(z) is starlike univalent in U .If

m—+41 *
€A, w # 0,z € U,satisfies the differential subordination
f A D (f*=w)(
N3(f, ®, 9, A1, Ao, A B:2) < (a2) (A + 22 1A, 2LELY
3\, P, ¥, A1, A2, A3,7,0, 0] q 1 q(Z) 3((](2’))2 5
where

DE(f *¥)(z

)
><</\ ) DR (f *0)(2) S DR (f *W)(2) (Dm+2( )(z)_pgﬂ(f*\p)(z)))a
VDR (f@)(z) | B DRTH(fx@)(2) \ DRI (F@)(z) D[ V)(z) ’

m—+1 ¥
N3(f, @, U, A1, A2, A3,7,0,0;2) = <D(f*)(z)>

then
D FH(f * ®@)(2)
o ~a?)
Dﬂ (f*¥)(2)
and q is the best dominant.

By fixing ®(z) = ¥(z) = 1% in Theorem 3.1, we obtain the following Corollary:

Corollary 3.4. Let g be univalent in U with q(z) # 0,¢(0) = 1 and assume that (5.1)

holds true. Suppose that z(q(2))= ¢ (2) is starlike univalent in U If f € A, I““m’ (ff))(;)) +
0,z € U,satisfies the differential subordination

Ni(f; Ay Az, Az, v, 0,0, 35 2) < (q(2))” ()‘1 + q)(\i) + A3 (Zq(iiz()Z)2> ;
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where

(P eY
Nu(f, M1, h2, A3, 7,0, 0, B 2) = <I;”g(f)(2)>

m m m+2 m+1 g
. (M 3 20 e+ ) Ts((e) <Ia,; (f;EZ;_Ia,E (f)(Z)>> o)

I ()(2) B IO \ DN 1))
then
5N ()(2)
THE 1

and q is the best dominant.

4. SUPERORDINATION RESULTS

Theorem 4.1. Let ®,¥ € A and q be convex univalent in U with ¢(z) # 0,q(0) =

and assume that Ao oA
7—0 1Y
RedZ2!1 %) 217 0 4.1
e{ Moo + Aggq(z)} > 0, (4.1)

7n+1 * P
suppose that z(q(2))= ~2q¢'(2) is starlike univalent in U If f € A, % € H[q(0),1]N

m,+1 * 2
Q with % # 0,z € U and N1(f,®,V, A1, A2, A3,7,0,q,0;2) be univalent in U

,where Nl(f,<1> U, A1, Ao, A3, 7y, 0,0, 05 2) is given by (3.8).If

/\ o
(Q( )) <)‘1+()+)\3(qq( ()))2) '<Nl(faq)a\Ila)‘la)‘27)‘3a’77aaa76;z)? (42)

then

) 4 )
T =T (F0)(2)

and q is the best subordinate.

Proof. Define the function p by

oy = B D0
I3+ ¥)(2)

Simple computation from (4.3), we obtain

e Py G s
G (3t 25 ) - MR AN e fia), (0

From (4.2) and (4.4), we have (¢(2))” (M + 2% + X 2235 )” < (p(2))7 (M + 225 + X 225 )
This equivalent to (¢(z))= ()\1 + q(z) + A3 (Zq(z()))2) < (p(2)= ()\1 + % + s (;ZE;()§L> _
By setting f(w) = (\jw + A2)w= ! and ¢(w) = Agw= 2, we see that O(w) and ¢(w) are

analytic igl C\{0} and that ¢(w) # 0,w € C\{0}. Also , we get Q(z) = z¢'(2)d(q(z)) =
A3z(q(2))7 24/ (2).

It is clear that Q(z) is starlike univalent in U,

zeU. (4.3)

9'(61(2))} {Az(W—U) A1y }

Re = Red ———~ + —q(z 4.5
ey YRR wAl ()
From (4.1)and (4.5), we have Re { ‘Z((;J((Zz)))) } > 0. Therefore by Lemma 2.2, we get ¢(z) < p(z).

By using (4.3), we obtain the result . O
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By taking 8 =1 and o > —1 in Theorem 4.1, we obtain the following Corollary:

Corollary 4.2. Let ®, ¥ € A and q be convez univalent in U with q(z) # 0,q(0) = 1 and
assume that (4.1) holds true.suppose that z(q(z))= 2¢ (z) is starlike univalent in U If f €

I (f®) (2 *®) (
A,W € H[4(0), ]mezthW £0,2 € U and No(f, ®, T, A1, Ao, A3, 7, 0, @5 2)

be univalent in U ,where No(f, ®, U, A1, A2, A3, 7, 0, q; 2) is given by (3.7).If

A2 2q'(z) \7
(a(2))” <A1+()+/\3(qq(()))2) =< Nao(f, @, ¥, A1, A2, A3,7, 0,05 2),

then
ITHH(f + @)(2)

1) = T o) ()

and q is the best subordinate.
By taking a =1 — 3 and 8 > 0 in Theorem 4.1, we obtain the following Corollary:

Corollary 4.3. Let ®, ¥ € A and q be convez univalent in U with q(z) # 0,¢(0) = 1 and
assume that (18) holds true.suppose that z( (2))772¢/(2) is starlike univalent in U If f €
A DRt (f+®)(2) L(f*®)(2)

7W € H[ ( ) ]OQ thhW # 07Z eU andN3(f7q)a\:[}a)\h)\27>\37’770-75;z)
be univalent in U ,where N3(f, &, U, )\1,)\2,)\3,’}’,0’,ﬁ;2’) is given by (3.8).If
A2 2q'(2)
)7 [ A+ + A
W@ (ot M
DY (f + @) (2)
DR (f = ¥)(z)

>U < N3(f, @, ¥, \1, A2, A3,7,0,0; 2),
then

q(z) <
and q is the best subordinate.

By fixing ®(z) = ¥(z) = 1% in Theorem 4.1, we obtain the following Corollary:

Corollary 4.4. Let q be convex univalent in U with q(z) # 0,¢(0) =1 and assume that

m41
(4.1) holds true.suppose that z(q(z))= ~2¢'(2) is starlike univalent in U If f € A I“ 5 J(2)

m+1 z
H[q(0),1] N Q with If,f J{((Z)) #0,2 € U and Ny(f, A1, A2, A3,7,0,, 3;2) be univalent in U
o,B

;where Ny(f, A1, A2, A3, 7, 0,0, B; z) is given by (3.9).If

S

~ A2 2q'(2) 7 P
(q(Z)) (Al + q(z) +)\3 (q(Z))2> < N4(f7A17>\25)‘3577 ) aﬁ? )7
then
(2) < I f(z)
T TG

and q is the best subordinate.

5. SANDWICH RESULTS
Theorem 5.1. Let®, U € A.Let g1 and g2 be convex univalent in U with q(z) # 0,¢1(0) =

q2(0) = 1.suppose qo satisfies (3.1) and q1 satisfies (4.1). Let f € A, % € H[1,1]N
m—+41 *
Q with % # 0,z € U and Ni(f, D, U, A1, A2, A3,7,0,a,5;2) be univalent in U

,where Nl(f,@ U A1, Ao, A3, 7, 0,, 05 2) is given by (3.3). If

@) (Al N 243 (2)

A0

AQ 2) _<N1<f7@a\117)\1a)\2;)‘37’770-7a7ﬁ;z)7
71(2)
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s Xy G )T
<t (e i+ )

ITEN(f + ®)(2)
q1(2) < W < q2(2),

and q1 and qo are , respectively , the best subordinate and the best dominant.

then

By making use of corollaries 3.2 and 4.2, we obtain the following Corollary:
Corollary 5.2. Let®, U € A.Let ¢1 and g2 be convex univalent in U with q(z) # 0,¢1(0) =
+1
q2(0) = 1. Suppose qa satisfies (3.1) and q1 satisfies (4.1). Let f € A,% €

H[1,1] ﬁszthﬁﬁ%}?Z) # 0,2 € U and Nao(f,®, ¥, A1, A2, A3,7, 0, ; 2) be univalent in

U ,where No(f, ®, U, A1, Ao, A3,7,0,; 2) is given by (3.7).If
A2 2q1(2) ,
(QI(’Z))V ()‘1 + (h(Z) + )\3 (q1(2)) ) < NZ(fv(P? \II,)\l,)\27)\37’}/70',Oé,Z),
<)) (M+ 2 aaCBELY
q2(2) (2(2))%)
then i o
F )

(7)) R
S TR EEIE)
and q1 and qo are , respectively , the best subordinate and the best dominant.

By making use of corollaries 3.4 and 4.4, we obtain the following Corollary:

Corollary 5.3. Let®, ¥ € A.Let 1 and g2 be convex univalent in U with q(z) # 0,¢1(0) =
mtlpy z
q2(0) = 1. Suppose g2 satisfies (3.1) and q1 satisfies (4.1). Let f € A, %f\lj’é)) €

DL (fy z
H[1,1] ﬂszth% #0,2 €U and N3(f,®,U, A1, A3, A3,7,0,0; 2) be univalent in

U ,where N3(f,®, U, \1, Ao, 3,7, 0,0; 2) is given by (3.8).If

. Mo wd(2)
(@) (“mz) @)
~ A2 2q5(2) \7

< (ga(2) (Al ey (W))z) ,

DI (f @) (2
a1(2) < M < 4a(2),

and q1 and qo are , respectively , the best subordinate and the best dominant.

+ A3

) '<NS(fa(I)a\I]7)‘17)‘27>\377a0'7ﬁ;Z)

then

By making use of corollaries 3.4 and 4.4, we obtain the following Corollary:

Corollary 5.4. Let ®,¥ € A.Let ¢1 and g2 be conver univalent in U with q(z) #

0,¢1(0) = g2(0) = 1. Suppose g satisfies (3.1) and q1 satisfies (4.1). Let f € A, % €

m—41
H[1,1] N Q with Il‘ﬁf(i(;;)((:)) # 0,z € U and Ny(f, M1, A2, A3, 7, 0,0, B3 2) be univalent in U

,where N4(f,)\1,)\2,)\3,fy, o,a, B;2) is given by (3.9). If

. 2q1(2)
(@(=)) (Al * @)

+)\3 2) _<N4(f,)\17)\2,)\3')/,0',067ﬁ;2),

A2
q1(2)



190 ABBAS KAREEM WANAS, AHMED SALLAL JOUDAH
Ag 2q5(2) )U
< )7 A + + A )
(@(=) ( 1 @ T M)
then
()< 28O
q1(%) < =4 < q2(2
! Iaﬁf(Z) ?

and q1 and qo are , respectively , the best subordinate and the best dominant.
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