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Abstract: The main aim of our paper is introduced new type of axiom separation by using the open sets of typewb — open and studied
some it is main concepts, and we proved and explained , some theorems related it, and we introduced definition of spaces wb —

R, —space, wb — Ry — space., also Explained between them .

Keywords: axiom separation, w — open, b — open, wb — open, wb — Ry —space, wb — Ry —space

1. Introduction and Preliminaries

The concept of w-open sets in topological spaces was
introduced in1982 by Hdeib [10], In1996 Andrjivic [12]
gave a new type of generalized open set In topological space
called b-open sets, In 2008,Noiri,Al-Omari and Noorani
[11] introduced the conceptof wb —open and  The
complement of anwb —open set is said to be wb—
closed [11] the intersection of all wb — closed sets of X
containing A is called the wb-closure of A and is denoted

—wb
by A" The union of all wb — open sets. of X contained in A

is called the wb-interior of A and is denoted by Aowb JIn this
work we gave a different conceptof the separation axiom
using by wb — openset and we introduced proposition,
remarks,theorems of this concept,also we study relation
betweenwb —separation axiom and wb — R; — spaces.In
order toproved our resultweneed the following
Definitions and result.

Definition (1.1): [10] A subset A is said to be w-open set if
for each xeA ,there exists an open set U,such that x €
U, and U, — A is countable the complement of m-open set is
called o-closed set

Definition (1.2): [12] Let X be topological space and A is
called b-open set in X,if and only if ACA°U
Kothe complement of b-open set is called b-closed and it is
easy to see that A is b- closed set iffA° N Zo cCA

Definition (1.3):[11] A subset A of a space X is said to be
wb-open if for every x € A,there exists ab-open subset
U, — Xcontaining x such that U, —A 1is countable ,the
complement of an mb-open subset is said to be wb-closed.

Definition (1.4):[13] Let : X - Y be a function of a space
X,into a space Y then f is called an open function if f(A) is
an open set in Y for every openset Ain X .

Definition (1.5): [13] Let f:X— Y be a function of a space
X, into a space Y ,then fis called an closed function if f(A) is
an closed set in Y for every closed set AinX.

Definition(1.6):[2] A space X is called Tj-space if for
eachx # yin X There exists open sets Uand V such
thatx e U,yg Uandy €V, x & V.

Definition (1.7):[3] A space X is called bT;-space if for
each x # yin X There exists b-open sets such thatU and
Vsuchthatx €U,y Uandy € V,x & V.

Definition (1.8): [4] A space (X,T ) is called a door space if
every subset it is either open or closed

Example (1.9): The space (X, T) for X ={a,b} and t=
{X, 0, {a}},is a door space.

Definition (1.10): [14] A topological space (X,T ) is said to
be Ry if every open set contains the  closure of each of its
single tons.

Definition (1.11):.[5] A space X is called T,-
space ( Hausdorff space ) if for each x #y in Xthere
exists disjoint an open sets U,V such thatx € U,y € V

Definition (1.12):[3] A space X i called bT,-space (b-
Hausdorff space ) if for each x # y in X there existsdisjoint
an b-open sets U, Vsuchthat x e U,y €V .

Proposition (1.13):. [7] It is Clear thatevery Hausdorff
space is b-Hausdorff space

Definition(1.14); [14] A topological space (X, 1) is said to
be R;space if for x and y in X,with ({X}) # ({y}), there
exists disjointopen setU and V such that{X} c U and
ycv

Definition (1.15): [6] A space X is said to be regular space
if for each x € X and A closed subset such that x € A there
exist disjoint open sets U,V suchthat x € Uand A SV

Definition (1.16) [3] A space Xis said to be b-regular
space if for each x € X and A closed subset such that x ¢ A
there exist disjoint b-open sets U, Vsuch that x € U and A €
V.

Remark (1.17): [7] It is clear that each regular space is b-
regular space However, a b-regular space is notregular in
general and a as is the following

Example (1.18)

LetX = {1,2,3,4}, T ={X 0,{4},{2.3}{2,3,4}} then

BO(X) =

X, 0,{2},{3},{2,4},{3,4},{1,2,4},{1,3,4}, {4}.{2,3},{2,3,4},
{1,4},{1,2,3}

is b-regular space ,but Xis not regular since{1,2,3} is closed

set4 ¢ {1,2,3} and thus do
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not exists disjoint open sets which separate them in X,

Definition (1.19): [1] LetXbea space andAcX A is
called regular open set in X if A = A The complement of
regular open set is called regular closed and it is easy to see
that A is regular closed ifA = A°.

Definition(1.20): [8]A Topological space X is called almost
regular space if for each x in X and regular closed set C such
that x & C, there exist disjoint open sets U, Vsuch thatx €
Uu,ccvVv

Definition (1.21): [9]A Topological space X is called
normal space if where every C;and Cyare disjoint closed
subset in X there exists disjoint open sets V; ,V,, withC; €
Vi,and C, € V,

Definition (1.22): [3] A topological space X is called b-
normal space if for every disjoint closed set Cy, Cythere exist
disjoint b-open sets V;, V,such that ¢, € V; C, €V,

Remark (1.23): [7] It is clear that every normal space is b-
normal, but the converse is not true in general.

Example (1.24): Let X ={1,2,3,4,5}
,T=1{X,0,{1},{34},{1,3,4},{1,2,4,5}, {4}, {1,4}}
BO(X) =

Definition (2.7) Let X be a space and x € X,A € X. The
point x is called wb-limit point of A if every wb-open set
containing X contains a point of A distinct from x We call the
set of all wb-limit point of A the wb-derived set of A and
denoted by AP Therefore x € A®P iff for every wb-open set
Vin X, such that x € V such that (VNA) — {x} # 0 .

Proposition (2.8):Let X be a space and A € B € X then
—wb .,
1-4" = AUA®P
2 — Awb-closed set iff A°? € A
Proof:

p —wb
1 —Let x € A®b, x¢ Aw there existswb - open set U such

that UNA=0,(UnA)—{x}= @ thereforex & A" is
—wb 3 —ob .

contradiction thusx € A" hence A°* € A" where A°" U

—wb —wb —wb

A7 ch’ Conversely: Let x € A" Then eitherx €

Aorx ¢ Aifx €A thenx€ AUA“’b,complete X & A, since

—wb
X €A then for all Uwb — open set contains X such
that, UNA # @ sincex ¢ Athen (UNA) —{x} #

@ ,Then x € A®?, then x € AUA‘”bhenceKwb c

AUA®P then A®® = AUA®P 2 — Let A be an wb —closed

set.To proveA‘”b CA.Let x & Athenx € AS since
A wb —closed set then Awb —open set A N A =

@ ,then(A N A°) — {x} = @, then x & A®P thus A®? ¢

A Conversely LetA®® € A To prove Awb-closed

{X,0,{1},{3,4},{1,3,4},{1,2,4,5}, {4}, {1,4},{1,2,4}, {1,4,5}, {1,2@#jince A®® = AUA®"then A®? = A thus A wb-closed set

{1i8 A& (2a¢ 8 B3ubirhal 15632543 465}, 3rtbl. (2, B), {1, DBHiL2}Y (2.9): A space X is called wbT;-space if for each

the disjoint closed sets {3},{2,5} cannot be separated by
open sets in X .

2. wb-Separation Axiom

Definition (2.1) A functionf: X — Y is said to be wb-open
for every open subset A of X if f(A) is an wb-open set inY.

Definition (2.2)A function f: X — Y is said to bewb-closed
for every closed subset A of X if f(A) is an wb-closed set in
Y.

Definition (2.3)Let f: X — Y be a function of a space X into
a space Ythen f is called an wb- continuous function if
f~1(A) is an wh-open set in X for every open set A in Y.

Definition(2. 4):Let f: X — Y be a function of a topological
space (X,T) into a topological space (Y, T), then fis called
an wb-irresolute function if is and f~!(A) is an wb —open
setin X for every wb-openset AinY.

Definition (2.5): Let Y be subspace of space X,A subset B
of space X is said to be un wb — open setin Y. if for every
X € B there exists ab — open subset U, in X contain x such
that U, — B is countable.

Definition (2.6): Let X be a space. and A € X The
intersection of all wb-closed sets of
X containing A iscalled the wb-closure of A defined by

—wb
A" =n {B:B wb-closed in X and A < B}

x # yin X There exists wb-open sets U and Vsuch that
xe€Uy€&Uandy€eV,xg& V.

Proposition (2.10):Every T;-space is bT;-space

Proof:

Let (X, 1) be bT;-space and x ,y € X 3 x # y,Then there
exists two open sets U,V such that

x €U,y & Uand y €V, x &V since
every open setis b —open set,thus. U,V are two b-open set
such that x € U,y € Uand y € V,x € V therefore (X,t) be
bT;-space.

Remark (2.11): but the .converse is not true in general, in
fact from Example(2.12)

LetX = {1,2,3}, t = {0,X, {1}, {2}, {1,2}}., BO(X) =
(0,X,{1},{2},{1,2},{1,3},{2,3}}.then 1,3€X3VUeTd1€
Uand 3¢ UbutAVETS33€V and 1¢ V thus (X 1) is
notT;-spacesuch that Vx ,y € X3 U,V are two b-open set
such thatx € U,y ¢ U,y € V,x & V therefore (X, 1) is bT;-
space

Proposition (2.13): Every T;-space is wbT;-space

Proof:

Similar to prove of Proposition (2.10) But the converse is
not true in general ,in fact from Example(2.12)it is easy to

check that is wbT;-space but not T;-space

Proposition (2.14): Every bT;-space is wbT;-space
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Proof:

Similar to prove of Proposition (2.10). But the converse is
not true in general ,in fact from Example (2.15)it is easy to
check that is wbT;-space but not bT;-space.

Let X=N,7={G:1 € G}U{0},BOX) = {8,N,1 €

G, 1,3€N, is not exists two b-open sets 31€U and 3¢Ubut
3 €V and 1¢ Vthen is notbT; —space since wBO(X) =
{A c N}therefore iswbT; —space.

Theorem (2.16): If M subspace of X (where M is open
subset of X) ,Then M is wbT;-space if X is wbT;-space

Proof:

Letx,y € M 3 x # y since X is wbT;-space then 3 two wb-

open sets U,V such thatx € U but y € Uand y € V butx ¢
VLet A=UnNM,B =V n M,thus A,B are wb-openset in M

andx €A but y € Aand y € B but x € Btherefore M is
wbT;-space.

Theorem (2.17): Let f: X — Y be a wb-irresolute injective
map, If Y is wbT;-space, then X is wbT;-space.

Proof:

Letx,y € X 3 x # ythen f(x),f(y) €Y and f(x) #+
f(¥)SinceY,is wbT;-space. then there . exists two wb —
open sets U,VinY such that f(x) € U butf(y) € U,and
f(y) €eVbutf(x)¢Vthus x€ f~ (u)buty ¢
f'(uw)andy € f~1(v), butx & f~!(v)since f wb-irresolute,
hencef ~(w), f 1 (v) arewb —openthereforeX is whT; —
space.

Proposition(2.18): Let X be a Topological space, Then X is
wbT; — space iff{x} is wb —closed set for eachx € X

Proof:

Let X be wbT; —space and let x € X and let y & {x}.Since
X is wb-T;-space then there exists an wb — open set Vsuch
that theny € V,x € VthenV N {x} =0@,It is (V—-y)n
{x}=0 and
hence,y & {x} ®P thus{x} ®* < {x} and hence{x}*® = {x} U
{x} ®?={x} so that, {x}iswb —closed set for eachx € X by
Last Proposition(2.8) , Conversely: assume that {x} is wb-
closed set for each x € X, Let x # y in X then X — {x} =V
is wb-open setsuchthaty e V,x ¢ V

Let X — {y} = U,hence Uis wb-open set which is contains
x, Therefore X wbT;-space.

Theorem(2.19): Let f:X - Y be an bijective wb-open
function,If X is T;-space then Y is wbT; — space

Proof:

Let Y1,¥2 €Y 3 y; # y,sincefonto  function  then
x1,% €X 3 f(x1) =y, f(x2) =yo,x01 #x, Since X is
T;- spaced U,V open sets in X 3 x; € U but x, € U andx, €
Vbutx; € V hence f is wb-open3 f(U), f(V)two are wb-
open set in Ythen f(x;) =y; € f(U) butf(x;) =y, &
f(U).and f(x;) =y, € f(V) butf(x;) =y, € f(V) since
every open sets iswb —open thus f(U), f(V)are twowb-
open therefore Yis wbT; — space.

Theorem(2.20): Letf:X - Y be an one-to-one wb-
continuous function.If Yis T;-space then X is wbT; — space

Proof:
Let.xq,x; € X 3 x1 # x;, since f: X = Y is one-to-one
function and x; # x, thenf (x;) # f(xz)andf (x1), f(x;) €
Y,since Y is T;-spaced U, VopensetsinY 3 f(x;) €

Ubut f(x,) € Uand f(x,) € V butf(x;) ¢

V since fis , wb —continuous function
thenf ~1(U), f~1(V) arewb —open set in X , since f(x;) € U
thus x; € f~1(U)and sincef (x;) & U thenx, &

f~1(U)and since f(x,) € V thenx, € f~1(V)sincef (x;) &
V thusx; € f~1(V) thereforeX is wbT; —space.

Definition (2.21):A Topological space (X,T) is said to be
wb — Ry if every wb — open set contains the wb —closure
of each of its singletons.

Theorem (2.22): The topological door space is wb — Ry, if
and only if it is wbT; — space

Proof:

Let x,y are distinct points in X Since (X,T) is door space then
{x}is open or closedif{x}is openhence wb —open inX,Let
V = {X}then x € Vandy & V since(X,T) is wb — R, space

—wb

thus ((X}) < Vhence X & X\ V,y € y \ V Therefore
X\V wb—open subset of X if {x}is closedhence it is
wb —closedy € X \ {X}and x & X \ {X} is wb —open set in

—wb
X. Since (X,T) is wb — R, space, then ({y})w c X\
b

{XILet V=X\ ({y})w thusx € Vbuty € Vand Vwb —open
set in X, therefore (X,T) is wbT; — spaceConversely:

let (X,T) be wbT; — space and Let Vbe an wb —open set
of X and x € V for each y € X \ V there is an wb —open set

—wb
V, such that, x & V, buty € Vythen(X)m NV, = ¢ for each y

——wb
€X\ Vthus(X) N (Uyen, V) = ¢ hencey € 1,

— wb
X\V & (Uyerrw %), (XD © V ,Therefore (X,T) is
(A)b — Ro.

Remark (2.23) :but the converse Proposition (1.13) is not
true in general ,as the following Example (2.24) shows:
LetX ={a,b,c}, T = {0,X, {a},{b},{a,b}}, BOX) =
{0,X,{a},{b},{a,b},{a,c},{b,c}} thenbceE XTIUETSbE
UbutaAVets3CeVUNV=¢ then (X, 1) isnotT,-
spacesuch thatvx ,y € X3 U,V are two b-open set hence
x € U,y € V,UNV = ¢ therefore (X,7) is bT,-space

Definition (2.25): A space X is called wbT,-space ( wb-
Hausdorff space ) if for eachx # yin X there exists
disjoint an wb-open sets U,V such thatx € U,y €V

Remark (2.26): 1t is Clear that every Hausdorff space is
wbT,-space but the converse is not true in general as the
following Example(2.24) it is easy to check that is wbT,-
space but not T,-space

Remark (2.27): Every bT,-space is wbT,-space, but the
converse is not true in general asthe following:
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Example (2.28):LetX = N,7 = {A € X: A°finite} U @

{1} u 1Y =¢ = {1} £ {1} u {1} - {1}isnot b-open
Let A= {1} and 1€ U = N — {2}thenU is b-open set contain
1, since N-B is countable. then A is wb —open Since 1,2 €
N is not exists to b —open setsU,V such thatl € U,2 €V,
and UNV = @,then is notbT, —space sincewBO(X) =
{A: A € N}thuslt is wbT,-space

Theorem (2.29): Let f: X — Y be a function

1- If f is a bijection and f wb-open, X is T,-space then Yis
wbT,-space

2- If f is injective and wb-continuous ,Y is T,-space then X
is wbT,-space.

Proof:
Let f: X — Y be a function
1- suppose f iswb-open and X is T,-space Lety; =y, €Y
since f is bijective
Then there exist x; ,x, in X suchthat f(x;) =
yiand f(x;) =y, and x; # x;
Since X is T,-space then
there exists disjointopen sets Uand Vin X, such that
(x1 € Uand x, €V )Since f wb-openf(U)and f(V)arewb-
open sets in Yhencef (x;) € f(U)and y, = f(x,) €
f (V) Again since f is bijective f(U)and f (V)are disjoint in
Y, thus Y is wbT,-space
2- suppose f:X—Y is  wb-continuousand  T,-
space, Let x1,X, € Xwithx; # X,, f(x1) = y;and f(x3) =
y, since f is one-to-one Since fis,y; # y,since Y

isT, —

space then there exists open sets U and V containg y;and y, ressgec BYfIX P

Let x4,%x, € Xwithx; # X, since f is bijective theny; =
f(x,) # f(x,) = y,for some
yuy2 €
Y since (Y, T;)is wbT, — space there exists disjoint wb —
open set U and V such
that
y1 = f(x1) € Uandy, = f(x;) €
V again fis bijective x; = f~1(y;) € f~1(U)
and x, = f~(y;)
€ f~1(V) since fiswb
— irresolutef 71 (U) and f~1(V) wb
— irresolute
f~1(U) and f~1(V) are wb
— open setin(X, 1) also f is bijective U
NV = @implies
that f2(U) N f1(V) = 1 (UNV) = f71(Pp)
= ¢ is follows (X, t,) is wbT, — space.
Definition (2.33):
Topological space (X, t) is said to bewb — R;space if for x
and y in Xwith

@ #
mw c Uand {y_}w cV

there.exists.disjoint wb —open.set U.and.V such that

Theorem (2.3): The Topological door space is wb — Ry if
and only if it is wbT, — space

Proof:
Let x and y be two distinct points in X, Since X is door space
%ch X i eset{X} is open or closed If {X} is open

£ is wb- (l)then
continuousbijective f~1(U) and f~1(V) are disjoint mb — 124 }wn o) } = ‘PThUS
open. {x3 = {y} If{X} is closedSo it is wb — closed
. \ : = Y5 o
containg x4 and x,respectively thus X is wbT, and &3 0y} = (X} n {y} = ¢ Therefore {X}m s

space. respectively

thus X is wbT, — space.
Theorem (2.30):EverywbT, — space is wbT; — space Let
(X,1) be a wbT, — space ,let x and y be two disjoint distinct
in X since X. wbT, — spacethere exists disjoint wb-open set
Uand V suchthatx € Uandy € V since U and V are
disjointx € Ubuty € Uandy € V butx & V hence
X is wbT; — space
Theorem (2.31):Let M be open subspace of X ,Then M is
wbT, — space if X is wbT, — space

Proof:

Let X ,YE M,x.# ythenx,y € X SO 3 By, Bysuch
thatBiN B, =¢ 3 x € By

Yy € BywhereB;, Bare wb —open set set inXLetE; =
Bl nMm E2 = Bz nM

are wb — open set subsetin M and x € Eq,y
€ EythenE; N E; = (B; N M)
N(B,NM)=(BjNnB,)NM=¢pnM
= ¢ hence Mis wbT, — space
Theorem (2.3): Let f: X — Y be bijective wb —
irresolute function and X is wbT, — space, then (X, 7;) is
wbT, — space
Proof:
Suppose f:(X,t) — (Y,1) is bijective and f is wb—
irresolute and (Y, T;) is wbT, — space

—wb

{y}w We have (X, 1)

is wb — R, space so that,there are disjoint wb —open
set U and V such that

—__wb —wb
X € {X}w c U andy € {y}w c VsoXis wbT, — space

Conversely:
—b
in X with X} #
(2.30) so by
——wb
= {XJand{y} =

Let x and y be any points
—wb
{y}m byTheorem

—wb
so by Proposition (2.18) hence{X}w
{y} this implies x#

y since X is wbT, — space. there are two disjoint wb —
open sets U and V such that

——wb ——wb
X} ={X}cu andfy}
proves X is wb — R;space.

={y}cVv This

Corollary- (2.35): Let (X ,t) be a topological door space
Then if X is wb — Ryspace then it is
wb — Ryspace

Proof:
Let X be an wb — R; door space.Then by Theorem (2.34)
then X
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is wbT, —
space thus by Theorem (2.30)so thatby Theorem (2.22)
therefore X is wb — R, space

Definition (2.36):
A space X is said to be wb-regular space if for each x €

Xand A closed set such that x & A there exist disjoint wb-
open sets U, V such that x € Uand A € V

Remark (2.37): It is clear that each regular space is wb-
regula but the converse is not true ingeneral,in fact from
Example (1.18) is easy to check that wb-regular space is not
regular

Proposition (2.38): A Topological space X is wb-regular
space iff for every x € X and each open set U in Xsuch that
x € U there exists an wb-open set L such that xE LE L C
U.

Proof:

Let X be wb-regular space and x € X,U an open set in X such
that x € U Then U€an closed set in X and x € U€, Then there
exists disjoint wb-open set L, V thusx € L, U € V therefore
x € L € 7P € V¢ € UConversely: let x € X and M be a
closed set in X such that x € M.Then M€ is an open set in
Xand x € M€ ,Then there exists an wb-open set L such that
Xx€LC L cM Thusx € L,M < (L )" and

L, (L“"b)care disjoint wb-open set Therefore X is wb-
regular

Definition (2.39):

A topological space X is called almost wb-regular space if
for each x in X and regular closed set C such that x & C there
exist disjoint wb — open sets U, V such thatx € U,C € V

Proposition (2.40):

A space is almost X is wb-regular space iff for every x in X
and each regular open set U in X thenx € U there exists an
wb — open set L such thatx e L € L™ € U

Proof:

Let X be almost wb-regular space and x € X, U regular open
set in X thenx € U, hence U® regular closed set in X and
x & U°€ thus there exist disjoint wb — open set V, L such that

X € V,U°¢ € L, Thereforex e VC Vb c [c7°P = ¢ c U.

Conversely:

Let x € X and C be a regular closed set in Xthenx ¢ C hence
C€ regular open set in X and x € C¢, Thus there exists an

wb-open set V such thatx € V,C € (V_“’b)c

and 'V, (V“"b)care disjoint wb — open set. Therefore X is

almost wb-regular space.

Definition (2.41):

A Topological space Xis called wb-normal space if for every
disjoint closed sets Cy, C, there exist disjoint wb-open sets
Vi,Vosuch that G € Vy, G, € V5.

R.emark (2.42): 1t is clear that every normal space is wb-
normal, but the converse is not true, in fact from :

Example (1.24) it is easy to check wb-normal space but not
normal

Proposition(2.43): Topological space X is wb-normal space
iff for every closed set D € X andeach open set U in Xsuch
that D € U there exists an wb-open set V such thatD C V C
veb cu.

Proof:

Let X be wb-normal space and Let D be closed set and U
open setin X 3 D € U Then D, Uare disjoint closed sets in
X Since X is wb-normal space then there exists disjoint wb-
open sets V, L such thatD € V,U¢ € L, Thus,D SV C

Vb et = cy

Conversely:

Let D4, D, be disjoint closed sets in X then D$ is open set in
X and D; € D$ thus there exists an w b-

open Set V suchthat.D; €V € V=®Y € D$ hence D; €

V,D, © (V‘wb)cand v, (V“”b)caredisjoint wb —

open sets Therefore X is wb — normal space
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