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Abstract. In this paper, we introduce a new concept that is the affine fuzzy set and
we give some properties of it .
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1. Introduction

There are many kind of fuzzy sets in a fuzzy vector space . Katsaras in [1] was
defined a convex fuzzy set, a balanced fuzzy set and absorbing fuzzy set. In this paper
we defined and introduced a new kind of fuzzy sets that is affine fuzzy sets by
dependence on a concept of affine set which introduced in [2] . Some properties of

affine fuzzy sets was prove it in this paper.

2. Preliminaries

Let X be a non-empty set. A fuzzy set in X is the element of the set /” of all

functions from X into the unit interval /=[0,1]. If C,: X — [ is a function defined

by C,(x)=«a forall xe X, ael,then C, is called a constant fuzzy set. Let X be

a vector space over a field /', where F is the space of either the real or the complex

numbers. If 4,,4,, ..., A are fuzzy sets in X, then the sum 4 + 4, +---+ 4, (see

[1]) is the fuzzy set 4 in X defined by
A(x)=sup min{4(x,),4,(x,),.... 4 (x,)}. Also, if 4 is a fuzzy set in X and

X +Xy +ek X, =X

A(x/a) if a#0 forxe X
a € F, then a4 is a fuzzy defined by aA(x) = 0 if a=0,x#0
supA(y) if a=0,x=0

yeX
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Let X,Y benon-empty setsand f: X — Y bea function. If 4, and 4, are fuzzy
setsin X, then f(4,)c f(4,).

Let A be a subset of a vector space X on a field . Then A4 is an affine set in X

(see [2]) if Ad+(1—-A)Ac A for all A e F . The smallest affine set of X which
contains a subset 4 of X is called the affine spanned of A ( in simple aff'(4)) and

aff ()= Ax, A eF.x, e 4, A =1}.
k=1 k=1

3. Main Results

Theorem 3.1. [2]
Let 4, B be fuzzy sets in a vector space X over F,and let A,a € F . Then,
(1) a(14) = A(ad) =(ald)4;
(2)If Ac B, then A4 AB.
3) a(A+B)=ad+aB

Definition 3.2.
Let X be a vector space over F . A fuzzy set 4 in X is called an affine fuzzy set

if AMA4+(1-A)Ac A foreach A€ F .

Theorem 3.3.
Let 4 be a fuzzy set in a vector space X over F and A € F', then the following
statement are equivalent.
(1) 4 1is an affine fuzzy set.
(2) for all x,y in X, we have A(Ax+ (1—A1)y)>min{A(x),A(y)}.
Proof :
0= (2)
Suppose that A is an affine fuzzy set, by (Definition 3.2) we have
AA+(1—-A)Ac A foreach 1 € F. Now, for each x,ye X
AAx+(1-A)y)2(AA4+(1 - D) AD(Ax+(1-2)y)

= sup  min{(A4)(x),(1- ) A)(»)}

x+(1-A)y=x;+y,



= min {(A4)(Ax),((1 = ) A)((1 = A)y)} = min{4(x), A(y)} -

2=
Let xe X, (Ad+(1-D)A)(x)= sup min{(A4)(x,),((1- ) A)(x,)}

X +Xy =X

(@) If A#0and 1-A4#0, then

(M)(x1)=A(%xl) and ((1-4)4)(x,) = A(m X,)

Thus, (14 +(1—- A)A)(x)—x]s;lffxmln{/l( X)) ((1 ) X))}

But, mm{A( A i) x)} < A(ﬂ(—xl) =2 ﬂ) X)) = Ax, +x,) = A®).
(b)If 1#0 and 1—- A =0, then (Ad)(x,)= A(x,) and

0 , X, 70
(A=) A)(x,) = sup A(z) ,x, =0

(i) If x, #0, then ((1—A)A4)(x,) =0 and
(Ad+(1-2A)A)(x)= sup min{A(x,),0} =0

X|+Xy=x

Since ((1-4)A4)(x,) = A(x,), then A(x,)=0 and we get min{A(x,), A(x,)}=0.
(@) If x, =0, then ((1-A)A4)(x,)=sup A(z) and

zeX

(AA4+(A-)A)(x) = sup min{A4(x,), sup A(z)} < sup A(x)) = A(x).

(c)If A=0 and 1- A4 # 0, by the same way in (b).
(d)if A=0and 1- A4 =0, its impossible.

Theorem 3.4.

Let X be a vector space over a field F' and x, € X, then
(1) the constant fuzzy set C, , a € I is an affine fuzzy set.
(2) the characteristic function of {x_ } (in symbol y,, ,) is an affine fuzzy set.

Proof :
(1) clear.
(2) Let x,y € X, A € F and suppose that iy (AXx+(1-A)y)< min{;({xa}(x),;({xg}(y)}



Then g, ,(Ax+(1-2)y)=0 and min{y, ,(x), %, ,(»)}=1. Thus, Ax+(1-2)y #x,
and x = y = x, implies that x, # x, which is impossible. Hence,

X, (Ax+(1=24)y) 2min{y, ,(x), 7, ,(»)}. Using (Theorem 3.3), we get the result.

Theorem 3.5.
Let A be a fuzzy set in a vector space X over F . Then, 4 is an affine fuzzy set

in X ifandonly if 4,,={xe X : A(x) > a} is an affine setin X forall 0 < <1.
Proof :

Suppose that A4 is an affine fuzzy set in X . Let x,y € 4,,, then A(x)2>a and
A(y) =2 a, thus, min{A(x),A(y)}=a. Since A is an affine fuzzy set in X, then
A(Ax+(1=A)y) 2 min{A(x), A(y)} 2 a, forall A e F'. Thus, Ax+(1-4)ye 4,, . By
other word 4,,, is an affine set in X .

The converse :

Suppose that 4, is an affine set in X forall @ €[0,1] andlet x,ye X ,A e F .
Let ¢ =min{A(x),A(y)}, then  €[0,1]. Now, A(x)>min{A(x),A(y)} =a and
A(y) = min{A(x), ()} = a
That is mean x,y € 4,,. But 4, is an affine set , then Ax+(1-1)y € 4,,. Thus,
A(Ax+(1-2)y) 2 o =min{A(x), A(y)} . From (Theorem 3.3.), 4 is an affine fuzzy

setin X .

Theorem 3.6.
Let 4 and B be affine fuzzy sets in a vector space X over F', and let « € F'. Then,
ad, AN B and A+ B are affine fuzzy sets in X .
Proof :
(1) To prove aA is an affine fuzzy set in X . From (Theorem 3.1.(1),(3)), for A e F
AMad)+(1-A)ad)=a(Ad) +a((l1-A)A) =a(ld+(1-A)A) c ad.

(2) Toprove AN B is an affine fuzzy setin X . Let A € F and Suppose that for all
x,yeX,let

g X—>X,g((x)=Ax;



g, X=X, g,(x)=1-A)x;

g, X >X,g,(x)=x;

are functions. Since 4 and B are affine fuzzy sets in X, then A4+ (1-A)4 < 4 and
AB+(1—-A)Bc B.In other words g,(4)+g,(4) < g,(4) and

g,(B)+g,(B)c g,(B).Now, g(AnB)c g,(A4) and g,(AnB)c g,(A). Likewise
g(AnB)c g/(B) and g,(ANB)c g,(B). Thus,

g(ANnB)+g,(AnB)c g(A)+g,(4) c g;(4) and

g(AnB)+g,(AnB)c g,(B)+ g,(B) c g,(B). Subsequently

MANB)+(1-A)ANB)=g(ANB)+g,(AnB)c g,(A) N g,(B)=ANB.

(3) To prove A+ B is an affine fuzzy set in X . By using the same style in (2). For
AeF
A(A+B)+(1-A)(A+B)=44+(1-A)A+AB+(1-1)B

=g (4)+g,(4) + g,(B) + &,(B)
c g (A)+g,(B)=4+B.

Definition 3.7.
Let A be a fuzzy set in a vector space X over F', then the smallest affine fuzzy set

which contains 4 is called the affine spanned of A (in symbol Span(A)).

Theorem 3.8.
Let 4 be a fuzzy set of a vector space X over F . Then the affine spanned of A4 (

Span(A))istheset B=U{p,=> L, A: 4, €F,> A, =1},
i=1 i=1

Proof :
It is clear that 4 = B < Span(A). We will finish the proof by showing that B is an
[ =1,...,n

i
affine fuzzy set. Letnow A e F, Ly sy, © B, then there is /11.,(1 ,ﬂjkz eF, :
j=L..m

m

such that =i/1iklA, ., :iﬂ,jsz and i‘/@kl =1, > 4, =1.
i=1 j=1 i=1 j=1

Now,

Aty + (=D, = /I(Z 2 Aj +(1- /1)(i A A]



=Ady A+ + Ay A+ (1= DAy A+-+(1=-A)4, A< B

Moreover, Y A4, + Y (1-A)4, =1.It follows that AB +(1- 1)B < B, which
i=1 j=1
complete the proof.
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