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Abstract

In this paper, we introduce the concepts of initial fuzzy vector topology , the initial fuzzy
semi-normed ( normed ) vector space and we prove that the initial fuzzy vector topology has a
base at zero.
2010 Mathematics Subject Classification : Primary 54A40, 46540
Keywords: initial fuzzy topology, initial fuzzy semi-normed ( normed) vector space.

1. Introduction

Fuzzy topological vector spaces were defined and studied by Katsaras [2, 3]. [2] contains a
number of results leading to a characterization of the local base for the fuzzy vector topology.
In [3] fuzzy semi-norms and fuzzy norms have been defined on fuzzy vector spaces. The
initial fuzzy topology was defined and studied in [1]. The core of this paper is to find a local
base for the initial fuzzy vector topology on vector spaces.

2. Preliminaries
Let X be a non-empty set. A fuzzy set in X is the element of the set 1* of all functions
from X into the closed unit interval | =[0,1]. If C_ :X — lis a function defined by

C,(X)=a forall xe X, ael,then C, is called a constant fuzzy set. Let f be a function
from X into Y and Bel', then f'(B) is a fuzzy set in X defined by
f 1(B)(x)=(Bo f)(x)for all xe X . Also, for Ael”, f(A)el” which is defined by

sup A(X) Jf £7H(y) =6
f(A(Y)=1 "W

0 ,otherwise
Let X be a vector space over a field F, where Fis the field of either the real or the
complex numbers. If A, A,, ..., A are fuzzy sets in X, then the sum A + A, +---+ A, (see

[2]) is the fuzzy set A in X defined by
AX)=sup  min{A (%), A (X,),....,A,(X,)}. Also, if A is a fuzzy setin X and e F,

Xy +Xg +e 4 Xy =X

A(x/ ) if =0 forallxe X

then oA is a fuzzy defined by A(X) = 0 if a=0,x#0
supA(y) if a=0,x=0
yeX

If Aisafuzzysetin X and x e X, then the fuzzy set x + A is defined by
(x+A)(y)=A(y—x). Afuzzy set A in X iscalled :

(1) a convex fuzzy setif aA+(1—a)Ac A or A(ax+ (L—ca)y) > min{ A(x), A(y)} for all
x,ye Xandall a €[0]].
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(2) A balanced fuzzy set if aAc A or A(ax) > A(x) for all a with |a|<1.
(3) An absorbing fuzzy set if X = UaA or sup A(ax) =1. Clearly if A is an absorbing

a>0 a>0

fuzzy set, then A(0) =1.
For the definition of a fuzzy topology, we will use the one given by Lowen [1] that is a
fuzzy topology on a set X we will mean a subset y of 1* satisfying the following conditions

(i) y contains every constant fuzzy setin X ;

(i) If A,A, ey, then AnA ey.
(i) If A ey forall ie A ( A any index), then UA €Y.
ieA

The pair (X,y)is called a fuzzy topological space. Let (X;,7;);.,be fuzzy topological
spaces and f;: X — (X;,y;) are functions. If f*(y;)={f"(A):Aey}
, then the coarsest fuzzy topology on X making every f; is fuzzy continuous is called the
initial fuzzy topology on X with respect to {f;},_, and denoted by (U fj’l(;/j)>x Af pisa

jeA

(convex, balanced and absorbing) fuzzy set in a set X, then (see [3]) pis called a fuzzy
semi-normon X . If in addition info(ap)(x) =0 for x=0, then pis called a fuzzy norm.

3. Main Results
Theorem 3.1:[3]

Let @ be a family of balanced fuzzy sets in a vector space X over F. Then @ is a
base at zero for a fuzzy vector topology if, and only if, @ satisfies the following conditions :
(1) A(0) >0, foreach Ac @;

(2) for each non-zero constant fuzzy set C, and any « € (0, B) there exists Ae @ with
AcCj;and A0)>a;

(3)If ABe® and a < (0,min{A(0),B(0)}), then there exists D e @ with D c AnB and
DO)>«a;

(4) If Ac @ and t anon-zero scalar, then for each a € (0, A(0)) there exists B € @ with

B ctA and B(0) > «;

(5) Let Ac @ and « € (0, A(0)) . Then, there exists B € @ such that

B(0O)>a and B+Bc A;

(6) Let Ac® and x e X . If a €(0, A(0)), then there exists a positive number s such that
A(tx,) >, for all scalart e R with |t|<s;

(7) For each A @ there exists a fuzzy set B in X with B < A, B(0) = A(0) and such that
for each xe X for which B(x) >0 and each n e (0, B(x)) there exists D € @ with

D c—x+B and D(0)>n.

Definition 3.2.

Let X be a vector space, (X;,p;);.; be fuzzy semi-norm (norm) vector spaces, let

jed

f, 1 X = (X, p;) be linear functions. Set f;*(p;) ={f;'(A): Aed, }, where S, isafuzzy
topology generated by a fuzzy semi-norm (norm) p;, (jeJ).
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(1) We define the initial fuzzy vector topology on X with respect to {f;}.; (insymbol
(U fj’l(pj)>x ) is the coarsest fuzzy vector topology on X containing U fj’l(pj). It is clear

jeld jeld

that (U fj’l(pj)>x making all f;'s are fuzzy continuous.
jeld
(2) The pair (X,(U fjfl(pj)>x) is called the initial fuzzy semi-normed (normed) vector
jeld
space.

Theorem 3.3.
The initial fuzzy vector topology on X has a base at zero.
Proof :

Let 10 ={C, ﬂ(%pj of,),jed:a, e(0,0<teR}

Note, Caj N (%pj o f,) is balanced fuzzy set for all t >0,; € (0,1], je J. one needs only

show that 1@ satisfies conditions (1)-(7) of (Theorem 3.1.).
(1)

Let Ac 1@ . Then A:Caj ﬂ(%pjo f,)for some a; €(01], 0<teR, jeJ.
Now,

A©)=(C, A p, o )0 =min{C,, O, p, o 1)} = minfe, I =a, >0.

{(%pj o f;)(0) =1 since p is an absorbing fuzzy set, f is linear function}.

)

Let Cﬁ.j be a non-zero constant fuzzy set in X and let a; €(0,8;), jeJ.

Let AzCﬁ.j N(p;° f;). Now, AzCﬁ.j N(p;e fj)gCﬁ.j and

AQ©) = (C,, N (p;° F,)(0) = min{C,, (0),(p;° T,)O)}=min{ B, B =B, >a,.

©)

Let ABel® and let a; € (0,min{A(0),B(0)}), jeJ.Then A:ij ﬁ(%pj o f;) and

B=C, m(lpj o f,) where m;,n; (0,1] and 0<t,seR. Choose
s

d; € (ar;, min{A(0),B(0)}) . Choose rsuch that r >s,t. Now, let D :qu m(%pj of,). We

have now that |s/r|<1 and because p; is a balanced fuzzy set , for all jeJ we have

. 1 1 1 1 .
(s/r)p; < p;, it follows g(s/r)pj ggpj . Thus, ?pj o f, ggpj o f,. Similarly

1 1
?pjo fj g;pjo fj' So

1 1 f 1 f
D:qu m(ij ° fj)g(cmj anj)m((Epj °© j)m(gpj °© J))

1 1
=(C,, m(EP,- o) (C, ﬂ(gp,— of,))=AnB.
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Also, D(0)=(qu ﬁ(%pj o f))(0)=min{q;,}=q; > ;.

(4)
Let Acl® and 0=teR.For jeJ, chooseqa; € (0,A(0)) . We have that

A:ij ﬁ(%pjo f;) forsome m; (0], 0O<seR,

(Note, A(0)=(C,, ﬂ(%pj o £,))(0) = min{m,,=m, )
Now, for x e X
tAC) =H(Cy, NPy )00 =(C, Aoy I

—min{C,, (</9.( p, o 1)(X/0)}
=min{mj,(§p,- o 00}
=(C, NPy 0

Thus, B=tA=C,_ m(ép,— of;)el® and

B(0) =tA(0)=(C,, ﬂ(épi o £,))(0) =min{m, G=m; >c,.

(5)

Let Ae 1@ . We have that A:ij ﬁ(%pj of;) forsome m; €(01], 0<seR, jeJ.Let
a; €(0,A0)).

Now, let t =2s and let B =ij ﬂ(%pj o f,). Choose any xe X . Then, we have :
(B+B)(x)= sup min{B(x,),B(x,)}

= sup min{(C,, NP, e ) (Cyy MR o F(0)}
—supmin{C,, min{(; p, * £,)().(p, * £,)(x- 1)1}
= supmin{C, ,min{(—p; o 1, )Y (o= p; © )<~ V)

yeX ! 2s 28
—supmin{C,, min{p, (25f, (y)). p, (25 (x- )}
—supmin{C, ,min{p, (,(2sy). o, (T, (25x - 25y))}}
<supmin{C, .oy, ()@Y + F,(()(@sx-25y)]}
=supmin{C,, , p; (sf; (y+x-y))}
—supmin{C, (- p, o £,)(0}=min{C,, .(p;  f,)(X} = A,
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Also, B(0) :(Cmj m(%pj o f,)(0) =min{m;,I}=m; = AQ0) > «;. (6)

Let Ae 1@ . We have that A:Cmj m(%pj of,) forsome m; € (01], O0<reR, jeJ.Let
x, € X and a; €(0,A(0)) . Since p; is absorbing, then

sup(}pj of)(x)= stug)pj (t f;(x,))=1. We thus have that there exists s € R,s >0 such that

t>0 t

t

(%pjo f)(x.)=p;(f;(sx.)) > ;. Choose t e R such that |t|<s, then S <1.Since p, isa

balanced fuzzy set, we have for x € X

(p, fj)(éx)Z(pj o £,)(X). Thus, (%p,. o fj)(X)Z(%pj o £.)(X) > a, . Hence,
A(tx) =min{C,, (5. ( p; o F)x )} =min{m,, (o £)(00)}2 g, )

1 .
Let A:ijm(fpjofj)eI(D, m;e€(0l],jeJ and O<teR. For x;eX; define
Py X;—=>1 by p;(x;)=supp;(»x;). Then, p,of,:X —>1 is a fuzzy set defined by :
v>1

(p;° f,)(X) :/Bj(fj(x)):svtiﬁ)pj(vfj(x)) :Svti?(pj o f;)(»), for all xe X . Moreover, for each

a;€(01) we have o;p,cp;cp;. Take, B =C, m(%ﬁj of;). Note, B A and

B(0) =m; = A(0) . Choose x, € X with B(x,) >0 and let n,n, € R suchthat 0 <n<n <B(x,).

: N 1. . 1. :
Since (p; ° f;)(tx,)) = (;pj o f)(x)2= mln{mj,(zpj o f,)(x.)}=B(x)>n;, then there exists
s,>1 such that (p;of;)(ts,x.)>n. Choose seR such that 1<s<s,, then
(pjof)sx.)=(p; o f;)(ts.x,)>n, and so B(sx,)>n,. Since B is a convex fuzzy set, taking

q=1 we have B(x+x.) = B(q(sx.)+(1—q)— )
S (1-q)

> min{B(sx. ), B(ﬁ)}

. ~ tx
>min{n,m.,(p: o f.)(——
2 In{nl j ( j ])((1_ q))}

> min{n,(p; o f;)(ax)} if 0< <ﬁ. Therefore, D=C, m(épj of)c—x+B

and D(0)=n,>n.
Thus, 1@ is a base at zero for the initial fuzzy vector topology on X .
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