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Abstract 

In the present paper, we introduce subclass ( )vBAM p ,,,γ  of p-valent analytic functions in 

the open unit disk U. we study some interesting properties, like, coefficient inequalities and 
closure theorems. Also we obtain integral representation, convolution properties, integral mean 
connected with fractional integral and weighted mean. 

1. Introduction and Preliminaries 

Let pW  be the class of all functions of the form: 

( ) ( { })∑
∞

+=

=∈+=
1

,,2,1,
pn

n
n

p pzazzf …N  (1.1) 

which are analytic and multivalent in the open unit disk { }.1: <∈= zzU C  

Let pS  denote the subclass of pW  containing of functions of the form: 

( ) ( { })∑
∞

+=

=∈≥−=
1

,,2,1,0,
pn

n
n

n
p pazazzf …N  (1.2) 

which are analytic and multivalent in the open unit disk U. 
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Definition 1.1. For the functions pSf ∈  given by (1.2) and pSg ∈  

defined by 

( ) ( { })∑
∞

+=

=∈≥−=
1

,,2,1,0,
pn

n
n

n
p pbzbzzg …N  

we define the convolution (or Hadamard product ) of f and g by 

( ) ( ) ∑
∞

+=

−=∗
1

.
pn

n
nn

p zbazzgf  

Definition 1.2. Let pSf ∈  given by (1.2). Then the class ( )vBAM p ,,,γ  

is defined by 

( )
( ) ( ) ( )

( ) ( ) ( ) ,
1

:,,, v

z
zfBAzf

z
zfpzf

SfvBAM pp <
⎪
⎩

⎪
⎨

⎧

′
γ+++′′γ

′
−−′′

∈=γ  

.10and10,10,10
⎪
⎭

⎪
⎬

⎫

<<<≤≤<<γ≤ vBA  (1.3) 

Some of the following properties studied for other classes in [1, 2, 3, 5, 8, 
9]. 

2. Coefficient Inequalities 

Theorem 2.1. Let .pSf ∈  Then ( )vBAMf p ,,,γ∈  if and only if 

[ ( ) ( ) ] ( )∑
∞

+=

γ+−≤−γ++−
1

,1
pn

n pBAvpapvnBAvn  (2.1) 

where 10,10,10 <≤≤<<γ≤ BA  and .N∈p  

The result is sharp for the function 

( ) ( )
[ ( ) ( ) ] .,2,1,1 …++=

−γ++−
γ+−−= ppnzpvnBAvn

pBAvpzzf np  
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Proof. Suppose that the inequality (2.1) holds true and .1=z  Then, 
we have 

( ) ( ) ( ) ( ) ( ) ( )
z
zfBAzfvz

zfpzf ′
γ+++′′−

′
−−′′ 1  

( )∑
∞

+=

−−−=
1

2

pn

n
n zapnn  

( ) ( )∑
∞

+=

−− γ+−−γ+−−
1

22

pn

n
n

p zanBAvnzpBAvp  

( ) ( )∑
∞

+=

−− γ+−−−≤
1

22

pn

pn
n zpBAvpzapnn  

( )∑
∞

+=

−γ+−+
1

2

pn

n
n zapBAvn  

[ ( ) ( ) ] ( ) ,01
1

∑
∞

+=

≤γ+−−−γ++−=
pn

n pBAvpapvnBAvn  

by hypothesis. 

Hence, by maximum modulus principle, ( ).,,, vBAMf p γ∈  

Conversely, suppose that ( ).,,, vBAMf p γ∈  Then from (1.3), we have 

( ) ( ) ( )

( ) ( ) ( )
z
zfBAzf

z
zfpzf
′

γ++−′′γ

′
−−′′ 1

 

( )

( ) ( )
.

1
22

1
2

v
zanBAnzpBAp

zapnn

pn
n

n
p

pn
n

n
<

γ+−−γ+−

−
=

∑
∑

∞

+=
−−

∞

+=
−

 

Since ( ) zz ≤Re  for all ( ),Uzz ∈  we get 

( )

( ) ( )
.Re

1
22

1
2

v
zanBAnzpBAp

zapnn

pn
n

n
p

pn
n

n
<

⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧
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∑
∑
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∞
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−

 (2.2) 
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We choose the value of z on the real axis so that ( )
( )zf

zfz
′
′′  is real. Letting ,1−→z  

through real values, we obtain the inequality (2.1). 

Finally, sharpness follows if we take 

( ) ( )
[ ( ) ( ) ] .,2,1,1 …++=

−γ++−
γ+−−= ppnzpvnBAvn

pBAvpzzf np  

Corollary 2.1. Let ( ).,,, vBAMf p γ∈  Then 

( )
[ ( ) ( ) ] .,2,1,1 …++=

−γ++−
γ+−≤ ppnpvnBAvn

pBAvpan  (2.3) 

3. Closure Theorems 

Theorem 3.1. Let the functions if  defined by 

( ) ( { } )∑
∞

+=

==∈≥−=
1

,, ,,2,1,,2,1,0,
pn

in
n

in
p

i ipazazzf ……N  (3.1) 

be in the class ( )vBAM p ,,,γ  for every .,,2,1 …=i  Then the function 1h  

defined by 

( ) ( { })∑
∞

+=

=∈≥−=
1

1 ,,2,1,0,
pn

n
n

n
p pezezzh …N  

also belongs to class ( ),,,, vBAM p γ  where 

∑
=

++== …
1

, .,2,1,1

i
inn ppnae  

Proof. Since ( ),,,, vBAMf pi γ∈  we note that 

[ ( ) ( ) ] ( )∑
∞

+=

γ+−≤−γ++−
1

, ,1
pn

in pBAvpapvnBAvn  

for every .,,2,1 …=i  Hence 
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[ ( ) ( ) ]∑
∞

+=

−γ++−
1

1
pn

nepvnBAvn  

[ ( ) ( ) ]∑ ∑
∞

+= =
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
−γ++−=

1 1
,

11
pn i

inapvnBAvn  

[ ( ) ( ) ]∑ ∑
=

∞

+=
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
−γ++−=

1 1
,11

i pn
inapvnBAvn  

( ).pBAvp γ+−≤  

Therefore by Theorem 2.1, we have ( ).,,,1 vBAMh p γ∈  

This completes the proof of the theorem. 

Theorem 3.2. Let the functions if  defined by (3.1) be in the class 

( )vBAM p ,,,γ  for every .,,2,1 …=i  Then the function 2h  defined by 

( ) ( )∑
=

=
1

2
i

ii zfczh  

is also in the class ( )vBAM p ,,,γ  where 

( )∑
=

≥=
1

.0,1
i

ii cc  

Proof. By Theorem 2.1 for every ,,,2,1 …=i  we have 

[ ( ) ( ) ] ( )∑
∞

+=

γ+−≤−γ++−
1

, .1
pn

in pBAvpapvnBAvn  

But 

( ) ( )∑ ∑ ∑∑ ∑
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⎟
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⎜
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i
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n
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p
iii zaczzazczfczh  
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Therefore 

[ ( ) ( ) ]∑ ∑
∞

+= =
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
−γ++−

1 1
,1

pn i
ini acpvnBAvn  

[ ( ) ( ) ]∑ ∑
∞

+=

∞

+=
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
−γ++−=

1 1
,1

pn pn
ini apvnBAvnc  

( ( ))∑
=

γ+−≤
1i

i pBAvpc  

( ),pBAvp γ+−=  

and the proof is complete. 

4. Integral Representation 

In the following theorem, we obtain integral representation for the unction 
( ).zf  

Theorem 4.1. Let ( ).,,, vBAMf p γ∈  Then 

( )
( ) ( )

( ( ))∫
∫ φγ−

−+φγ+−

=
z tdtvt

ptBAv

tdezf
z

0
1

1

.0  

Proof. By putting ( )
( ) ( )zNzf

zfz =′
′′  in (1.3), we have 

( ) ( )
( ) ( ) ,1 vBAzN

pzN <
γ+−+γ

−−  

or equivalently 

( ) ( )
( ) ( ) ( ),1 zvBAzN

pzN φ=
γ+−+γ

−−  

where ( ) .,1 Uzz ∈<φ  

So 

( )
( )

( ) ( )
( )( ) ,1

1
zvz

pzBAv
zf
zf

φγ−
−+φγ+−=′

′′  
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after integration, we obtain 

( ( )) ( ) ( )
( )( ) .1

1log
0∫ φγ−

−+φγ+−=′
z

tdtvt
ptBAvzf  

Thus 

( )
( ) ( )

( ( )) .0 1
1

∫ φγ−
−+φγ+−

=′
z tdtvt

ptBAv

ezf  

After integration, we have 

( )
( ) ( )

( ( ))∫
∫ φγ−

−+φγ+−

=
z tdtvt

ptBAv

tdezf
z

0
1

1
0  

and this gives the result. 

5. Convolution Properties 

Theorem 5.1. Let the functions ( )2,1=jfj  defined by 

( ) ( { } )∑
∞

+=

==∈≥−=
1

,, 2,1,,2,1,0,
pn

jn
n

jn
p

j jpazazzf …N  (5.1) 

be in the class ( ).,,, vBAM p γ  Then ( ),,,,21 vAMff p σγ∈∗  where 

( ) [ ( ) ( ) ] ( ) [ ( ) )
[ ( ) ( ) ] ( )

.
1

11
222

22

pBAvppvnBAv
pvnAvpBAvppvnBAvpAn

γ+−−−γ++−

−γ++γ+−−−γ++−γ+≤σ  

Proof. We must find the largest σ such that 

[ ( ) ( ) ]
( )∑

∞

+=

≤
γ+σ−

−γ++σ−

1
2,1, .11

pn
nn aapAvp

pvnAvn  

Since ( ) ( ),2,1,,, =γ∈ jvBAMf pj  then 

[ ( ) ( ) ]
( ) ( )∑

∞

+=

=≤
γ+−

−γ++−

1
.2,1,11

pn
jn japBAvp

pvnBAvn  (5.2) 

By Cauchy-Schwarz inequality, we get 

[ ( ) ( ) ]
( )∑

∞

+=

≤
γ+−

−γ++−

1
2,1, .11

pn
nn aapBAvp

pvnBAvn  (5.3) 
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We want only to show that 

[ ( ) ( ) ]
( )

[ ( ) ( ) ]
( ) .11

2,1,2,1, nnnn aapBAvp
pvnBAvnaapAvp

pvnAvn
γ+−

−γ++−≤
γ+σ−

−γ++σ−  

This equivalently to 

( ) [ ( ) ( ) ]
( ) [ ( ) ( ) ] .1

1
2,1, pvnAvpBA

pvnBAvpAaa nn −γ++σ−γ+−
−γ++−γ+σ−≤  

From (5.3), we have 

( )
[ ( ) ( ) ] .12,1, pvnBAvn

pBAvpaa nn −γ++−
γ+−≤  

Thus, it is sufficient to show that 

( )
[ ( ) ( ) ]

( ) [ ( ) ( ) ]
( ) [ ( ) ( ) ] ,1

1
1 pvnAvpBA

pvnBAvpA
pvnBAvn

pBAvp
−γ++σ−γ+−
−γ++−γ+σ−≤

−γ++−
γ+−  

which implies to 

( ) [ ( ) ( ) ] ( ) [ ( ) ]
[ ( ) ( ) ] ( )

.
1

11
222

22

pBApvpvnBAvn
pvnAvpBAvppvnBAvpAn

γ+−−−γ++−

−γ++γ+−−−γ++−γ+≤σ  

Theorem 5.2. Let the functions ( )2,1=jfj  defined by (5.1) be in the class 

( ).,,, vBAM p γ  Then the function k defined by 

( ) ( )∑
∞

+=

+−=
1

2
2,

2
1,

pn

n
nn

p zaazzk  (5.4) 

belong to the class ( ),,,, vAM p εγ  where 

( )[ ( ) ( ) ] ( ) [ ( ) ]
[ ( ) ( ) ] ( )

.
21

121
222

22

pBAvppvnBAvn
pvnAvpBAvppvnBAvpAn

γ+−−−γ++−

−γ++γ+−−−γ++−γ+≤ε  

Proof. We must find the largest ε such that 

[ ( ) ( ) ]
( ) ( )∑

∞

+=

≤+
γ+ε−

−γ++ε−

1

2
2,

2
1, .11

pn
nn aapAvp

pvnAvn  

Since ( ) ( ),2,1,,, =γ∈ jvBAMf pj  we get 
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[ ( ) ( ) ]
( )∑

∞

+=
⎟
⎠
⎞⎜

⎝
⎛

γ+−
−γ++−

1

2
1,

21

pn
napBAvp

pvnBAvn  

[ ( ) ( ) ]
( ) 11

2

1
1, ≤
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

γ+−
−γ++−≤ ∑

∞

+= pn
napBAvp

pvnBAvn  (5.5) 

and 

[ ( ) ( ) ]
( )∑

∞

+=
⎟
⎠
⎞⎜

⎝
⎛

γ+−
−γ++−

1

2
2,

21

pn
napBAvp

pvnBAvn  

[ ( ) ( ) ]
( ) .11

2

1
2, ≤
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

γ+−
−γ++−≤ ∑

∞

+= pn
napBAvp

pvnBAvn  (5.6) 

Combining the inequalities (5.5) and (5.6), gives 

[ ( ) ( ) ]
( ) ( )∑

∞

+=

≤+⎟
⎠
⎞⎜

⎝
⎛

γ+−
−γ++−

1

2
2,

2
1,

2
.11

2
1

pn
nn aapBAvp

pvnBAvn  (5.7) 

But, ( )vAMk p ,,, εγ∈  if and only if 

[ ( ) ( ) ]
( ) ( )∑

∞

+=

≤+
γ+ε−

−γ++ε−

1

2
2,

2
1, .11

pn
nn aapAvp

pvnAvn  (5.8) 

The inequality (5.8) will be satisfied if 

[ ( ) ( ) ]
( )

[ ( ) ( ) ]
( )

( ),,2,1,
2

11
222

22
…++=

γ+−

−γ++−≤
γ+ε−

−γ++ε− ppn
pBAvp

pvnBAvn
pAvp

pvnAvn  

so that 

( )[ ( ) ( ) ] ( ) [ ( ) ]
[ ( ) ( ) ] ( )

.
21

121
222

22

pBAvppvnBAvn
pvnAvpBAvppvnBAvpAn

γ+−−−γ++−

−γ++γ+−−−γ++−γ+≤ε  

Theorem 5.3. Let the functions ( )2,1=jfj  defined by (5.1) be in the 

class ( )vBAM p ,,,γ  and 

( ) [ ( ( )) ] ( ) .02111 ≥γ+−−++γ+−+ pBAvppBAvp  (5.9) 

Then the function k defined by (5.4) belongs to the class ( ).,,, vBAM p γ  
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Proof. Since ( ),,,,1 vBAMf p γ∈  we have 

[ ( ) ( ) ]
( )∑

∞

+=

≤
γ+−

−γ++−

1
1, 11

pn
napBAvp

pvnBAvn  

and so 

[ ( ) ( ) ]
( )∑

∞

+=
⎟
⎠
⎞⎜

⎝
⎛

γ+−
−γ++−

1

2
1,

21

pn
napBAvp

pvnBAvn  

[ ( ) ( ) ]
( ) .11

2

1
1, ≤
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

γ+−
−γ++−≤ ∑

∞

+= pn
napBAvp

pvnBAvn  

Similarly, since ( ),,,,2 vBAMf p γ∈  we have 

[ ( ) ( ) ]
( ) .11 2

2,
1

2
≤⎟

⎠
⎞⎜

⎝
⎛

γ+−
−γ++−∑

∞

+=
n

pn
apBAvp

pvnBAvn  

Hence 

[ ( ) ( ) ]
( ) ( ) .11

2
1 2

2,
2

1,
1

2
≤+⎟

⎠
⎞⎜

⎝
⎛

γ+−
−γ++ε−∑

∞

+=
nn

pn
aapBAvp

pvnAvn  

In view of Theorem 2.1, it is sufficient to show that 

[ ( ) ( ) ]
( ) ( ) .11 2

2,
2

1,
1

≤+
γ+−

−γ++−∑
∞

+=
nn

pn
aapBAvp

pvnBAvn  (5.10) 

Thus the inequality (5.10) will be satisfied if 

[ ( ) ( ) ]
( )

[ ( ) ( ) ]
( )

( ),,2,1,
2

11
222

22
…++=

γ+−

−γ++−≤
γ+−

−γ++− ppn
pBAvp

pvnBAvn
pBAvp

pvnBAvn  

or if 

[ ( ) ( ) ] ( ) ( ).,2,1,021 …++=≥γ+−−−γ++− ppnpBAvppvnBAvn  (5.11) 

The left hand side of (5.11) is increasing function of n, hence (5.11) is satisfied 
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for all n if 

( )[ ( )( ) ] ( ) .02111 ≥γ+−−++γ+−+ pBAvppBAvp  

This completes the proof. 

6. Integral Mean Inequalities for the Fractional Integral 

Definition 6.1 [4]. The fractional integral of order ( )0>λλ  is defined for 
a function f by 

( ) ( )
( )

( )
,1

0 1∫ λ−
λ−

−λΓ
=

z
z td

tz
zfzfD  (6.1) 

where the function f is an analytic in a simply-connected region of the complex 

z-plane containing the origin, and the multiplicity of ( ) 1−λ− tz  is removed by 

requiring ( )tz −log  to be real, when ( ) .0>− tz  

Definition 6.2 [7]. Let f, g be analytic in U. Then f is said to be subordinate 
to g, written ,gf ≺  if there exists a schwarz function ( ),zw  which is analytic 

in U, with ( ) 00 =w  and ( ) ( )Uzzw ∈< 1  such that ( ) ( ( )) ( )., Uzzwgzf ∈=  
In particular, if the function g is univalent in U, we have the following: 

( ) ( ) ( )Uzzgzf ∈≺  if and only if ( ) ( )00 gf =  and ( ) ( ).UgUf ⊂  

In 1925, Littlewood [6] proved the following subordination theorem: 

Theorem 6.1 [6]. If f and g are analytic in U with ,gf ≺  then for 0>µ  

and ( )10 <<= θ rerz i  

( ) ( )∫ ∫
π π µµ θ≤θ

2

0

2

0
.dzgdzf  

Theorem 6.2. Let ( )vBAMf p ,,,γ∈  and suppose that nf  is defined by 

( ) ( )
[ ( ) ( ) ] ( ).1,1 +≥

−γ++−
γ+−−= pnzpvnBAvn

pBAvpzzf np
n  (6.2) 

Also let 

( ) ( ) ( ) ( )
[ ( ) ( ) ] ( ) ( ) ,111

21

1
1 +η−Γ+η+λ+Γ−γ++−

+η+λ+Γ+Γγ+−≤η−∑
∞

+=
+ pnpvnBAvn

pnpBAvpam
pm

mn  (6.3) 



WAGGAS GALIB ATSHAN and ABBAS KAREEM WANAS 

Advances and Applications in Mathematical Sciences, Volume 11, Issue 5, 4 March 2012 

250

for ,0,0 >λ≤η≤ m  where ( ) 1+ηη−m  denote the Pochhammer symbol defined 

by 

( ) ( ) ( ) .11 mmmm …+η−η−=η− +η  (6.4) 

If there exists an analytic function w defined by 

( ( )) [ ( ) ( ) ] ( )
( ) ( )1

11
+Γγ+−

+η+λ+Γ−γ+−=−
npBAvp
npvnBAvnzw pn  

( ) ( )∑
∞

+=

−
+ηη−×

1
1 ,

pm

pm
m zamHm  (6.5) 

where η≥m  and 

( ) ( )
( ) ( )1,0,1 +≥>λ

+η+λ+Γ
η−Γ= pmm

mmH  (6.6) 

then, for θ= ierz  and 10 << r  

( ) ( ) ( ).,0
2

0

2

0
0>µ>λθ≤θ∫ ∫

π π µη−λ−µη−λ− dzfDdzfD nzz  (6.7) 

Proof. Let 

( ) ∑
∞

+=

−=
1

.
pm

m
m

p zazzf  

For 0≥η  and Definition 6.1, we get 

( )zfDz
η−λ−  

( )
( )

( ) ( )
( ) ( ) ⎟⎟

⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

+η+λ+Γ+Γ
+η+λ+Γ+Γ−

+η+λ+Γ
+Γ= ∑

∞

+=

−
η+λ+

1
11
1111

1

pm

pm
m

p
zamp

pm
p

zp  

( )
( )

( )
( ) ( ) ( ) ,1

111
1

1
1 ⎟⎟

⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
η−

+Γ
+η+λ+Γ−

+η+λ+Γ
+Γ= ∑

∞

+=

−
+η

η+λ+

pm

pm
m

p
zamHmp

p
p

zp  

where 

( ) ( )
( ) ( ).1,0,1 +≥>λ

+η+λ+Γ
η−Γ= pmm

mmH  



SUBCLASS OF p-VALENT ANALYTIC FUNCTIONS … 

Advances and Applications in Mathematical Sciences, Volume 11, Issue 5, 4 March 2012 

251

Since H is a decreasing function of m, we have 
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Similarly, from (6.2) and Definition 6.1, we get 
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For 0>µ  and ( ),10 <<= θ rerz i  we must show that 
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By applying Littlewood’s subordination theorem, it would suffice to show that 
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which readily yields ( ) .00 =w  For such a function w, we obtain 
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This completes the proof of the theorem. 

By taking 0=η  in the Theorem 6.2, we have the following corollary: 

Corollary 6.1. Let ( )vBAMf p ,,,γ∈  and suppose that nf  is defined by 

(6.2). Also let 
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If there exists an analytic function w defined by 
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then, for θ= ierz  and 10 << r  
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7. Weighted Mean 

Definition 7.1. Let f and g be in the class ( ).,,, vBAM p γ  Then the 

weighted mean qE  of f and g is given by 
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Since f and g are in the class ( )vBAM p ,,,γ  so by Theorem 2.1, we get 

[ ( ) ( ) ] ( )∑
∞

+=

γ+−≤−γ++−
1

1
pn

n pBAvpapvnBAvn  

and 

[ ( ) ( ) ] ( ).1
1

∑
∞

+=

γ+−≤−γ++−
pn

n pBAvpbpvnBAvn  



WAGGAS GALIB ATSHAN and ABBAS KAREEM WANAS 

Advances and Applications in Mathematical Sciences, Volume 11, Issue 5, 4 March 2012 

254

Hence 
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This shows ( ).,,, vBAME pq γ∈  
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