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On paracompact in bitopological spaces.
Luay Abd AL-Haine AL-Swidi (*),
Ihsan Jabbar AL-Fatlawe  (*)

SUMMARY .- We modify the concept of paracompactness for spaces with two topologies and

obtain several results concerning paracompact in bitopological spaces.

1-Introduction

Bitopological space , initiated by Kelly [ 7 ], is by definition a set equipped
with two non identical topologies , and it is denoted by (X, t,u) where t and p are two
topologies defined on X .

A sub set F of a topological space (X, 1) is F; [ 11 ] if it is a countable union of
t-closed set . We will denote to such setby 1- Fo .

Let (X, 1) be a topological space . A cover (or covering) [ 3 ] of a space X is a
collection U ={U L A€ A} of subset of X whose union is the whole X .

A sub cover of a cover U [ 3 ] is a sub collection v of u which is a cover .

An open cover of X [ 3 ] is a cover consisting of open sets , and other adjectives
appling to subsets of X apply similarly to covers .

For an infinite cardinal number m , if the collection U = {U L A€ A} consists of
at most m sub-sets, we say that it has cardinality <m or simply card. <m . Some
times this collection is denoted by |U | < m(or)|A| <m.

If a sub set A of X is consisting of at most m elements we say that A has
cardinality <m (or with cardinality <m ) , and is denoted by |A| <m. A bitopo-
logical space (X, t, ) is called (m) (t-p) compact if for every t-open cover of
X, (with cardinality <m), it has p-open sub-covers . The function
f:(X,r,u,p)—> Y, 7,10, p) is said to be (r—-7)- close[(f - Z'\)continuous] func-
tion if the image [inverse image of each t-closed[t-open ] is 7t -closed [t-
open in X] in Y. .Let U={U, : A€A} and V={V, :y€I'} be two coverings of X ,
V is said to be refine (or to be a refinement of ) U , if for each V, there exists some

U, with Vy c U,.
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If W={W; :0 € Q} refine two covers U, V of X, then it is called common

refinement [2] . A family U={ U, : A€ A}of sets in a space (X,t) is called local-
ly finite, if each point of X has a neighborhood V such that VNU;#¢ for at most

finitely many indices A. In other word VNU,= ¢ for all but a finite number of A. A

family U of set in a space (X,1) is called c-locally finite if

v=UU,

n=1
where each U, is a locally finite collection in X.

A bitopological space (X, t ,u) is called pairwise Hausdorff if for every
two distinict points x and y of X, there exist T -open set U and a u -open set V
suchthatx €U,y € Vand U NV= ¢.

A bitopological space (X, t ,u) is called (m)(t, p , p)- regular if for every

point x in X and every 1 -closed set A with |A| <m such that for x € A, there

exist two p- open sets U, V such that x € U, A © V,and U NV= ¢.
Clearly every (1, 1, p)-regular space is m(t,,)-regular space .
A bitopological space (X,t,u) is called (m-)(t,u,u) —normal if for every pair

disjoint t-closed sets AB of  X,with |4 <m,

B| <m there exist two pu-

open sets U,V such that A cU,BcV,and UNV = ¢.
Clearly every (t,u,1) —normal space is m(t,u, ) —normal.
A topological space (X, T )is said to be :
1- m-paracompact [9], if every open cover of X with card .<m has a locally
finite open refinement.
2- paracompact[4], if every open cover of X has a locally finite open refinement.
3- (m-) semiparacompact, if every open cover of X ( with card. <m) has a o-
locally finite open refinement .
4- (m-) a-paracompact[1] if every open cover of X with card. <m has a « -
locally finite refinement not necessary either open or closed.
2-Main Results
2.1-Definition
A bitopological space (X, t,u) is called (m-) (t - p ) paracompact

w.r.t u,if for every t-open cover U ={U L A€ A}of X (with card. < m) has a p-open

refinement V = {Vy 1ye F} which is locally finite w .r .t p.
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2.2 - Proposition
Every (t -p )paracompact w .r .t.u bitopological space ( X, T ,u ) is m (t-
p)paracompact w .r .t L .
2.3 - Definition
A bitopological space (X , t,u) is called (m-) (1 - ) semiparacompact w .r .t

u ,if every T - open cover U ={U , A€ A}of X (with card. < m) has a p -open

refinement V ={ V7|7 eI’ } whichis o-locally finite. w.r.t pu .

2.4 - Proposition
Every (1 -p )semiparacompact w .r .t.u bitopological space ( X , T ,u ) is m(t -y )

semiparacompact w .r .t pL .

2.5 - Theorem
Every m(t-p )paracompact w .r .t. p bitopological space ( X , 1, 1 ) is
m(T -| )semiparacompact w .r .t [l .
2.6 - Corollary
Every (t-u )paracompact w .r .t. p bitopological space ( X , T ,u ) is
(t-p) semiparacompact w .r .t. L .
2.7 - Corollary
Every (t-pu )paracompact w .r .t. p bitopological space ( X , T ,u ) is
m(T -| ) semiparacompact w .r .t L.
2.8 - Definition
A bitopological space (X,t ,u) is called (m-) (t - p ) -a-paracompact

w .r .t pif for every T - open cover U ={U L AE A} of X (with card. < m) has a
refinement V ={V, :ye '} of U not necessarily either p-open or u-closed which

is locally finite . w .r .t. p .

2.9 - Proposition

Every (t-pu )-a-paracompact w .r .t. p bitopological space ( X , T ,u ) is
m (T -p ) -a-paracompact w .r .t \L..
2.10 - Theorem

Every m(t -u )semiparacompact w .r .t.u bitopological space

(X,1,u)ism(t-p ) -a-paracompact w .r .t. |l .
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Proof
Suppose that ( X, T ,u0 ) be m (t -pu )semiparacompact w .r .t.iu space. Let

U={U L Ae A}be a 1 -open cover of X with card <m ,then U has p-open
refinement V of U which is O-locally finite w .r .t. p, such that
v=Uv
n=l
where each V,  is p-open collection which is locally finite w.r.t.u,say

V. = {Vnﬁ : B B}. For each n, let

then W, 1is p - open set. Since
x=U( U] -U[Yra]-Om
B \n=1 n=1\_p n=1

Then the collection W = {Wn ne IN } is p-open cover of X.

Define

A =w, /| Jw, where i=1,2,...

i

then A= {An :ne IN} is a collection of sets that are not necessarily either p-open or
u-closed.then A is cover of X, a refinement of Wand locally finite
w.r.t. u. Hence ( X, T,u) is m(t-u )-a- paracompact w.r.t u
In the same way we can prove the following corollaries.
2.11 - Corollary

Every (t-u )semiparacompact w .r .t. p bitopological space ( X, T ,u ) is
(T-p )-a-paracompact w.r.t | .
2.12 - Corollary

Every (t-p )semiparacompact w .r .t. p bitopological space ( X, T ,u ) is

m (T-p ) -a-paracompact w .r .t | .
2.13 - Corollary

Every m (t-p )paracompact w .r .t. p bitopological space ( X, T ,u ) is
m (T-p )- a-paracompact w .r .t. L .
2.14 - Corollary

Every (t-p )paracompact w.r.t. pu bitopological space ( X, T, ) is

(t-p )- a-paracompact w.r.t. | .
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2.15 - Corollary

Every (t-u ) paracompact w .r .t .u bitopological space ( X, t ,u ) is
m(T-p ) -a-paracompact w .r .t .| .
The following diagram show the relation a among the spaces which have been studied

above

(T-p ) paracompact

w.r.tpn.

U

(t-p )semiparacompact

—>

m(T-p ) paracompact

w.r.tpn.

U

m(T-p)semi paracompact

w.r.tp.

w.r.tpn.

[ U

(T-p ) a- paracompact m(T-p ) —a- paracompact

1!

w.r.tp. w.r.tpn.

2.16 - Theorem
Let ( X, T ,u ) be an m(t-p )paracompact w .r .t p. and pairwise Hausdroff space
such that every 1- closed set in ( X, T ,u ) has card. <m, then ( X, Tt ,u ) is

m(t ,u, p )-regular space.

Proof
Suppose that. ( X, T ,u ) be an m(t-u ) paracompact w .r .t p space, A
a 1- closed set in (X,t,n ) having card. <m, and x € X/ A.

Since ( X, t ,u ) is pairwise Hausdorff, then for each y€A, we can find

a t-open set Vy and a p-open set Uy, such that xe U ,and U, ﬂV‘y =¢ the col-

lectionIT={V,: ye A}U{X/A}form a t — open cover of X having card. <m. and

IT has a p-open refinement W ={W, : y¢ I'} which is locally finite-w.r.t. p.

Set
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v=Jw,:w,NA =g}
el

then V is p-open set containing A.

Since the p- open cover W is locally finite. w.r.t. pthen x has a u-neighborhood
U* which meet only a finite number of Wyy,....Wy, .If some Wy;, i=1,2,...n meets A
1.e Wﬂ NA+#¢, then Wﬁ. < X/Ais impossible thus there exists W,; .such that
W, cV,.

Set
U=U *ﬂ(ﬂwyj

then x € U and U is a u- open set thenU [V = ¢ .Therefore the bitopological space
(X’T7u) is m(T,M’H)‘ regl’ﬂar

2.17 - Corollary
If (X, t,0)bea(t-p) paracompact w .r .t. pu ,and pairwise Hausdorff then

(X, t,u)is (t,u,pn ) —regular.
2.18 - Theorem

If (X, t,n)is an m (t -p )paracompact w .r .t i, and pairwise Hausdorff space,
such that every t-closed set in ( X, t,u ) has card.<m , then ( X, t,un ) is

m(t,\,) )-normal .

proof
Suppose that ( X, T ,u ) be an m(t -p ) paracompact w .r .t pu .Let A,and B be
disjoint 1- closed sets in ( X, t ,u )such that they has card. <m. Since ( X, T ,u ) is

pairwise Hausdorff, then for each x€e A,yeB we can find a t-open set Uy

and a p-open set Vy , such that xeU,_,yeV,,and U_(V, =¢. Then
[I={U,: x € A}U{X/A}form a t-open cover of X having card.<m. Then

IT has a p-open refinement W ={W, : y € I'} which is locally finite-w.r.t p.
Set

U=Jw,.w,NA =g¢}.
¥

Then U is p-open set contains A.
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For each ye B ,we can find p-open nhd Hy wich meets only a finite number of
W,, say Wyigy),..., Wyngy) (the value of n also depending on y) . Each W,;,) meeting A
e W,iNA#¢ ,then W,;cX/A is impossible . Thus there exists Uy ; such that

Wyi(y) c U forx; € A.
Set G, =H, ﬂ(ﬂ VXl.j
i=1
then Gy is a u-open set which contains y but does not meet U

Let V=U G,.

veB
Then V is a p-open set, and BcV and UNV=¢g . Therfore ( X, t ,n ) is
m(t ,u, W )-normal.
2.19 - Corollary

If (X, 1,n)bea(t-p) paracompact w .r .t. pu ,and pairwise Hausdorff space then
itis (t, W, u ) —normal .
2.20 - Theorem

Let ( X, t,u) be a bitopological space and let (Y, Ty ,ily ) be a 1- closed subspace
of X ,t, p)If (X ,1, p ) is m(t-u ) paracompact w .r .t .u , then (Y, 1y .Uy )
is m(ty-py ) paracompact w .r .t. [y .
Proof

Suppose that (Y,ty,ly) be a 1- closed subspace of m(t-p ) paracompact w .r .t.u

space (X,t ,u). Show that (Y,ty,ly) is m(Ty-ply)paracompact w .r .t fLy.

Let U ={U, : A€ A} be a t- open cover of Y with card. <m.

Since U ,is ty-open subset of Y, there is 1- open subset V, of X such that
eachU, =V, NY . The collection. [[={V,:41e A}U{X/Y}form a t-open cover of™
X with card. <m. By hypothesis [ has p-open refinementW ={W, : ye I'} which is

locally finite w.r.t. p.

Now, let A ={ W, nY |7/e I'} ,then A is a collection of py-open subset of Y ,

hence A is a cover Y and refine U locally finite w.r.t.u. Therefore ( X, ty ,uy ) is
m(Ty — [y ) paracompact w .r .t. [Ly.

2.21 - Corollary
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Let ( X, t,u ) be a bitopological space and let (Y, Ty ,ly ) be a 1- closed subspace
of (X ,1, n).If (X ,1, p) is (t-p) paracompact w .r .t p ,then (Y, 1y ,uy) is (Ty-Ly)

paracompact w .r .t Ly .

2.22 - Theorem

Let ( X, 7,1 ) be a bitopological space and let y = { X, :X,etNu:iellbea
partion of X. the space ( X, t,u)is m(t-p)paracompact w .r .t .piff (Xi, i ,1) is
m(T; -1 ) paracompact w .r.t.J;. for every i.
Proof

The "only if "part. Since Xi:X/U X, 1s 1- closed , then the subspace

j#i
(Xi, Ti,W)is m(t; - ;) paracompact w .r .t p; for every i

The "if" part . Let U ={U, : A€ A}be a t- open cover of X with card. <m .The
collection][] ={U , N X, : A€ A}is a 1-open cover of X; with card.<m for every i.
Since (Xi, Ti ,Wi) 1S m(t; -W;) paracompact w .r .t ; .Vi, there exist a pj-open

refinement A, = {A_, : A€ A }of [ which is locally finite. w.r.t ..

Let w={]J A, |ieA }.

iel
Then W is p- open cover of X refining U, and locally finite w.r.t. L.

Hence(X,t,1)is m(t-p)paracompact w.r.t ..

2.23 - Corollary
Let ( X, T,u ) be a bitopological space, g ={ X X, etNuiel }be

a partition of X. The space ( X, T ,u ) is (t -u ) paracompact w .r .t. p iff the space

(Xi, Ti,Wi) is (7i - ) paracompact w .r .t. ; for every i.

2.24 - Theorem
Let (X, T ,u) be a m( T -u) paracompact w.r.t. pu bitopological space and let
(Y,ty ,uy) be a subspace of(X, 7 ,u). If Y is Fs-set relative to 1 then (Y,ty ,uy) is
m( Ty-ly) semiparacompact w.r.t. Ly.
Proof

Suppose Y is Fg-set relative to t . Then Y =UY, where each Y,,is 7- closed Let

U={U,: A€ A}be a ty-open cover of Y with card. < m.Since each Uy is ty- open
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subset of Y, we have U, = V;,NY, where V, is t-open subset of X for each A € A. For
each fixedn, E, = {V/1 : e AJU{X /Y }form a t-open cover of X with card. < m.By

hypothesis E, has a p-open refinement W :{Wﬂn :(A,n)e AxIN}which is locally
finite .w.r.t.u.For each n, let B, ={W, NY:W, NY, # ¢}.Let B=UB, then B is

collection of py-open set,covers Y refines U and o- locally finite w.r.t. uy There for

(X, t,p) is (ty -py) semiparacompact w.r.t. fLy.

2.25 - Corollary
Let (X, T ,u) be a ( T -p) paracompact w.r.t. p biological space and let
(Y,ty ,uy) be a subspace of(X, t ,n). If Y is Fo-set relative to Tt then (Y,ty ,ly) is

( Ty-ly) semiparacompact w.r.t. Ly.

2.26 - Corollary
Let (X, t ,u) be a m (t -pu) paracompact w.r.t. p biological space and let
( Y,ty ,uy) be a subspace of (X, T ,u) If Y is Fo-set relative to t then (Y,ty ,My) 1S
( Ty —1y)-a-paracompact w.r.t. fly.
2.27 - Corollary
Let (X, T ,u) be a ( t-p) paracompact w.r.t. p bitopological space and let
( Y,ty ,uy) be a subspace of(X, 1 ,u) .If Y is Fs-set relative to 1, then (Y,ty ,[y) is
( Ty-ly) semiparacompact w.r.t. [y
2.28 - Theorem
let ( X, T ,u ) be a bitopological space and let (Y, ty .,y ) be a t- closed
subspace of (X,t, p).If (X ,t, p) is m(t-p )-a- paracompact w .r .t ., then (Y, 1y ,ly )
is m(ty ,ly )-a- paracompact w .r .t. [y .
Proof
Suppose that. ('Y, 1y ,)ly ) be a 1- closed subspace of m(t-p )-a- paracompact
w .r.t. pspace ( X, 1,u ). To show that ('Y, ty ,lty ) is m(ty -[ly )-a- paracompact w .r
.t Wy,

LetU ={U, : A€ A} be a ty- open cover of Y with card. <m. Since each U, is

a Ty-open subset of Y, there is a t- open subset V,; of X such that each the collection
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[1={V,:1e A}U{X/Y}form a 1 -open cover of X with card. <m. By hypothesis
[1 has refinement W = {W, : ¥ € I'} (not necessarily either p-open or p-closed) which

is locally finite.w.r.t .

Now, letA:{WyﬂY ,Y€E F},then A is a collection of subsets of Y(not

necessarily either py-open or py-closed). Then A is a cover Y refines U and is locally

finite . w.r.t .uy. Therefore ( X, Ty ,ly ) is m(ty - [y )-a- paracompact w .r .t. [Ly.

2.29 - Corollary
Let ( X, T ,u ) be a bitopological space and let (Y, ty ,uy ) be a t- closed
subspace of (X ,t, p ).If (X ,1, u) is (1 -p )-a- paracompact w .r .t. u, then (Y, ty ,[y )

is (Ty -[y )-a- paracompact w .r .t [y .

2.30 - Theorem
Let (X,T,w)be a bitopological space and let y ={ X, :X,ertpu:iellbe a
partition of X. The space ( X, t,u ) is m(t -u )-a- paracompact w .r .t. u,iff (Xj ,7;,14)
is m(t; -; )-a- paracompact w .r .t. i; for every i.
Proof
The "only if "part. Since

Xi=X/J X,

j#i
is 1- closed , then the subspace (Xj,t,1i) is m(Ti-};)-a-paracompact w .r .t. p for

every i

The "if" part .

Let U={U,:Ae A}be a t-open cover of X with card. <m .The collection
[1={U,NX,:Ae A}is a1- open cover of Xi with card. <m for every i. (Xi, T; 1)
is m(t; -;)-a- paracompact w .r .t. ; Vi, there exist a refinement Ai={A,, : A€ A }
of [T (not necessarily either p;-open or p;-closed) which is locally finite. w.r.t ;.

Let ~ W={[] A,|ieA }.

iel
Then W is a cover of X(not necessarily either p-open or p-closed) , refine U and is
locally finite w.r.t .u. hence W locally finite w.a.t p . Hence X,t,u) is

a m(T-W) —a- paracompact w.r.t L.
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2.31 - Corollary
Let (X,t,1) be a bitopological space and let y = { X, :X,etNuel }be a

partition of X. The space ( X, T ,u ) is T - )-a- paracompact w .r .t .u iff the space

(X4,Ti,14) 1S (Ti -1 ) —a-paracompact w .r .t i for every i.

2.32 - Theorem
If each 1-open set in an m(t-Q) paracompact w .r .t p bitopological space (X,t,1)
is m(t-p) paracompact w .r .t. i, then every subspace
(Y, ty, py) is m(ty-py) paracompact w .r .t .y .
Proof

Let U =1{U, : A€ A} is a ty-open cover of Y with card.< m.Since each U is
Ty-open inY,we haveU, =V,(1Y whereV, is a t-open subset of X,for every

A€ A Then G= EUAVﬂ is a Ty-open set .LetV = {VA,/IE A}be a ty-open cover of G

with card. < By hypothesis G is m(t-p) paracompact w .r .t. p .ThusV has a p-
open refinement A = {Ay, ye F} which is locally finite w .r .t .
Set
BZ{By,Q/E F}, where ByszﬂY.

then B is py-open cover of Y, refine U,and locally finite w .r .t py.
Therefore (Y, Ty, ly) is m(ty-[ly) paracompact w .r .t. Ly.

2.33 - Corollary
If each t-open set in (t - p) paracompact w .r .t p. the bitopological space
is (t - p) paracompact w .r .t u. Then every subspace (Y, 1y, ly) 1S (Ty-ly) para-

compact w .r.t. py.

2.34 - Theorem
If fis (u- v) closed , (u-u”) continuous mapping of a bitopological space (X,t,1)
onto m(t-u) paracompact w.r.t.u  bitopological space (Y,t,u’) such that

Z=f"(y): ye Y is m(t-p) compact , then (X,t,p) is m(t-p) paracompact w. r. t. |1 .
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Proof
Let U ={U L AE A} be a t-open cover of X with card. <m . Then U cover of Z
Since Z is m(t-p) compact , there exists a finite subset y of A such that

Z c U U, ,where Uy isa p—open set for every A€ y.
Aey

Let I' be the family of all finite sub set y of A, then |F| <m.

Set Vy:Y/f[X/UUﬂ]

Aey

Since U U, is a p—open set , the set X/ UJ U, is p—closed , and since f is( p-1")
Aey Aey

closed , then f[X/ U Ul} is T— closed in (Y,t,u’) , hence V, is a T—open .

Aey

Moreover ye V, and f B [Vy]c U U, .Therefore V = {Vy 1YE F}is a T — open cover
Aey

of Y with card. <m .Since (Y,t,u") is m(t - p°) paracompact w. r. t. i~ , then V has a
p - open refinement W = {W,; :5e Q} which is locally finite w. r. t u° .Set
I1= {f‘1 W, ]NU, :(5,1)e Qxy; }.then IT is a p —open cover of X, refines U,and

locally finite w. r. t u. Therefore(X,t,1) is m(t-u) paracompact w. r. t J.

2.35 - Corollary
If fis (u- ) closed , (u-p’) continuous mapping of a bitopological space
(X,t,n) onto (t-p’) paracompact w.r.t.u bitopological space (Y,t,u’) such that
Z=f"(y): ye Y is (t-p) compact , then (X,T,p) is

(T-p) paracompact w. r. t. [t .

2.36 - Theorem
If fis (u- v) closed , (pu-p) continuous mapping of a bitopological space (X,t,1)
onto m(t -y )semiparacompact w.r.t.u bitopological space (Y,t,u) such that
Z=f"(y):yeY is m(t-p) compact , then X,T,p) is m(t-p)semi-

paracompact w.r.t. 1.

Proof
LetUz{U/1 :Ae A} be a t-open cover of X with card. <m .Then U is

a cover of Z. Since Z is m (t-p)compact,there exists afinite subset y of A such
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That Z < U U, where Uy is a p-open set for every A€ y .Let I' be the family of all
Aey

finite subset ¥ of A, then |F| <m.

Set
Vy=Y/f[X/UUﬂ}.
Aey

Since U U, is p-open set, the set X / U U ; is p-closed ,and since f is (u- t°)closed,
Aey Aey

then f[X/ U Ul}is T -closed in(Y,T,u’) ,hence Vy is T -open and yeV, and
Aey

f [Vy]c EyU , -Therefore V={V7:7€ F}is a T -open cover of Y with card.

<m.Since (Y,T,u) is m (1°-u") semiparacompact w. r. t u',then V has a p -open

refinement W =U W, where every W, is locally finite w. . t 1.

n

Set

W =W, ,:0eQ}. Thus W=U{W,:5eQ}.
Set C=UC,, whereC, = {f‘l[Wna]ﬂ U,:(6,1)e Qx 7/5}. We claime that C, is
(1) collection of p-open sets;

(i1) locally finite w. . t. u;

Proof of (i)

-1
Since Wysis a u* -open Vo€ Aand fis (u-p’) continuous, the set f [Wn 5] is
-1
a p-openVd € A ,and since Uy is a p-open VA€ y;.then f[W,;]NU, is a p-open
V(5,1)e Axy;.
Proof of (ii)
Let xe X = 3dye Y 5> y= f(x).Since W, is locally finite w. r. t. p = Ju, —nhd

N of x such that NOWj 3=¢ for all but finite number of

5= 7 [N]N ( w,In Uﬂj = ¢ for all but finite number of (5,4) since f is

(u-p*) continuous ,then f~' [N ]is a u-nhd of x .Hence C, is locally finite w. r. t p. Its

remains to show that C is:
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(i*) cover X ,and
(i1*) refine U
proof of (i*)
Let xe X =>3U,>xeU, and Fye¥Y>y=f(x)=3IW,>yeW, for some

-1
nd= xe f[W, ;] for somen,d = xe f'[W ;]NU, for some( 5,1).
Proof of (ii*)

Since f [Wné']ﬂUﬂ cU,;.V,s= G(f‘l[Wm;]ﬂ Uﬂj cvU,
n=1
i.e IT refine U,. Therefore (X,t,1) is m(t-p) semiparacompact w. 1. t L.

2.37 - Corollary

If fis (u- T) closed , (u-p°) continuous mapping of a bitopological space (X,t,L)
onto (1 -p)semiparacompact w.r.t.u~ bitopological space (Y,t,u’) such that
Z=f"(y): ye Y is (t-p) compact , then (X,T,p) is

(t-pu)semiparacompact w. r. t. [l .
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