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On paracompact in bitopological spaces. 
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SUMMARY.- We modify the concept of paracompactness for spaces with two topologies and  

                   obtain several results concerning paracompact in bitopological spaces.  

 

1-Introduction 

         Bitopological space , initiated by Kelly [ 7 ], is by  definition a set equipped 

with two non identical topologies , and it is denoted by (X, τ,µ) where τ and µ are two 

topologies defined on X . 

        A sub set F of a topological space (X , τ) is Fσ [ 11 ] if it is a countable union of  

τ-closed set . We will denote to such set by τ- F σ . 

        Let (X , τ) be a topological space . A cover (or covering) [ 3 ] of a space X is a 

collection { }∆∈= λλ :UU  of subset of X whose union is the whole X . 

        A sub cover of a cover U [ 3 ] is a sub collection v  of u which is a cover . 

        An open cover of X [ 3 ] is a cover consisting of open sets , and other adjectives 

appling to subsets of X apply similarly to covers . 

        For an infinite cardinal number m , if the collection { }∆∈= λλ :UU  consists of 

at most m sub-sets, we say that it has cardinality m≤  or simply card. m≤  . Some 

times this collection is denoted by mormU ≤∆≤ )(  . 

         If a sub set A of X is consisting of at most m elements we say that A has 

cardinality m≤  (or with cardinality m≤  ) , and is denoted by mA ≤ . A bitopo-

logical space (X, τ, µ) is called (m) (τ-µ) compact if for every τ-open cover of            

X, (with cardinality m≤ ), it has µ-open sub-covers . The function 

( ) ( )̀`,`,,,,,: ρµτρµτ YXf →  is said to be ( ) ( )[ ]continuousclose `` ττττ −−−  func-

tion if the image [inverse image of each τ-closed[τ`-open ] is τ`-closed [τ-             

open  in X] in Y.  .Let U={Uλ : λЄ∆}  and V={Vγ :γЄГ} be two coverings of X ,       

V is said to be refine   (or to be a refinement of ) U , if for each Vγ there exists some 

Uλ with Vγ⊂  Uλ . 
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     If W={Wδ :δ ∈ Ω} refine two covers U, V of X, then it is called common 

refinement [2] . A family U={ Uλ : λ∈ ∆}of sets in a space (X,τ) is called local-        

ly finite, if each point of X has a neighborhood V such that V∩Uλ≠φ  for  at most 

finitely many indices λ. In other word V∩Uλ= φ for all but a finite number of λ. A 

family U           of set in a space (X,τ) is called σ-locally finite if  

                                                          n
n

UU
∞

=
=

1

U   

where each Un is a locally finite collection in X.  

        A bitopological space (X, τ ,µ) is called pairwise Hausdorff if for every            

two distinict points x and y of X, there exist τ -open set U and a µ -open set V        

such that x Є U, y Є V and U ∩V= φ . 

         A bitopological space (X, τ ,µ) is called (m)(τ, µ , µ)- regular if for every      

point x in X and every τ -closed set A with mA ≤  such that for x Є A, there        

exist two µ- open sets U,  V such that x Є U, A ⊂  V, and U ∩V= φ . 

       Clearly every (τ, µ, µ)-regular space is  m(τ,µ,µ)-regular space . 

   A bitopological space (X,τ,µ) is called (m-)(τ,µ,µ) –normal if for every pair 

disjoint τ-closed sets A,B of  X,with mBmA ≤≤ ,  there exist two µ-                  

open sets U,V such that A ⊂ U, B ⊂ V, and U∩V = φ . 

       Clearly  every (τ,µ,µ) –normal space is m(τ,µ,µ) –normal. 

           A topological space (X , τ )is said to be : 

1- m-paracompact [9], if every open cover of X with card .≤m has a  locally 

finite open refinement. 

2-  paracompact[4], if every open cover of X has a locally finite open refinement. 

3- (m-) semiparacompact, if every open cover of X ( with card. ≤m) has a σ-

locally finite open refinement . 

4-  (m-) a-paracompact[1] if every open cover of X with card. ≤m has a α - 

locally finite refinement not necessary either open or closed.  

2-Main Results 

2.1-Definition  

       A bitopological space (X , τ ,µ) is called (m-) (τ - µ ) paracompact  

w.r.t µ ,if for every τ-open cover { }∆∈= λλ :UU of X (with card. ≤ m) has a µ-open 

refinement { }Γ∈= γγ :VV   which is locally finite w .r .t µ.   
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2.2 - Proposition  

                Every (τ -µ )paracompact w .r .t.µ bitopological space ( X, τ ,µ ) is  m (τ-

µ)paracompact w .r .t µ . 

2.3 - Definition  

             A bitopological space (X , τ ,µ) is called (m-) (τ - µ) semiparacompact  w .r .t 

µ ,if every τ - open cover { }∆∈= λλ :UU of X (with card. ≤ m) has a µ -open 

refinement }{ Γ∈= γγVV   which is  σ-locally finite. w.r.t µ  . 

 

2.4 - Proposition 

       Every (τ -µ )semiparacompact w .r .t.µ bitopological space ( X , τ ,µ ) is m(τ -µ )  

semiparacompact w .r .t µ . 

 

 2.5 - Theorem  

           Every  m(τ-µ )paracompact w .r .t. µ bitopological space ( X , τ, µ ) is           

m(τ -µ )semiparacompact w .r .t µ . 

2.6 - Corollary  

          Every  (τ-µ )paracompact w .r .t. µ bitopological space ( X , τ ,µ ) is                

(τ-µ)  semiparacompact w .r .t. µ . 

2.7 - Corollary  

        Every  (τ-µ )paracompact w .r .t. µ bitopological space ( X , τ ,µ ) is                 

m(τ -µ ) semiparacompact  w .r .t µ . 

2.8 - Definition 

              A bitopological space (X,τ ,µ) is called (m-) (τ - µ ) -a-paracompact              

w .r .t µ ,if for every τ - open cover { }∆∈= λλ :UU  of X (with card. ≤ m) has a  

refinement }:{ Γ∈= γγVV  of U not necessarily either µ-open or µ-closed  which      

is locally finite . w .r .t. µ  . 

 

2.9 - Proposition 

          Every (τ-µ )-a-paracompact w .r .t. µ bitopological space ( X , τ ,µ ) is              

m (τ -µ ) -a-paracompact w .r .t µ . 

 2.10 - Theorem 

           Every  m(τ -µ )semiparacompact w .r .t.µ bitopological space  

( X , τ ,µ ) is m (τ -µ ) -a-paracompact w .r .t. µ . 
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Proof     

        Suppose that  ( X, τ ,µ )  be m (τ -µ )semiparacompact w .r .t.µ space. Let 

{ }∆∈= λλ :UU be a  τ -open cover of X with card ≤m ,then U has  µ-open 

refinement V of U which is σ-locally finite w .r .t. µ , such that 

                                                      n
n

VV
∞

=
=

1

U   

where each nV  is µ-open collection which is locally finite w.r.t.µ,say 

{ }Β∈= ββ :nn VV . For each n, let  

                                                     U
β

βnn V  W =                                                                                                                

then Wn   is µ - open set. Since 

                                       UU UU U
∞

=

∞

=

∞

=

=









=








=Χ

111 n

n

n

n

n

n WVV
β

β
β

β  

Then the collection { }ΙΝ∈= nWW n  is µ-open cover of X. 

Define  

                                       U
ij

jii WWA
〈

= /                    where   i=1,2,… 

then { }INnAA n ∈= :  is a collection of sets that are not necessarily either µ-open or      

µ-closed.then A is cover of X, a refinement of Wand locally finite  

w .r .t. µ . Hence ( X, τ ,µ) is m(τ-µ )-a- paracompact w.r.t µ    

In the same way we can prove the following corollaries. 

2.11 - Corollary  

           Every (τ-µ )semiparacompact w .r .t. µ bitopological space ( X, τ ,µ ) is             

(τ-µ )-a-paracompact w.r.t µ . 

2.12 - Corollary  

        Every (τ-µ )semiparacompact w .r .t. µ bitopological space ( X, τ ,µ ) is              

m (τ-µ ) -a-paracompact w .r .t µ . 

2.13 - Corollary   

           Every m (τ-µ )paracompact w .r .t. µ bitopological space ( X, τ ,µ ) is               

m (τ-µ )- a-paracompact w .r .t. µ . 

2.14 - Corollary   

             Every (τ-µ )paracompact w.r.t. µ bitopological space ( X, τ ,µ ) is 

 (τ-µ )- a-paracompact w.r.t. µ . 
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2.15 - Corollary 

              Every (τ-µ ) paracompact w .r .t .µ bitopological space ( X, τ ,µ ) is          

m(τ-µ ) -a-paracompact w .r .t .µ . 

The following diagram show the relation a among the spaces which have been studied  

above  

 

 

 

 

 

 

 

 

 

 

 

 

 

2.16 - Theorem 

         Let ( X, τ ,µ ) be an m(τ-µ )paracompact w .r .t µ. and pairwise Hausdroff space 

such that every τ- closed set in ( X, τ ,µ ) has card. ≤ m, then ( X, τ ,µ ) is                

m(τ ,µ, µ )-regular space.  

 

Proof  

          Suppose that. ( X, τ ,µ ) be an m(τ-µ ) paracompact w .r .t µ space, A                 

a τ- closed set in (X,τ,µ ) having card. ≤ m, and x Є X / A.  

          Since ( X, τ ,µ ) is pairwise Hausdorff, then for each yЄA, we can  find             

a  τ–open set Vy and a µ-open set Uy, such that yUx ∈ ,and φ=yy VU I the col-  

lection }/{}:{ ΑΧΑ∈=Π UyVy form a τ – open cover of X having card. ≤ m. and 

Π has a µ-open refinement }:{ Γ= γεγWW which is locally finite-w.r.t. µ. 

 Set  

(τ-µ ) paracompact 

w .r .t µ. 

m(τ-µ ) paracompact 

w .r .t µ. 

(τ-µ )semiparacompact            

w .r .t µ. 

m(τ-µ)semi paracompact               

w .r .t µ. 

(τ-µ ) a- paracompact                        

w .r .t µ. 

m(τ-µ ) –a- paracompact                        

w .r .t µ. 
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                 }:{ φγ
γε

γ ≠Α=
Γ

IU WWV  

then V is µ-open set containing A. 

 Since the µ- open cover W is locally finite. w.r.t. µ,then x has a µ-neighborhood 

U* which meet only a finite number of Wγ1,….Wγn .If some Wγi, i=1,2,…n meets A  

i.e φγ ≠AW I I , then ΑΧ⊂ /iWγ is impossible thus there exists Wγi .such that 

yii VW ⊂γ . 

Set 

                 







∗=
=

i

n

i

WUU γ
1

II  

then x Є U and U is a µ- open set then φ=VU I .Therefore the bitopological space 

(X,τ,µ) is m(τ,µ,µ)- regular 

 

2.17 - Corollary 

       If ( X, τ ,µ ) be a (τ-µ ) paracompact w .r .t. µ ,and pairwise Hausdorff then           

( X, τ ,µ ) is (τ,µ,µ ) –regular. 

 2.18 - Theorem 

      If ( X, τ,µ ) is an m (τ -µ )paracompact w .r .t µ , and pairwise Hausdorff space, 

such that every τ-closed set in ( X, τ,µ ) has card. ≤ m , then ( X, τ,µ ) is              

m(τ,µ,µ )-normal . 

proof 

         Suppose that ( X, τ ,µ ) be an m(τ -µ ) paracompact w .r .t µ .Let A,and B be 

disjoint τ- closed sets in ( X, τ ,µ )such that they has card. ≤ m. Since ( X, τ ,µ ) is 

pairwise Hausdorff, then for each x∈A,y∈B we can  find a τ–open set Ux               

and a µ-open set Vx , such that xx VyUx ∈∈ , ,and φ=xx VU I . Then          

:{ xU=∏  x  }/{} ΑΧΑ∈ U form a τ-open cover of X having card. ≤ m. Then 

Π has a µ-open refinement }:{ Γ∈= γγWW which is locally finite-w.r.t µ.  

Set 

                            },{ φγ
γε

γ ≠Α=
Γ

IU WWU . 

Then U is µ-open set contains A.   
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         For each y∈B ,we can find µ-open nhd HY wich meets only a finite number of 

Wγ, say Wγ1(y),…, Wγn(y) (the value of n also depending on y) . Each Wγi(y)  meeting A 

i.e Wγi∩A φ≠  ,then Wγi ⊂ X/A is impossible . Thus there exists Ux i such that          

Wγi(y) ⊂  Ux i for xi ∈ A. 

Set         







=
=

Xi

n

i
yy VHG

1

II  

then Gy  is a µ-open set which contains y but does not meet U 

Let    y
y

GV
Β∈

= U . 

Then V is a µ-open set, and V⊂Β   and U∩V φ=  .  Therfore ( X, τ ,µ ) is              

m(τ ,µ , µ )-normal. 

2.19 - Corollary 

       If ( X, τ,µ ) be a (τ -µ ) paracompact w .r .t. µ ,and pairwise Hausdorff space then 

it is (τ, µ, µ ) –normal .  

2.20 - Theorem  

       Let ( X, τ ,µ ) be a bitopological space and let (Y, τY ,µY ) be a  τ- closed subspace 

of (X ,τ, µ ).If (X ,τ, µ ) is m(τ-µ ) paracompact w .r .t .µ , then (Y, τY ,µY )                 

is m(τY-µY ) paracompact w .r .t. µY .  

Proof  

         Suppose that (Y,τY,µY) be a τ- closed subspace of m(τ-µ ) paracompact w .r .t.µ 

space (X,τ ,µ). Show that (Y,τY,µY) is m(τY-µY)paracompact w .r .t µY. 

          Let }:{ ∆∈= λλUU  be a τ- open cover of Y with card. ≤ m.  

          Since λU is τY-open subset of Y, there is τ- open subset λV   of X such that 

each YVU ∩= λλ . The collection.  λV{=∏ : }/{} YΧ∆∈ Uλ form a τ-open cover of`` 

X with card. ≤ m.  By hypothesis ∏  has µ-open refinement }:{ Γ∈= γγWW  which is 

locally finite w.r.t. µ.               

         Now, let  А ={ }Γ∈∩ γγ YW ,then А is a collection of µY-open subset of Y , 

hence А is a cover Y and refine  U locally finite w.r.t.µ. Therefore  ( X, τY ,µY ) is 

m(τY – µY ) paracompact w .r .t. µY. 

2.21 - Corollary 

.
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        Let ( X, τ ,µ ) be a bitopological space and let (Y, τY ,µY ) be a τ- closed subspace 

of (X ,τ, µ ).If (X ,τ, µ ) is (τ-µ) paracompact w .r .t µ ,then (Y, τY ,µY) is (τY-µY) 

paracompact w .r .t µY .  

 

2.22 - Theorem  

        Let ( X, τ ,µ ) be a bitopological space and let { }:: Ι∈∈ΧΧ= iii µτχ I be a 

partion of X. the space ( X, τ ,µ ) is    m(τ-µ)paracompact w .r .t .µ iff (Xi , τ i ,µi) is 

m(τi -µi ) paracompact  w .r .t .µi .  for every i.  

Proof  

        The "only if "part. Since jΧ=
≠

U
ij

X/Xi  is τ- closed , then the subspace           

(Xi , τ i ,µi) is m(τi - µi) paracompact  w .r .t µi for every i  

The "if" part . Let }:{ ∆∈= λλUU be a τ- open cover of X with card. ≤ m .The 

collection }:{ ∆∈Χ=∏ λλ iU I is a τi-open cover of Xi with card. ≤ m for every i.  

Since (Xi, τi ,µi) is m(τi -µi) paracompact w .r .t µi . i∀ , there exist a µi-open 

refinement }∆∈= λλ :{A iiA of ∏ which is locally finite. w.r.t .µi.  

        Let                        W={ }∆∈Α
∈

λλi
Ii

U . 

Then W is µ- open  cover of X refining U, and locally finite w.r.t. µ. 

Hence(X,τ,µ)is m(τ-µ)paracompact w.r.t .µ. 

 

2.23 - Corollary 

          Let ( X, τ ,µ ) be a bitopological space,  { }Iiii ∈∈ΧΧ= µτχ I: be  

a partition of X. The space ( X, τ ,µ ) is (τ -µ ) paracompact w .r .t. µ  iff  the space   

(Xi , τ i ,µi) is (τi -µi ) paracompact w .r .t. µi   for every i.  

 

2.24 - Theorem  

           Let (X, τ ,µ) be a m( τ -µ) paracompact w.r.t. µ bitopological space and let 

(Y,τY ,µY) be a subspace of(X, τ ,µ). If  Y is Fσ-set relative to τ  then (Y,τY ,µY) is     

m( τY-µY) semiparacompact w.r.t. µY. 

Proof 

    Suppose Y is Fσ-set relative to τ . Then nYY U= where each Yn,is   τ- closed Let 

}:{ ∆∈= λλUU be a τY-open cover of Y with card. ≤ m.Since each Uλ is τY- open 
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subset of Y, we have Uλ = Vλ∩Y, where Vλ is τ-open subset of X for each λ Є ∆. For 

each fixed n ,   { } { }YXVEn /: U∆∈= λλ form a τ-open cover of X with card. ≤ m.By 

hypothesis En has a µ-open refinement ( ){ }INnWW n ×∆∈= ,: λλ which is locally 

finite .w.r.t.µ.For each n, let { }φλλ ≠= nnnn YWYWB II : .Let nBB U= .then B is 

collection of µY-open set,covers  Y refines  U and σ- locally finite w.r.t. µY  There for 

(X, τ ,µ) is (τY -µY) semiparacompact w.r.t. µY. 

 

 

 

 

2.25 - Corollary  

           Let (X, τ ,µ) be a ( τ -µ) paracompact w.r.t. µ biological space and let         

(Y,τY ,µY) be a subspace of(X, τ ,µ). If  Y is Fσ-set relative to τ  then (Y,τY ,µY) is       

( τY-µY) semiparacompact w.r.t. µY. 

 

2.26 - Corollary  

            Let (X, τ ,µ) be a m (τ -µ) paracompact w.r.t. µ biological space and let            

( Y,τY ,µY) be a subspace of (X, τ ,µ) If Y is Fσ-set relative to τ then (Y,τY ,µY) is        

( τY –µY)-a-paracompact w.r.t. µY. 

2.27 - Corollary  

          Let (X, τ ,µ) be a ( τ-µ) paracompact w.r.t. µ bitopological space and let             

( Y,τY ,µY) be a subspace of(X, τ ,µ) .If Y is Fσ-set relative to τ, then  (Y,τY ,µY) is       

( τY-µY) semiparacompact w.r.t. µY 

2.28 - Theorem  

          let ( X, τ ,µ ) be a bitopological space and let (Y, τY ,µY ) be a τ- closed 

subspace of (X,τ, µ).If (X ,τ, µ) is m(τ-µ )-a- paracompact w .r .t .µ , then (Y, τY ,µY ) 

is m(τY ,µY )-a- paracompact w .r .t. µY .  

Proof  

        Suppose that. ( Y, τY ,µY ) be a τ- closed subspace of m(τ-µ )-a- paracompact     

w .r .t. µ space ( X, τ ,µ ). To show that ( Y, τY ,µY ) is m(τY -µY )-a- paracompact w .r 

.t. µY. 

      Let }:{ ∆∈= λλUU  be a τY- open cover of Y with card. ≤ m. Since each λU  is        

a  τY-open subset of Y, there is a τ- open subset λV   of X such that each  the collection  
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λV{=∏ : }/{} YΧΑ∈ Uλ form a τ -open cover of  X with card.  ≤ m.  By hypothesis 

∏  has refinement }:{ Γ∈= γγWW (not necessarily either µ-open or µ-closed) which 

is locally finite.w.r.t µ.    

         Now, let { }Γ∈= γγ ,YWA I ,then A is a collection of subsets of Y(not 

necessarily either µY-open or µY-closed).Then A is a cover  Y refines U and is locally 

finite . w.r.t .µY. Therefore ( X, τY ,µY ) is m(τY - µY )-a- paracompact w .r .t. µY.  

  

2.29 - Corollary  

         Let ( X, τ ,µ ) be a bitopological space and let (Y, τY ,µY ) be a τ- closed 

subspace of (X ,τ, µ ).If (X ,τ, µ ) is (τ -µ )-a- paracompact w .r .t. µ , then (Y, τY ,µY ) 

is (τY -µY )-a- paracompact w .r .t .µY .    

 

2.30 - Theorem  

       Let (X,τ,µ)be a bitopological space and let { }:: Ι∈∈ΧΧ= iii µτχ I be a 

partition of X. The space ( X, τ ,µ ) is m(τ -µ )-a- paracompact  w .r .t. µ ,iff (Xi ,τi,µi) 

is m(τi -µi )-a- paracompact  w .r .t. µi   for every i.  

Proof  

          The "only if "part. Since  

                                                    jΧ=
≠

U
ij

X/Xi   

is τ- closed , then the subspace (Xi,τi,µi) is m(τi-µi)-a-paracompact  w .r .t. µ  for   

every i   

The "if" part . 

      Let }:{ ∆∈= λλUU be a τ-open cover of X with card. ≤ m .The collection 

}:{ ∆∈Χ=∏ λλ iU I is a τi- open cover of Xi with card. ≤ m  for every i.  (Xi, τi ,µi) 

is m(τi -µi)-a- paracompact w .r .t. µi i∀ , there exist a refinement  }∆∈= λλ :{A iAi  

of ∏ (not necessarily either µi-open or µi-closed) which is locally finite. w.r.t µi.  

          Let        W={ }∆∈Α
∈

λλi
Ii

U . 

Then W is a  cover of X(not necessarily either µ-open or µ-closed) , refine U and is 

locally finite w.r.t .µ.  hence W locally finite w.r.t µ . Hence (X,τ,µ) is                         

a m(τ-µ) –a- paracompact w.r.t µ. 

.
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2.31 - Corollary 

             Let (X,τ,µ) be a bitopological space and let { }Iii ∈∈ΧΧ= µτχ I: be a 

partition of X. The space ( X, τ ,µ ) is τ -µ )-a- paracompact w .r .t .µ iff the space 

(Xi,τi ,µi) is (τi -µi ) –a-paracompact w .r .t µi   for every i.  

 

2.32 - Theorem 

         If each τ-open set in an m(τ-µ) paracompact w .r .t µ  bitopological space (X,τ,µ) 

is m(τ-µ) paracompact w .r .t. µ  , then every subspace 

 (Y, τY, µY) is m(τY-µY) paracompact w .r .t .µY . 

Proof 

         Let { }∆∈= λλ :UU  is a τY-open cover of  Y with card. m≤ .Since each λU is 

τY-open inY,we have YVU Iλλ =  where λV  is a τ-open subset of X,for every 

∆∈λ .Then λ
λ

VUG
∆∈

= is a τY-open set .Let { }∆∈= λλ ,VV be a τY-open cover of G 

with card. m≤ .By hypothesis G is m(τ-µ) paracompact w .r .t. µ  .ThusV  has a µ-

open refinement { }Γ∈= γγ ,AA  which is locally finite w .r .t µ . 

    Set 

         { }Γ∈= γγ ,BB ,        where YAB Iγγ = . 

then B is   µY-open cover of Y,   refine U,and  locally finite w .r .t µY. 

 Therefore (Y, τY, µY) is m(τY-µY) paracompact  w .r .t. µY.   

2.33 - Corollary 

        If each τ-open set in (τ - µ) paracompact w .r .t µ. the bitopological space           

is (τ - µ) paracompact w .r .t µ. Then every subspace (Y, τY, µY) is (τY-µY) para-

compact  w .r .t. µY. 

 

2.34 - Theorem 

       If f is (µ- τ`) closed , (µ-µ`) continuous mapping of a bitopological space (X,τ,µ) 

onto m(τ`-µ`) paracompact w.r.t.µ` bitopological space (Y,τ`,µ`) such that 

Z= ( ) Yyyf ∈− :1  is m(τ-µ) compact , then  (X,τ,µ) is m(τ-µ) paracompact w. r. t. µ . 
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Proof 

        Let { }∆∈= λλ :UU  be a τ-open cover of X with card. m≤  . Then U cover of Z 

.Since Z is m(τ-µ) compact , there exists a finite subset γ of ∆ such that 

λ
γλ
UZ

∈
⊂ U ,where Uλ is a µ –open set for every γλ ∈ .  

       Let Γ  be the family of all finite sub set γ of ∆ , then m≤Γ  . 

Set                             



=

∈
λ

γλ
γ UXfYV U//  . 

Since λ
γλ
U

∈
U  is a µ –open set , the set λ

γλ
UX

∈
U/  is µ – closed , and since f  is( µ-τ`) 

closed , then 





∈
λ

γλ
UXf U/  is τ`– closed in (Y,τ`,µ`) , hence Vγ is a τ`–open . 

Moreover γVy ∈  and [ ] λ
γλ

γ UVf
∈

− ⊂ U
1 .Therefore  { }Γ∈= γγ :VV is a τ`– open cover 

of Y with card. m≤ .Since (Y,τ`,µ`) is m(τ`- µ`) paracompact w. r. t. µ` , then V has a 

µ` - open refinement { }Ω∈= δδ :WW  which is locally finite w. r. t µ` .Set 

[ ] ( ){ }δλδ γλδ ×Ω∈=Π − ,:1
UWf I .then Π is a µ –open cover of X, refines U,and 

locally finite w. r. t µ. Therefore(X,τ,µ) is m(τ-µ) paracompact w. r. t µ. 

 

2.35 - Corollary  

        If f is (µ- τ`) closed , (µ-µ`) continuous mapping of a bitopological space 

(X,τ,µ) onto (τ`-µ`) paracompact w.r.t.µ` bitopological space (Y,τ`,µ`) such that 

Z= ( ) Yyyf ∈− :1  is (τ-µ) compact , then  (X,τ,µ) is 

(τ-µ) paracompact w. r. t. µ . 

 

2.36 - Theorem 

          If f is (µ- τ`) closed , (µ-µ`) continuous mapping of a bitopological space (X,τ,µ) 

onto m(τ`-µ`)semiparacompact w.r.t.µ` bitopological space (Y,τ`,µ`) such that 

Z= ( ) Yyyf ∈− :1  is m(τ-µ) compact , then  (X,τ,µ) is  m(τ-µ)semi-             

paracompact w. r. t. µ . 

 

Proof  

        Let { }∆∈= λλ :UU  be a τ-open cover of X with card. m≤  .Then U is                

a cover of Z. Since Z is m (τ-µ)compact,there exists afinite subset γ of ∆   such  
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That λ
γλ
UZ

∈
⊂ U , where Uλ is a µ-open set for every γλ ∈ .Let Γ  be the family of all 

finite subset γ of ∆ , then m≤Γ . 

    Set 

               



=

∈
λ

γλ
γ UXfYV U// . 

Since λ
γλ
U

∈
U  is µ-open set, the set λ

γλ
UX

∈
U/ is µ-closed ,and since f  is   (µ- τ`)closed, 

then 





∈
λ

γλ
UXf U/ is  τ`-closed in(Y,τ`,µ`) ,hence Vγ is τ` -open and γVy ∈ and 

[ ] λ
γλ

γ UVf
∈

− ⊂ U
1 .Therefore { }Γ∈= γγ :VV is a τ` -open cover of Y with card. 

m≤ .Since (Y,τ`,µ`) is m (τ`-µ`) semiparacompact w. r. t µ`,then V has a µ`-open  

refinement n
n

WUW =  where every Wn is locally finite w. r. t µ`. 

Set 

             { }Ω∈= δδ :nn WW . Thus    { }Ω∈= δδ :n
n

WUW . 

Set n
n

CUC = ,   where [ ] ( )








×Ω∈= −
δλδ γλδ ,:1

UWfC nn I . We claime that Cn is  

(i) collection of µ-open sets; 

(ii) locally finite w. r. t. µ; 

 

   Proof of (i)  

      Since Wnδ is a µ` -open   ∆∈∀δ and f is (µ-µ`) continuous, the set [ ]δnWf
1−

 is      

a µ-open ∆∈∀δ ,and since Uλ is a µ-open   δγλ ∈∀ ,then [ ] λδ UWf I
1−

 is a µ-open 

( ) δγλδ ×∆∈∀ , . 

   Proof of (ii) 

     Let ( )xfyYyXx =∋∈∃⇒∈ .Since Wn is locally finite w. r. t. µ nhdY −∃⇒ µ  

N of x such that φδ =nWN I  for all but finite number of 

δ [ ] [ ] φλδ =







⇒ −−

UWfNf n II
11  for all but finite number of (δ,λ) since f  is 

(µ-µ`) continuous ,then [ ]Nf
1− is a µ-nhd of x .Hence Cn is locally finite w. r. t µ.  Its 

remains to show that C is:  
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(i*) cover X ,and 

(ii*) refine U 

proof of (i*)  

     Let λλ UxUXx ∈∋∃⇒∈  and ( ) δδ nn WyWxfyYy ∈∋∃⇒=∋∈∃  for some 

n,δ [ ]δnWfx
1−

∈⇒  for some n,δ [ ] λδ UWfx n I
1−∈⇒  for some( δ,λ). 

Proof of (ii*)   

Since [ ] [ ] λλδδλλδ UUWfUUWf n
n

nn ⊂







⇒∀⊂ −

∞

=

−
IUI

1

1
,

1 ,   

i.e Π  refine Uλ. Therefore (X,τ,µ) is m(τ-µ) semiparacompact w. r. t µ. 

 

2.37 -  Corollary 

      If f is (µ- τ`) closed , (µ-µ`) continuous mapping of a bitopological space (X,τ,µ) 

onto (τ`-µ`)semiparacompact w.r.t.µ` bitopological space (Y,τ`,µ`) such that 

Z= ( ) Yyyf ∈− :1  is (τ-µ) compact , then  (X,τ,µ) is 

 (τ-µ)semiparacompact w. r. t. µ . 
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