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Àííîòàöèÿ. Óñòàíàâëèâàåòñÿ êîððåêòíàÿ ðàçðåøèìîñòü ïî Àäàìàðó îäíîé íåñòàöèîíàð-

íîé çàäà÷è äëÿ îäíîìåðíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè, íàçûâàåìîé çàäà÷åé áåç íà÷àëüíûõ

óñëîâèé. Ïðè ýòîì òðåáóåòñÿ íàéòè ïðîèçâîäíóþ îò òåìïåðàòóðû ïî ïðîñòðàíñòâåííîé ïåðå-

ìåííîé, õàðàêòåðèçóþùóþ òåïëîâîé ïîòîê íà ãðàíèöå ðàçäåëà ñðåä. Èññëåäîâàíèÿ òàêèõ çà-

äà÷, êàê èçâåñòíî, ïðèâîäÿò ê èñïîëüçîâàíèþ àïïàðàòà äðîáíîãî èíòåãðî-äè��åðåíöèðîâàíèÿ.

Îäíàêî, êàê ïðàâèëî, ïîëó÷àåìûå ïðè ýòîì ðåçóëüòàòû êàñàþòñÿ òîëüêî âîïðîñîâ ñóùåñòâî-

âàíèÿ ðåøåíèé è èõ èíòåãðî-äè��åðåíöèàëüíûì ïðåäñòàâëåíèÿì. Âîïðîñ æå óñòîé÷èâîñòè

ðåøåíèÿ ïî èñõîäíûì äàííûì, òðåáóþùèé èñïîëüçîâàíèÿ ñîîòâåòñòâóþùèõ ìåòðè÷åñêèõ ïðî-

ñòðàíñòâ â òàêèõ ðàáîòàõ íå îáñóæäàåòñÿ. Â íàñòîÿùåé çàìåòêå ýòè âîïðîñû ðåøàþòñÿ ìåòî-

äàìè òåîðèè ñèëüíî íåïðåðûâíûõ ïîëóãðóïï ëèíåéíûõ ïðåîáðàçîâàíèé â ñïåöèàëüíûõ �óíê-

öèîíàëüíûõ ïðîñòðàíñòâàõ.

Êëþ÷åâûå ñëîâà: êîððåêòíàÿ ðàçðåøèìîñòü, ïîëóãðóïïû, êîñèíóñ-�óíêöèÿ, çàäà÷à Êî-

øè, äðîáíûå ñòåïåíè îïåðàòîðîâ.

Ìíîãèå ïðîöåññû òåïëî� è ìàññîïåðåíîñà îïèñûâàþòñÿ íåñòàöèîíàðíîé çàäà÷åé

∂u(t, x)

∂t
=
∂2u(t, x)

∂x2
, t ∈ (−∞,∞), x ∈ (0,∞) . (0.1)

u(t, 0) = u0(t), u(t,∞) = 0. (0.2)

t � âðåìÿ, x � ïðîñòðàíñòâåííàÿ êîîðäèíàòà, u(t, x) � òåìïåðàòóðà.

Òðåáóåòñÿ îïðåäåëèòü âûðàæåíèå äëÿ òåïëîâîãî ïîòîêà, ò.å. ïðîèçâîäíóþ îò òåìïå-

ðàòóðû ïî êîîðäèíàòå x íà ãðàíèöå îáëàñòè

q(t) =
∂u(t, x)

∂x

∣∣∣∣
x=0

. (0.3)

×àñòíûé ñëó÷àé òàêîé çàäà÷è (êîãäà u0(t) � ïåðèîäè÷åñêàÿ �óíêöèÿ èëè çàäàííàÿ

ðÿäîì Ôóðüå) ðàññìîòðåí â [1℄, . 57. Çäåñü îíà íàçûâàåòñÿ çàäà÷åé áåç íà÷àëüíûõ

óñëîâèé.

Ñëåäóåò îòìåòèòü, ÷òî ðåøåíèå ýòèõ çàäà÷ â [1℄ �îðìàëüíî îñóùåñòâëÿåòñÿ ñ ïîìî-

ùüþ �óíêöèîíàëüíûõ ðÿäîâ, ÷ëåíàìè êîòîðûõ ÿâëÿþòñÿ èíòåãðî-äè��åðåíöèàëüíûå

êîíñòðóêöèè äðîáíîãî ïîðÿäêà. Ïðè ýòîì, âîïðîñû ñõîäèìîñòè ïðèáëèæåííûõ ðåøå-

íèé ê òî÷íîìó è èõ óñòîé÷èâîñòü ê ïîãðåøíîñòÿì èñõîäíûõ äàííûõ íå îáñóæäàåòñÿ.
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Èíûìè ñëîâàìè, íå îáñóæäàåòñÿ ïðîáëåìà êîððåêòíîé ðàçðåøèìîñòè ïî Æ. Àäàìàðó

ðàññìàòðèâàåìûõ çàäà÷, òðåáóþùàÿ ââåäåíèÿ ñîîòâåòñòâóþùèõ ìåòðèê.

Â íàñòîÿùåé çàìåòêå ìåòîäàìè òåîðèè ñèëüíî íåïðåðûâíûõ ïîëóãðóïï ëèíåéíûõ

îïåðàòîðîâ ðàññìàòðèâàåòñÿ áîëåå îáùàÿ çàäà÷à îòûñêàíèÿ ðåøåíèÿ óðàâíåíèÿ

∂u(t, x)

∂t
= α(t)

∂2u(t, x)

∂x2
+ γ(t)u(t, x) , (0.4)

x ∈ (0,∞), t ∈ (a, b) ⊂ R = (−∞,∞), óäîâëåòâîðÿþùàÿ óñëîâèÿì

u(t, 0) = u0(t), u(t,∞) = 0 , (0.5)

ãäå α(t), γ(t) � ïðîèçâîëüíûå íåïðåðûâíûå íà (a, b) �óíêöèè, u0(t) � ýëåìåíòû íåêî-

òîðîãî áàíàõîâà ïðîñòðàíñòâà.

Â ðàáîòå óñòàíàâëèâàåòñÿ ðàâíîìåðíî êîððåêòíàÿ ðàçðåøèìîñòü, â ñìûñëå Ñ.�. Êðåé-

íà [5℄, . 305, ñ èñïîëüçîâàíèåì ìåòîäîâ ñèëüíî íåïðåðûâíûõ ïîëóãðóïï.

�1. Íåîáõîäèìûå �àêòû èç îáùåé òåîðèè

Â áàíàõîâîì ïðîñòðàíñòâå E ðàññìîòðèì óðàâíåíèå

d2u(t)

dt2
= Au(t), t ∈ [0,∞), (1.1)

ãäå îïåðàòîð A òàêîé, ÷òî −A ÿâëÿåòñÿ ãåíåðàòîðîì ïîëóãðóïïû (T,−A) êëàññà C0 ñ

îöåíêîé

‖T (t,−A)‖ ≤ e−ωt (ω ≥ 0). (1.2)

è, ñëåäîâàòåëüíî, ïî Ê. Èîñèäà [3℄, . 358, îïðåäåëåíû îòðèöàòåëüíûé A− 1
2
è ïîëîæè-

òåëüíûé. Êâàäðàòíûå êîðíè

A− 1
2ϕ =

1√
π

∫ ∞

0

t−
1
2T (t,−A)ϕdt , (1.3)

A
1
2ϕ = A · A− 1

2ϕ =
1√
π

∫ ∞

0

t−
1
2T (t,−A)Aϕdt, (1.4)

åñëè ϕ ∈ D(A).

Ïðè ýòîì îïåðàòîð −A 1
2
ÿâëÿåòñÿ ãåíåðàòîðîì ïîëóãðóïïû êëàññà C0 âèäà

T (t,−A 1
2 )ϕ =

t

2
√
π

∫ ∞

0

s−
3
2 exp

(
− t2

4s

)
T (s,−A)ϕds (1.5)

(ñì. [3℄, . 369, [2℄, . 120).

Äàëåå, ñîãëàñíî Ñ.�. Êðåéíó [5℄, ñ. 306 äàäèì

Îïðåäåëåíèå 1.1.Ôóíêöèÿ u(t) íàçûâàåòñÿ îáîáùåííûì ðåøåíèåì óðàâíåíèÿ (1.1),

åñëè:
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1) îíà íåïðåðûâíà íà [0,∞), èìååò íåïðåðûâíóþ âòîðóþ ïðîèçâîäíóþ íà (0,∞), à

�óíêöèÿ A− 1
2u(t) èìååò íåïðåðûâíóþ ïåðâóþ ïðîèçâîäíóþ íà [0,∞);

2) çíà÷åíèÿ u(t) íà (0,∞) ïðèíàäëåæàò D(A);
3) îíà óäîâëåòâîðÿåò óðàâíåíèþ (1.1).

Â äàëüíåéøåì áóäåò èñïîëüçîâàíà

Òåîðåìà 1.1 (Ñ.�. Êðåéí [5℄, . 324). Åñëè îïåðàòîð A óäîâëåòâîðÿåò âûøå ïðèâåäåí-

íûì óñëîâèÿì, òî äëÿ âñÿêîãî u0 ∈ E ñóùåñòâóåò åäèíñòâåííîå îãðàíè÷åííîå íà ïîëóîñè

[0,∞) îáîáùåííîå ðåøåíèå óðàâíåíèÿ (1.1), óäîâëåòâîðÿþùåå óñëîâèþ u(0) = u0.
Ýòî ðåøåíèå çàäàåòñÿ �îðìóëîé

u(t) = T (t,−A 1
2 )u0 . (1.6)

�2. Ïîëóãðóïïû ïåðåíîñîâ ñ äå�îðìàöèÿìè

à) Ïîëóãðóïïû T+
h,ρ(t).

Íà èíòåðâàëå (a, b) ⊂ R = (−∞,∞) êîíå÷íîì èëè áåñêîíå÷íîì, ââåäåì íåïðåðûâíî

äè��åðåíöèðóåìóþ �óíêöèþ h(x) òàêóþ, ÷òî h′(x) > 0, lim
x→b

h(x) = ∞.

×åðåç L+
p,ω,h áóäåì îáîçíà÷àòü ïðîñòðàíñòâà �óíêöèé ϕ(x) ñ íîðìîé

‖ϕ‖1 = ‖ϕ‖p,ω1,h,g =

[∫ b

a

| exp[ωh(x)]g(x)ϕ(x)|pdh(x)
] 1

p

, (2.1)

p ≥ 1, ω > 0, g(x) > 0, g′(x) > 0. Ââåäåì îáîçíà÷åíèÿ h(x)⊕ t = h−1[h(x) + t].
Ïóñòü ρ(x) ≥ 0 ëîêàëüíî èíòåãðèðóåìàÿ íà (a, b) �óíêöèÿ. Áóäåì ðàññìàòðèâàòü

îïåðàòîðíîå ñåìåéñòâî

T+
h,ρ(t)ϕ(x) = exp

[∫ x

h(x)⊕t

ρ(ξ)dh(ξ)

]
ϕ[h(x)⊕ t] . (2.2)

Òåîðåìà 2.1. Îïåðàòîðíîå ñåìåéñòâî T+
h,ρ(t) ÿâëÿåòñÿ ñèëüíî íåïðåðûâíîé ñæèìà-

þùåé ïîëóãðóïïîé äåéñòâóþùåé â ïðîñòðàíñòâå LP,ω,h, óäîâëåòâîðÿþùåé îöåíêå

‖T+(t)‖ ≤ exp

(
−ω
p
t

)
. (2.3)

� Ñíà÷àëà îöåíèì

‖T+
h,ρ(t)ϕ‖pp,ω,h,g =

∫ b

a

exp
[
ωh(x) + p

∫ x

h(x)⊕t

ρ(ξ)dh(ξ)
]
g(x)|ϕ[h(x)⊕ t]|pdh(x) ≤

≤
∫ b

a

g(x) exp[ωh(x)]|ϕ(h(x)⊕ t)|pdh(x) . (2.4)
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Ïîñëå çàìåíû h(x)⊕ t = τ íåðàâåíñòâî (2.4) ïðèíèìàåò âèä

‖T+
h,ρ(t)ϕ‖pp,ω,h,g ≤ exp(−ωt)

∫ b

h(a)⊕t

exp[ωh(τ)]g[h−1(h(τ)− t)]|ϕ(τ)|pdh(τ) ≤

≤ exp(−ωt)
∫ b

a

exp[ωh(τ)]g(τ)|ϕ(τ)|pdh(τ) .

Îòñþäà ñëåäóåò îãðàíè÷åííîñòü ïîëóãðóïïû

‖T+
h,ρ(t)ϕ‖pp,ω,h,g ≤ exp

(
−ω
p
t

)
‖ϕ‖ . (2.5)

Ñâîéñòâî T+
h,ρ(0)ϕ = ϕ î÷åâèäíî.

Äëÿ óñòàíîâëåíèÿ ïîëóãðóïïîâîãî ñîîòíîøåíèÿ T (t)T (s) = T (t + s) ïðîâåäåì ñëå-

äóþùèå âû÷èñëåíèÿ

T+
h,ρ(t)T

+
h,ρ(s)ϕ(x) = Th,ρ(t) exp

[∫ x

h(x)⊕s

ρ(s)d(ξ)

]
ϕ[h(x)⊕ s] =

= exp

[∫ x

h(x)⊕t

ρ(ξ)dh(ξ)

]
exp

[∫ h(x)⊕t

h(x)⊕(t+s)

ρ(ξ)dh(ξ)

]
ϕ[h(x)⊕ t+ s] =

= exp

[∫ x

h(x)⊕(t+s)

ρ(ξ)dh(ξ)

]
ϕ[h(x)⊕ t + s] = T+

h,ρ(t+ s)ϕ(x) . (2.6)

Òåïåðü óñòàíîâèì ñèëüíóþ íåïðåðûâíîñòü ïîëóãðóïïû

‖T+
h,ρ(t)ϕ−ϕ‖ ≤

[∫ ∞

x(a)⊕t

exp[ωh−1(τ)]| exp
[∫ h−1(τ)

h−1(t+τ)

ρ(ξ)dh(ξ)

]
ϕ[h1(τ + t)]− ϕ[h1(τ)]|pdτ

] 1
p

.

Äàëåå, ïîëîæèì ϕ[h−1(t)] = ψ(t), ρ[h−1(s)] = µ(s) è, èñïîëüçóÿ ìåòîä ¾ïðèáàâèòü�

îòíÿòü¿, ñ ïðèìåíåíèåì íåðàâåíñòâà Êîøè-Áóíÿêîâñêîãî, ïîëó÷àåì

‖T+
h,ρ(t)ϕ− ϕ‖ ≤

[∫ ∞

h(a)

exp[ωh−1(τ)] exp

[∫ τ

t+τ

µ(s)ds

]
|ψ(t+ τ)− ψ(τ)|pdτ

] 1
p

+

+

[∫ ∞

h(a)

exp[ωh−1(τ)]| exp
[
p

∫ τ

t+τ

µ(s)ds

]
− 1| · |ψ(τ)|pdτ

] 1
p

= S1(t) + S2(t) .

Ïîêàæåì, ÷òî lim
t→0

S1(t) = 0, lim
t→0

S2(t) = 0.

Â ñëó÷àå S1(t) ýòîò �àêò ñëåäóåò èç íåïðåðûâíîñòè â öåëîì Lp-âåñîâûõ íîðì.

Â ñëó÷àå S2(t), äëÿ ïðîèçâîëüíî ìàëîãî ε > 0 çàïèøåì Sp
2(t) â âèäå ñóììû

Sp
2(t) =

∫ N

h(a)

exp[ωh−1(τ)]| exp
[
p

∫ τ

t+τ

µ(s)ds

]
− 1| · |ψ(τ)|pdτ+
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+

∫ ∞

N

exp[ωh−1(τ)]| exp
[
p

∫ τ

t+τ

µ(s)ds

]
− 1| · |ψ(τ)|pdτ = S

(N)
2 (t) + S

(N)
2 (t) , (2.8)

ãäå N âûáðàíî òàê, ÷òî âûïîëíÿåòñÿ íåðàâåíñòâî S
(N)
2 (t) < ε

2
. Çàòåì, ó÷èòûâàÿ êîíå÷-

íîñòü èíòåðâàëà èíòåãðèðîâàíèÿ, âûáèðàÿ t0 òàêîå, ÷òî ïðè âñåõ t > t0 âûïîëíÿåòñÿ
îöåíêà S

(N)
1 (t) < ε

2
. Îòñþäà ñëåäóåò ñîîòíîøåíèå limS2(t) = 0, à èç (1.18) ïîëó÷àåì

âûïîëíåíèå ñèëüíîé íåïðåðûâíîñòè ïîëóãðóïïû Th,ρ(t)

lim
h→0

‖T+
h,ρ(t)ϕ− ϕ‖ = 0, ∀ϕ ∈ Lp,h,ρ . (2.9)

Ýòî çàâåðøàåò äîêàçàòåëüñòâî òåîðåìû. �

Òàêèì îáðàçîì, ñåìåéñòâî T+
h,p ÿâëÿåòñÿ ñèëüíî íåïðåðûâíîé ïîëóãðóïïîé ñ îöåí-

êîé (2.5).

Èç òåîðåìû 1.1 è ðåçóëüòàòîâ [5℄, . 258, [3℄, . 327 ñëåäóåò, ÷òî äëÿ ïîëóãðóïïû

T+
h,ρ(t) îïðåäåëåí ïðîèçâîäÿùèé îïåðàòîð êàê ñèëüíûé ïðåäåë

A+
h,ρ = lim

t→0+

1

t
[T+

h,ρ(t)− I]ϕ(x) .

Åãî îáëàñòü îïðåäåëåíèÿ D(A+
h,ρ) ïëîòíà â L

+
p,h,ω,g è îí çàìêíóò.

Â ñîîòâåòñòâèè ñ [5℄, . 258 çíà÷åíèå ïðîèçâîäÿùåãî îïåðàòîðà ìîæíî îïðåäåëèòü

êàê ïðàâóþ ïðîèçâîäíóþ ïîëóãðóïïû â òî÷êå t = 0, òî åñòü

A+
h,ρϕ(x) =

d

dt
T+
h,ρ(t)ϕ(x)|t =

dϕ(x)

dh(x)
− ρ(x)ϕ(x) = D+

h,ρϕ(x) . (2.11)

Òàêèì îáðàçîì, ïðîèçâîäÿùèì îïåðàòîðîì ïîëóãðóïïû T+
h,ρ(t) ÿâëÿåòñÿ îïåðàòîð

A+
h,ρ, çàäàííûé âûðàæåíèåì D+

h,ρϕ(x) è îáëàñòüþ îïðåäåëåíèÿ D(A+
h,ρ) = {ϕ ∈ L+

p,ω,h,g,

D+
h,ρϕ(x) ∈ L+

p,ω,h,g}.
á) Ïîëóãðóïïû T−

h,ρ(t).

�àññìîòðèì ñëó÷àé êîãäà �óíêöèÿ h(x), x ∈ (a, b) óäîâëåòâîðÿåò óñëîâèÿì: h′(x) >
0, lim)x→ ah(x) = −∞.

×åðåç L−
p,ω,h,g îáîçíà÷èì ïðîñòðàíñòâà �óíêöèé ñ íîðìîé

‖ϕ‖− = ‖ϕ‖−p,ω,h,g =
[∫ b

a

exp(−ωh(x))g(x)|ϕ(x)|pdx
] 1

p

. (2.12)

p ≥ 1, ω > 0, g(x) > 0, g′(x) < 0.
Ïóñòü h(x)⊖ t = h−1[h(x)− t]. �àññìîòðèì îïåðàòîðíûå ñåìåéñòâà

T−
h,ρ(t)ϕ(x) = exp

[∫ h(x)⊖t

x

ρ(ξ)dh(ξ)

]
ϕ[h(x)⊖ t] . (2.13)

Äëÿ ýòèõ ñåìåéñòâ àíàëîãè÷íî T+
h,ρ äîêàçûâàåòñÿ
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Òåîðåìà 2.2. Îïåðàòîðíîå ñåìåéñòâî (2.13) ÿâëÿåòñÿ ñèëüíî íåïðåðûâíîé ïîëó-

ãðóïïîé äåéñòâóþùåé â ïðîñòðàíñòâå L−
p,ω,h,g è óäîâëåòâîðÿþùåé îöåíêå

‖T−(t)‖−p,ω,h,d ≤ exp

(
−ω
p
t

)
. (2.14)

Åå ãåíåðàòîðîì ÿâëÿåòñÿ îïåðàòîð A−
h,p, çàäàííûé âûðàæåíèåì

D−
h,ρϕ = −dϕ(x)

dh(x)
− ρ(x)ϕ(x) . (2.15)

ñ îáëàñòüþ îïðåäåëåíèÿ D(A−
h,ρ) = {ϕ ∈ L−

p,ω,h,g,D
−
h,ρϕ ∈−

p,ω,h,g}.

�3. Íåêîòîðûå ÷àñòíûå ñëó÷àè

Â ýòîì ïóíêòå ðàññìîòðèì íåêîòîðûå ïðèìåð.

1. Åñëè îïåðàòîð A+
h,ρ çàäàí âûðàæåíèåì (2.11), ρ(x) = µ · h(x), µ ≥ 0, òî ïðîèçâî-

äÿùàÿ åãî ïîëóãðóïïà èìååò âèä

T+
h (t)ϕ(x) =

(
h(x)

h(x) + t

)µ

ϕ[h−1(h(x) + t)] . (3.1)

Îíà ÿâëÿåòñÿ ñèëüíî íåïðåðûâíîé â ïðîñòðàíñòâå L+
p,ω,h,g ñ íîðìîé (2.1).

2. Åñëè x ∈ (−∞,∞), h(x) = x, µ = 0, òî èç (3.1) ñëåäóåò, ÷òî T+
h (t)ϕ(x) = ϕ(x + t)

ÿâëÿåòñÿ ïîëóãðóïïîé ïðàâûõ ñäâèãîâ â ïðîñòðàíñòâå L+
p,ω ñ íîðìîé

‖ϕ‖+ =

[∫ ∞

−∞

eωxg(x)|ϕ(x)|pdx
] 1

p

. (3.2)

Àíàëîãè÷íî, ïîëóãðóïïà ëåâûõ ñäâèãîâ T−
h (t)ϕ(x) = ϕ(x− t) ÿâëÿåòñÿ ñèëüíî íåïðå-

ðûâíîé â ïðîñòðàíñòâàõ L−
p,ω,h,g ñ íîðìîé

‖ϕ‖− =

[∫ ∞

−∞

e−ωxg(x)|ϕ(x)|pdx
] 1

p

. (3.3)

Çäåñü ω > 0. Çàìåòèì, ÷òî ïðè ω = 0 ýòè �àêòû íå ñïðàâåäëèâû.

3. Åñëè â (3.1), (a, b) = (0,∞), µ > 0, òî ñîîòâåòñòâóþùàÿ ïîëóãðóïïà èìååò âèä

T+
h,ρ(t)ϕ(x) =

(
x

x+ t

)µ

ϕ(x+ t) . (3.4)

4. Ïîëóãðóïïû Àäàìàðà. Åñëè (a, b) = (0,∞), h(x) = ln x, µ = 0, òî ïîëóãðóïïû èìåþò

âèä
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T+
h (t)ϕ(x) = ϕ(xet) , (3.5)

T−
h (t)ϕ(x) = ϕ(xe−t) . (3.6)

Ýòè ïîëóãðóïïû ñèëüíî íåïðåðûâíû â ïðîñòðàíñòâàõ T ñ íîðìàìè:

‖ϕ‖+ =

[∫ ∞

0

xω|ϕ(x)|pdx
] 1

p

, ω > 0 , (3.7)

‖ϕ‖− =

[∫ ∞

0

x−ω|ϕ(x)|pdx
] 1

p

, ω > 0 , (3.8)

Ïðîèçâîäÿùèìè îïåðàòîðàìè ýòèõ ïîëóãðóïï ÿâëÿþòñÿ îïåðàòîðû: A+
α , àäàííûé

âûðàæåíèåì D+
uϕ = x

dϕ

dx
, ñ îáëàñòüþ îïðåäåëåíèÿ D(A+

α ) = {ϕ ∈ L+
ω,p, D

+ϕ ∈ L+
ω,p}

è ñîîòâåòñòâåííî A−
u , çàäàííûé âûðàæåíèåì D−

uϕ = −xdϕ
dx

, ñ îáëàñòüþ îïðåäåëåíèÿ

D(A−
α ) = {ϕ ∈ L+

ω,p, D
−ϕ ∈ L−

ω,p}
Ñëåäóÿ [5℄ ýòè îïåðàòîðû ìû íàçûâàåì îïåðàòîðàìè Àäàìàðà, à ñîîòâåòñòâóþùèå

ïîëóãðóïïû � ïîëóãðóïïàìè Àäàìàðà.

5. �èïåðáîëè÷åñêèå ïîëóãðóïïû. Åñëè (a, b) = (0, 1), h(x) =
1

2
ln

(
x+ 1

1− x

)
, µ = 0, òî

íåòðóäíî âèäåòü, ÷òî â ýòîì ñëó÷àå ìû èìååì ïîëóãðóïïó

Th(t)ϕ(x) = ϕ

(
x+ t

1 + xt

)
, (3.9)

êîòîðàÿ â [10℄, ñ. 275 íàçûâàåòñÿ ãèïåðáîëè÷åñêîé.

Èç íàøèõ ðåçóëüòàòîâ ñëåäóåò, ÷òî ýòà ïîëóãðóïïà ñèëüíî-íåïðåðûâíà â ïðîñòðàí-

ñòâàõ ñ íîðìîé

ϕ‖ω,p =
[∫ 1

0

(
x+ 1

1− x

)ω
2

|ϕ(x)|pdx
] 1

p

. (3.10)

�4. �åøåíèå çàäà÷è (0.4)-(0.5)

Â ïðåäïîëîæåíèè α(t) > 0, γ(t) ≥ 0, h′(t) = α(t), ρ(t) = γ(t)/α(t) áóäåì ðàññìàòðè-

âàòü äâà âèäà óðàâíåíèÿ (0.4).

∂2u+(t, x)

∂x2
= −∂u+(t, x)

∂h(t)
+ ρ(t)u(t, x) , (4.1)

∂2u−(t, x)

∂x2
= −∂u−(t, x)

∂h(t)
+ ρ(t)u(t, x) , (4.2)

Ïîìåíÿâ ìåñòàìè ïàðàìåòðû t è x, óðàâíåíèÿ (4.1) è (4.2) çàïèøåì â âèäå

∂2u+
∂t2

= −D+
h,ρu+(t, x) , (4.3)
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∂2u−
∂t2

− = −D−
h,ρu−(t, x) , (4.4)

Ïðè ýòîì êðàåâûå óñëîâèÿ (4.5) ïðèíèìàþò âèä

u±(0, x) = u0(x); u±(∞, x) = 0 . (4.5)

Ñ÷èòàÿ u±(t, x) âåêòîðíîçíà÷íûìè �óíêöèÿìè u±(t) ñî çíà÷åíèÿìè â ïðîñòðàíñòâàõ
L+
p,ω,h,g èëè L−

p,ω,h,g ñîîòâåòñòâåííî, ìîæíî çàïèñàòü çàäà÷è (4.3)-(4.5) â îïåðàòîðíîé

�îðìå

d2u±
dt2

= A+u±(t) , (4.6)

u±(0) = u0, u0 ∈ L+
p,ω,h,g

â ïðîñòðàíñòâàõ L+
p,ω,h,g(L

+
p,ω,h,g), òî èç òåîðåìû 1.1. ñëåäóåò

Òåîðåìà 4.1. Ïóñòü t0 ∈ (a, b), h(t) =
∫ t

t0
α(s)ds, ρ(t) = γ(t)/α(t), òîãäà:

1) äëÿ êàæäîãî u0 ∈ L+
p,ω,h,g ñóùåñòâóåò åäèíñòâåííîå îáîáùåííîå ðåøåíèå çàäà÷è

(4.3)-(4.5), è îíî ïðåäñòàâèìî â âèäå

u+(t) = T+
h,ρ[t,−(A+

h,ρ)
1
2 ]u0 =

t

2
√
π

∫ ∞

0

s−
3
2 exp

(
− t2

4s

)
T+
h,ρ(s,−A+

h,ρ)u0ds ; (4.7)

2) äëÿ êàæäîãî u0 ∈ L−
p,ω,h,g ñóùåñòâóåò åäèíñòâåííîå îáîáùåííîå ðåøåíèå çàäà÷è

(4.4)-(4.5), è îíî ïðåäñòàâèìî â âèäå

u−(t) = T−
h,ρ[t,−(A−

h,ρ)
1
2 ]u0 =

t

2
√
π

∫ ∞

0

s−
3
2 exp

(
− t2

4s

)
T−
h,ρ(s,−A−

h,ρ)u0ds . (4.8)

Òåïåðü, ïåðåõîäÿ ê îáîçíà÷åíèÿì óðàâíåíèé (4.1) è (4.2) è âîçâðàùàÿñü ê çàäà÷àì

(4.1)-(4.3), (4.2)-(4.3), ïîëó÷àåì èõ ðåøåíèÿ

u+(t, x) =
x

2
√
π

∫ ∞

0

s−
3
2 exp

(
−x

2

4s

)
T+(s,−A+

h,ρ)u0(t)ds =

=
x

2
√
π

∫ ∞

0

s−
3
2 exp

(
−x

2

4s

)
exp

[∫ x

h(x)⊕s

ρ(ξ)dh(ξ)

]
u0[h

−(h(s) + x)]ds , (4.9)

u−(t, x) =
x

2
√
π

∫ ∞

0

s−
3
2 exp

(
−x

2

4s

)
T−(s,−A−

h,ρ)u0(t)ds =

=
x

2
√
π

∫ ∞

0

s−
3
2 exp

(
−x

2

4s

)
exp

[∫ h(x)⊖s

x

ρ(ξ)dh(ξ)

]
u0[h

−(h(s)− x)]ds . (4.10)

Èç (4.9) è (4.10), â ÷àñòíîñòè ñëåäóþò ïðåäñòàâëåíèÿ ñîîòâåòñòâóþùèõ òåïëîâûõ

ïîòîêîâ

q+(t) =
∂u+
∂x

∣∣∣∣
x=0

= −(A+
ρ,h)

1
2u0(t) , (4.11)
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q−(t) =
∂u−
∂x

∣∣∣∣
x=0

= −(A−
ρ,h)

1
2u0(t) , (4.12)

Â çàêëþ÷åíèè çàìåòèì, ÷òî ðåçóëüòàòû ïîëó÷åííûå â íàñòîÿùåé çàìåòêå ÿâëÿþòñÿ

íîâûìè äàæå â ïðîñòåéøåì ñëó÷àå h(x) = x, ρ(x) ≡ 0, êîãäà T ± (t)ϕ(x) = ϕ(x ± t)

� ïîëóãðóïïû ñäâèãîâ, à îïåðàòîðû (−A±)
1
2
îïðåäåëÿþòñÿ äðîáíûìè ïðîèçâîäíûìè
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ABOUT WELL-POSED SOLVABILITY OF SOME NONSTATIONARY

PROBLEMS WITHOUT INITIAL CONDITIONS

A.V. Kostin, M.V. Mukovnin, M.H. Geem

Voronezh State University,

Universitetskaya Sq., 1, Voronezh, 394000, Russia, e-mail: leshakostin�mail.ru

Abstrat. It is established well-posed solvability of a Hadamard nonstationary problem for one-

dimensional heat equation, referred to the problem without initial onditions. This requires to �nd

the derivative of the temperature at the spatial variable Whih desribes the variable of heat �ow

at the boundary of matter. Studying of these problems is known lead to the using of mehanism of

frational integro-di�erentiation. However, in general, the results are obtained onern only with the

questions of existene solutions and its integral-di�erential onepts. The question of the stability

solution on the initial data whih requires using an appropriate metri spaes in suh works is

not disussed. In this paper, these problems are solved by using the theory of strongly ontinuous

semigroups of linear transformations in speial funtional spaes.

Key words: heat- and mass-transfer, time-dependent problems, well-posed solvability, strongly

ontinuous semigroups, frational powers of operators.


