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Abstract
We describe the physical properties of a Bose-Einstein condensate (BEc) confined by a three-dimensional harmonic plus cubic
and quartic trap. To this end, we solve the time-dependent GrossePitaevskii (GP) equation within a variational approach in order to
obtain a set of second ordinary differential equations for the condensate widths. We then discuss in detail the low-lying oscillation
modes, in an anharmonic trap where the anharmonicity of the confining potential leads to significant effect on the collective ex-
citations of the system.
© 2016 The Author. Production and hosting by Elsevier B.V. on behalf of University of Kerbala. This is an open access article under
the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

From a theoretical point of view [1e5], and for awide
range of experimentally relevant conditions [6e15],
Bose-Einstein condensate is a typical topic of interest in
the realm of ultra-low temperature. The dynamics of a
BEC is well described by an effective mean-field theory.
This approximation is simpler than dealing with the full
many-body theory and describe quite accurately the
static and dynamical properties of BECs. The relevant
model is a classical nonlinear equation, the so-called GP
equation [16e19]. Most of the BECs studies have been
considered for a condensate trapped in a harmonic
(parabolic) trap potential, for instance, Refs.
[1,8,20e23]. Higher order for the trapping potential was
neglected due to the large scale of generating magnetic
field elements. The dynamics of a Bose gas in
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anharmonic trap are discussed explicitly within the exact
solutions of the GP equation at zero temperature of
Ref. [24]. The collective oscillations of one-dimensional
BEc with repulsive two-body interaction in a harmonic
trap with a quartic distortion were investigated in Refs.
[25,26] by using variational approach. In particular, the
dynamics of a BEc confined in anharmonic position jit-
tering are considered in Ref. [27] to show how a small
anharmonicity is effected on the periodic oscillation of
the position of an anharmonic elongated trap potential.
Ref. [28] was showed the effects of an anharmonic
distortion on the collective oscillations of a dipolar Bose
gas. The interacting two-boson system in one dimension,
the ground state of the system as well as its quantum
dynamics upon excitation under anharmonic trap was
studied in Ref. [29]. Ref. [30] was studied numerically
the Fermi-decay law for quantumfidelity in a anharmonic
trapped BEC. In particular, the collective excitations of
trapped anharmonically superfluid Fermi gas in the
crossover from a Bardeen-Cooper-Schrieffer to a Bose-
behalf of University of Kerbala. This is an open access article under
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Einstein condensate (BCS-BEC) was considered in
Ref. [31]. The stability and collective excitation of BECs
with system of two- and three-body interactions in a two-
dimensional anharmonic trap was investigated in
Ref. [32].According to the anharmonicitieswhich occurs
in a trap, the critical particle number of atoms in case of
either repulsive or attractive two-body interaction
strength was discussed in Refs. [33,34]. Motivated by
this, the low-lying collective modes at zero temperature
are described by the nonlinear GP equation for the
condensate wavefunction. However, we discuss the sig-
nificant affected how a deviation of the harmonic trap,
outside the central region on the low-lying collective
modes.

2. Method

We consider three-dimensional BEc in an anhar-
monic trap with two-body interaction strength. We
analyze the dynamics of the condensate wave function
by the GrossePitaevskii (GP) equation [16e19] which
has the form

iZ
v

vt
jðr; tÞ ¼

�
� Z2

2M
V2 þVðrÞ

�
jðr; tÞ

þ ℊ N jjðr; tÞj2jðr; tÞ ð1Þ

where j(r,t) is the macroscopic condensate wave
function, M is the atomic mass, and ℊ denotes the
strength of the two-body interaction which is propor-
tional to the s-wave scattering length a and can be
written by ℊ ¼ 4pZ2a=M. In particular, we consider the
trapping potential has form as

VðrÞ ¼M u2
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Here g denotes the trap anisotropy of the confining
potential and the anharmonic parameter k shows how
far the realized trap deviates from the center of har-
monic trap. The anharmonic term labeled to the har-
monic potential is cubic when n ¼ 1 and quartic when
n ¼ 2. Equation (1) can be restated into a variational
problem, which corresponds to the extremization of the
action defined by the Lagrangian
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In order to analytically study the dynamics of BEC
system, we use the Gaussian variational ansatz, which
was introduced in Refs. [3,4]

jðr; z; tÞ ¼ NðtÞ Exp
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where NðtÞ ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p3=2 R2

rRz

q
is a normalization fac-

tor, while Ri and bi are variational parameters, repre-
senting the condensate widths and the corresponding
phases, respectively. From Eqs. (3) and (4) and the
corresponding EulereLagrange equations we obtain the
equations of motion for all variational parameters. The
phases br and bz can be expressed explicitly in terms of
first derivatives of the widths Rr and Rz according to

br ¼
M _Rr;z

2ZRr;z

: ð5Þ

Inserting Eq. (6) into the EulereLagrange equations
for the width of the condensates Rr,z, and after intro-
ducing dimensionless parameters according to
Rr;z / lðRr;zÞ, t / tur; k ¼ k=ðZurÞ with the

oscillating length l ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z=ðMurÞ

p
as well as the

dimensionless two-body interaction strength has the

form a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p=2 Na

l

q
, we obtain system of second

order differential equations for Rr and Rz in the
dimensionless form
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3. Result and discussion

For 87Rb BEC atoms [35], M ¼ 1:44 � 10�25 kg,
ur ¼ 2p � 126 Hz, uz ¼ 2p � 21 Hz;N ¼ 1
� 105 atoms; a ¼ 100 a0 where a0 is Bohr radius. In
principle, the value of interaction strength can be tuned
to any value, large or small, positive or negative by
applying external field through a Feshbach resonance.
However, we consider k a controllable parameter that
the anharmonicity is in range of k≪1.
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3.1. Equilibrium condensates

The stationary solution of Eqs. (6) and (7) is
determined by setting the acceleration to zero we get

€Rr ¼ 0;r¼ Rr0; ð8Þ
€Rz ¼ 0; Rz ¼ Rz0: ð9Þ

Fig. 1 shows the equilibrium positions Rr0, Rz0, Eqs.
(8) and (9), respectively, as well as the aspect ratio
Rr0=Rz0 versus the anharmonicity of the trapping po-
tential k with cubic n ¼ 1 and quartic n ¼ 2 distortion
term, respectively, with two-body interaction a ¼ 1
and trap anisotropy (a) g ¼ 0.5 and (b) g ¼ 1.5. We
plot in Fig. 1(a) and (b) the equilibrium positions Rr0,
Rz0 an anharmonicity function of the trapping potential
k for different trap anisotropy g ¼ 0.5 and g ¼ 1.5, We
plot in Fig. 1(a) and (b) the equilibrium positions Rr0,
Rz0 as a function of the anharmonicity of the trapping
potential k for different trap anisotropy g ¼ 0.5 and
g ¼ 1.5, respectively. We read off that the equilibrium
condensate widths depend strongly on the trap anisot-
ropy g and the quartic anharmonic term than the cubic
term which has significant effect. A cigar-like
condensate the axial equilibrium width deviates
Fig. 1. Equilibrium condensate widths Rr0 (black curves), Rz0 (red curves)

potential k for a ¼ 1, cubic n ¼ 1 and quartic n ¼ 2 distortion with diffe

condensate for harmonic trap (i.e. k ¼ 0), while dashed, and solid curves r

cubic term n ¼ 1 and quartic term n ¼ 2, respectively.
according to the quartic anharmonic term and signifi-
cant effects in the radial equilibrium width, while the
equilibrium condensate widths in a pancake-like
condensate deviate in both cubic and quartic anhar-
monic trap. We show We show in Fig. 1(c) the aspect
ratio of Rr0=Rz0 as a function of the anharmonicity of
the trapping potential k for different trap anisotropy
g ¼ 0.5 and g ¼ 1.5, respectively, and we see that the
aspect ratio increase (decrease) for cigar- (pancake-)
condensates due to the anharmonicity of the trapping
potential.

3.2. Oscillation modes

In order to calculate frequencies of the low-lying
collective modes analytically, we linearize equations
(6) and (7) around the stationary solutions (8) and (9).
If we expand the condensate widths as RrðtÞ ¼ Rr0 þ
dRrðtÞ and RzðtÞ ¼ Rz0 þ dRzðtÞ and by keeping only
linear terms, we immediately get the frequencies for
low-energy excitation modes,

uB;Q

ur

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðc1 � c3Þ2 þ 8c22
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2
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and Rr0=Rz0 (blue curves) versus the anharmonicity of the trapping

rent trap anisotropy g. Dotted curves correspond to the equilibrium

epresent the anharmonic term labeled to the harmonic potential plus
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where the abbreviations c1, c2, and c3 are obtained via
Mathematica program.

The breathing mode in-phase oscillations, while
quadrupole mode has a lower frequency and is char-
acterized by out-of phase radial and axial oscillations.
In Fig. 2(a) and (b) show the frequencies of collective
modes as a function of the anharmonicity of the
trapping potential k for a ¼ 0.5, cubic n ¼ 1 and
quatric n ¼ 2 distortion with different trap anisotropy
(a) g ¼ 0.5 and (b) g ¼ 1.5. Fig. 2(c) as a function of
the trap anisotropy g for. a ¼ 0:5; k ¼ 0:1, cubic
n ¼ 1 and quartic n ¼ 2 distortion. These frequencies
in Eq. (10) depend strongly on both the anharmonicity
of the trapping potential k and the trap anisotropy g.
We can see in Fig. 2(a) and (b) that the frequencies
deviated when the anharmonicity of the trapping po-
tential k emerge for cubic n ¼ 1 and quartic n ¼ 2
terms. For the cubic anharmonic trap n ¼ 1 significant
effect for quadrupole (breathing) mode frequency in
cigar (pancake)-like condensate, while the breathing
(quadrupole) mode frequency depend strongly on the
anharmonicity of the trapping potential k in cigar
(pancake)-like condensate. For the quartic anharmonic
Fig. 2. (a) and (b) low-lying frequencies in unit of u�1
r for the quadrupo

monicity of the trapping potential k plus cubic term n ¼ 1 and quartic term

trap anisotropy (a) g ¼ 0.5 and (b) g ¼ 1.5. (c) The low-lying frequencies

curves) anharmonicity of the trapping potential k for a ¼ 0.5, cubic n ¼ 1 a

and (b) g ¼ 1.5. (c) discuss the frequencies of collective modes mode ver

monicity of the trapping potential k ¼ 0 (dotted curves) and 0.1 where th

n ¼ 1 (dashed curves) and quartic when n ¼ 2 (solid curves).
trap n ¼ 2, the frequencies change strongly with the
anharmonicity of the trapping potential. In particular,
Fig. 2(c) discuss the frequencies of collective mode as
a function of g and we read off that we have signifi-
cant effect for cubic anharmonic trap n ¼ 1, while the
frequencies strong change in quartic anharmonic trap
n ¼ 2. Indeed the anharmonicity of the trapping po-
tential effect strongly on the geometric resonance (see
Ref. [22]) in case of quartic n ¼ 2 than cubic n ¼ 1
anharmonic trap. Therefore, in Fig. 2(c) we have a
geometric resonance at g ¼ 2.8 due to the condition
uB ¼ 2uQ in case of quartic anharmonic trap. n ¼ 2.

4. Conclusions

We have studied low-lying collective modes of a
BEc in a harmonic plus cubic and quartic trap by
solving the time-dependent GP equation within a vari-
ational approaches and we have obtained the analytical
expressions for the motion of the low-energy excita-
tions. It has been shown that the lake of harmonics of
trapping potential has a remarkable effect on the fre-
quencies of collective modes.
le (black curves) and breathing (red curves) mode versus the anhar-

n ¼ 2 distortion with two-body interaction a ¼ 0.5 and for different

in unit of u�1
r for the quadrupole (black curves) and breathing (red

nd quartic n ¼ 2 distortion with different trap anisotropy (a) g ¼ 0.5

sus the trap anisotropy of the confining potential for different anhar-

e anharmonic term labeled to the harmonic potential is cubic when
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