
Journal of Basrah Researches ((Sciences)) Volume 37. Number 4. C ((2011))

The initial Fuzzy Semi-Normed ( Normed ) Vector Space I

Noori Farhan AL-Mayahi    and      Salah Mahdi Ali
Department of Mathematics, College of C. Sc. and Math.,

AL-Qadisiya University
nafm2005@yahoo.com & salah_x9@yahoo.com

ISSN 1817 2695

Abstract
     In this paper, we introduce the concepts of  initial fuzzy vector topology , the initial fuzzy
semi-normed ( normed ) vector space and we prove that the initial fuzzy vector topology has a
base at zero.
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1. Introduction
  Fuzzy topological vector spaces were defined and studied by Katsaras [2, 3]. [2] contains a

number of results leading to a characterization of the local base for the fuzzy vector topology.
In [3] fuzzy semi-norms and fuzzy norms have been defined on fuzzy vector spaces. The
initial fuzzy topology was defined and studied in [1]. The core of this paper is to find a local
base for the initial fuzzy vector topology on vector spaces.

2. Preliminaries
  Let X  be  a  non-empty  set.  A fuzzy  set  in X is the element of the set XI of all functions

from X  into the closed unit interval I =[0,1]. If IXC : is a function defined by
)(xC  for all Xx , I , then C  is called a constant fuzzy set. Let f  be a function

from X  into Y  and YIB , then )(1 Bf  is  a  fuzzy  set  in X  defined by
))(())((1 xfBxBf for all Xx . Also, for XIA , YIAf )(  which is defined by

otherwise
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Let X  be a vector space over a field F , where F is the field of either the real or the
complex numbers. If 1A , 2A , …, nA  are fuzzy sets in X , then the sum nAAA 21 (see
[2] ) is the fuzzy set A  in X  defined by
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. Also, if A  is  a  fuzzy  set  in X  and F ,

then A is a fuzzy defined by
0,0)(sup
0,00

0)/(
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If A  is a fuzzy set in X  and Xx , then the fuzzy set Ax  is defined by
)())(( xyAyAx . A fuzzy set A  in X is called :

(1) a convex fuzzy set if AAA )1(  or )}(),(min{))1(( yAxAyxA  for all
Xyx, and all ]1,0[ .
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(2) A balanced fuzzy set if AA  or )()( xAxA  for all with 1.

(3) An absorbing fuzzy set if
0

AX  or 1)(sup
0

xA . Clearly if A  is an absorbing

fuzzy set, then 1)0(A .
For  the  definition  of  a  fuzzy  topology,  we  will  use  the  one  given  by  Lowen  [1]  that  is  a

fuzzy topology on a set X  we will mean a subset  of XI  satisfying the following conditions
:

(i)  contains every constant fuzzy set in X ;
(ii) If 21, AA , then 21 AA .
(iii) If iA  for all i  (  any index), then

i
iA .

The pair ),(X is called a fuzzy topological space. Let jjjX ),( be fuzzy topological

spaces and ),(: jjj XXf  are functions. If }:)({)( 11
jjjj AAff

, then the coarsest  fuzzy topology on X  making every jf  is fuzzy continuous is called the

initial fuzzy topology on X  with respect to jjf }{  and denoted by X
j

jjf )(1 . If is a

(convex, balanced and absorbing) fuzzy set in a set X , then (see [3]) is called a fuzzy
semi-norm on X . If in addition 0))((inf

0
x  for 0x , then is called a fuzzy norm.

3. Main Results
Theorem 3.1:[3]

Let  be a family of  balanced fuzzy sets in a vector space X  over F . Then  is a
base at zero for a fuzzy vector topology if, and only if,  satisfies the following conditions :
(1) 0)0(A , for each A ;
(2) for each non-zero constant fuzzy set C  and any ),0(  there exists A  with

CA  and )0(A ;
(3) If BA,  and )})0(),0(min{,0( BA , then there exists D  with BAD  and

)0(D ;
(4) If A  and t  a non-zero scalar, then for each ))0(,0( A  there exists B  with

tAB  and )0(B ;
(5) Let A  and ))0(,0( A . Then, there exists B  such that

)0(B  and ABB ;
(6) Let A  and Xx . If ))0(,0( A , then there exists a positive number s  such that

)(txA , for all scalar Rt  with st ;
(7) For each A  there exists a fuzzy set B  in X with AB , )0()0( AB  and such that
for each Xx  for which 0)(xB  and each ))(,0( xBn  there exists D  with

BxD  and nD )0( .

Definition 3.2.
Let X  be a vector space, JjjjX ),(  be fuzzy semi-norm (norm) vector spaces, let

),(: jjj XXf  be linear functions. Set }:)({)( 11
j

AAff jjj , where
j
 is a fuzzy

topology generated by a fuzzy semi-norm (norm) j , ( Jj ).
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(1)  We define the initial fuzzy vector topology on X  with respect to Jjjf }{  ( in symbol

Jj
Xjjf )(1 ) is the coarsest fuzzy vector topology on X  containing

Jj
jjf )(1 . It is clear

that
Jj

Xjjf )(1  making all jf 's are fuzzy continuous.

(2)  The pair ))(,( 1

Jj
XjjfX  is called the initial fuzzy semi-normed (normed) vector

space.

Theorem 3.3.
The initial fuzzy vector topology on X  has a base at zero.

Proof :

Let }0],1,0(:),1({ RtJjf
t

CI jjjj

Note, )1( jj f
t

C
j

 is balanced fuzzy set for all ]1,0(,0 jt , Jj . one needs only

show that I  satisfies conditions (1)-(7) of (Theorem 3.1.).
(1)

Let IA . Then )1( jj f
t

CA
j

for some ]1,0(j , Rt0 , Jj .

Now,

}1,min{)}0)(1(),0(min{)0))(1(()0( jjjjj f
t

Cf
t

CA
jj

0j .

{ 1)0)(1( jj f
t

 since  is an absorbing fuzzy set , f is linear function}.

(2)
Let

j
C  be a non-zero constant fuzzy set in X  and let ),0( jj , Jj .

Let )( jj fCA
j

. Now,
jj

CfCA jj )(  and

}1,min{)}0)((),0(min{)0)((()0( jjjjj fCfCA
jj jj .

 (3)

Let IBA,  and let )})0(),0(min{,0( BAj , Jj . Then )1( jjm f
t

CA
j

 and

)1( jjn f
s

CB
j

 where ]1,0(, jj nm  and Rst,0 . Choose

)})0(),0(min{,( BAq jj . Choose r such that ., tsr  Now, let )1( jjq f
r

CD
j

. We

have now that 1/ rs  and because j  is a balanced fuzzy set , for all Jj  we have

jjrs )/( , it follows jj s
rs

s
1)/(1 . Thus, jjjj f

s
f

r
11 . Similarly

jjjj f
t

f
r

11 . So

))1()1(()()1( jjjjnmjjq f
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Also, jjjjjq qqf
r

CD
j

}1,min{)0))(1(()0( .

(4)
Let IA  and Rt0 . For Jj , choose ))0(,0( Aj . We have that

)1( jjm f
s

CA
j

 for some ]1,0(jm , Rs0 ,

( Note, jjjjm mmf
s

CA
j

}1,min{)0))(1(()0(  )

Now, for Xx
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Thus, If
s
tCtAB jjm j

)(  and

jjjjjm mmf
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tCtAB
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(5)

Let IA . We have that )1( jjm f
s

CA
j

 for some ]1,0(jm , Rs0 , Jj . Let

))0(,0( Aj .

Now, let st 2  and let )1( jjm f
t

CB
j

. Choose any Xx . Then, we have :
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Also, jjjjjm Ammf
t

CB
j

)0(}1,min{)0)(1(()0( .                          (6)

Let IA . We have that )1( jjm f
r

CA
j

 for some ]1,0(jm , Rr0 , Jj . Let

Xx  and ))0(,0( Aj . Since j  is absorbing, then

1))((sup))(1(sup
00

xftxf
t jj

t
jj

t
. We thus have that there exists 0, sRs  such that

jjjjj sxfxf
s

))(())(1( . Choose Rt  such that st , then 1
s
t . Since j  is a

balanced fuzzy set, we have for Xx

))(())(( xfx
s
tf jjjj . Thus, jjjjj xf

s
xf

t
))(1())(1( . Hence,

jjjjjjm rxf
t

mtxf
r

txCtxA
j

)})(1(,min{)})(1(),(min{)( (7)

Let If
t

CA jjm j
)1( , ]1,0(jm , Jj  and Rt0 . For jj Xx  define

IX jj :ˆ  by )(sup)(ˆ
1

jjjj xx . Then, IXf jj :ˆ  is a fuzzy set defined by :

))((sup))((sup))((ˆ))(ˆ(
11

xfxfxfxf jjjjjjjj ,  for  all Xx . Moreover, for each

)1,0(j  we have jjjj ˆ . Take, )ˆ1( jjm f
t

CB
j

. Note, AB  and

)0()0( AmB j . Choose Xx  with 0)(xB  and let Rnn 1,  such that )(0 1 xBnn .

Since 1)()})(ˆ1(,min{))(ˆ1()))(ˆ( nxBxf
t

mxf
t

txf jjjjjjj , then there exists

1s  such that 1))(( nxtsf jj . Choose Rs  such that ss1 , then

1))(())(ˆ( nxtsftsxf jjjj  and  so 1)( nsxB . Since B  is a convex fuzzy set,  taking

s
q 1

 we have )
)1(

)1()(()(
q

xqsxqBxxB

)}
1

(),(min{
q

xBsxB

)}
)1(

)(ˆ(,,min{ 1 q
txfmn jjj

)})((,min{ 1 xfn jj  if
q

t
1

0 . Therefore, BxfCD jjn )1(
1

and nnD 1)0( .
Thus, I  is a base at zero for the initial fuzzy vector topology on X .
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