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ABSTRACT

Let M be a 2-torsion freeI" -ring satisfies the condition xay fz=x gy« z for all
x,y,zeM and a, S € T'". In section one ,we prove if M be a completely primeT” -ring
and T:M—M an additive mapping such that T(ax a)=T(a) « a (resp., T(ax a)=a«
T(a ))holds for all acM,a eT".Then T is a left centralizer or M is commutative
(res.,a right centralizer or M is commutative) and so every Jordan centralizer on
completely primeI -ring M is a centralizer .In section two ,we prove this problem
but by another way. In section three we prove that every Jordan left
centralizer(resp., every Jordan right centralizer) onT -ring has a commutator right
non-zero divisor(resp., onI"-ring has a commutator left non-zero divisor)is a left

centralizer(resp., is a right centralizer) and so we prove that every Jordan
centralizer on I'" -ring has a commutator non —zero divisor is a centralizer .

Key wards : T"-ring, primeI" -ring,semi-primeI" -ring , left centralizer, Right
centralizer, centralizer, Jordan centralizer.
1-INTRODUCTION

Throughout this paper,M will represent I" -ring with center Z .In [7] B.Zalar
proved that any left (resp.,right )Jordan centralizer on a 2-torsion free semi-prime
ring is a left (resp.,right)Centralizer.In [3] authors prove the same question on the
condition that R has a commutator right (resp., left) non- zero divisor .And
J.Vukman in [6] proved that if R is2-torsion free semi-prime ring and T:R—R be
an additive mapping such that 2T(x ?)=T(x)x+xT(x) holds for all x,yeR .Then T is
left and right centralizer.In this paper we define Jordan centralizer onI" -ring and
we show that the existence of a non-zero Jordan centralizer Ton a 2-torsion free
completely primeI -ring M which satisfies the condition xa y fz=x Sy « z for all

x,y,zeMand «a, g € T'implies either T is centralizer or M is commutative I -ring.
Let M and I" be additive abelian groups, M is called a I" -ring if for any x,y,z
eMand a, g e T the following conditions are satisfied
X ay eM
Q) (x+y) az=x a7ty az
X(a+p)i=x az+x pz
X a(ytz)=X ay+X az
) ay) pr=x a(y B1)

The notion of I"-ring was introduced by Nobusawa[5] and generalized by
Barnes[1],many properties of I -ring were obtained by many research such as [2]
Let A,B be subsets of a I" -ringM and A a subset of T" we denote AA B the

subset of M consisting of all finite sum of the form Zaiﬂ,,bi where a, eA,b, B

and A € A .Aright ideal(resp.,left ideal) of aI" -ring M is an additive subgroup | of



M such that IT Mc I(resp.,MT I <I).1f I is a right and left ideal inM,then we say
that I is an ideal .M is called a 2-torsion free if 2x=0 implies x=0 for all xe M.AT -
ringM is called prime if al’ MT b=0 implies a=0 or b=0 and M is called completely
prime if a T"b=0 implies a=0 or b=0(a,b eM),Sincea I'b T"'a I'b <a I' M T"b,then
every completely prime I' -ring is prime.AT" -ring M is called semi-prime if

al’ MT a=0 implies a=0and M is called completely semi-prime if a T"a=0 implies
a=0(aeM)

Let R be a ring,an additive mapping D:R—R is called derivation if
D(xy)=D(x)y+xD(y) holds for all x,y e R.A left(right ) centralizer of R is an additive
mapping T:R —R which satisfies T(xy)=T(X)y(T(xy)=xT(y)) for all x,ye R.A Jordan
centralizer be an additive mapping T which satisfies T(xoy)=T(X) oy=xo T(y).

A Centralizer of R is an additive which is both left and right centralizer.An easy
computation shows that every centralizer is also a Jordan centralizer.Many Papers
work about the problem every Jordan centralizer be centralizer such as in[7] .In
this paper ,we work this problem on some kind of I"-ring.

Now ,we shall give the following definition which are basic in this paper.
Definitionl.1:-Let M be a T"-ring and let D:M — M be an additive map,D is called
a Derivation if for any a,b e M and « e T ,if the following condition satisfy

D(aa b)=D(a) a b+aa D(b)

Definitionl.2:- Let M be a I"-ring and let T:M — M be an additive map ,T is called
Left centralizer of M,if for any a,b eM and « < I', the following condition satisfy
T(aa b)=T(a) ab,

Right centralizer of M,if for any a,o eM and « < I', the following condition
satisfy

T(aa b)=aa T(b),

Jordan left centralizer if for allac M and « < I', the following condition satisfy
Tlaaxa)=T(a) aa

Jordan Right centralizer if for allacM and a e T, the following condition satisfy
T@aa)=a aT(a)

Jordan centralizer of M,if for any a,b e M and « < T", the following condition
satisfy T(@aa b+tb e a)=T(a) a btba T(a)=a a T(b)+T(b) xa

A centralizer of M is an additive mapping which is both left and right
centralizer.An easy computation shows that every centralizer is also a Jordan
centralizer but the converse is not true .In this paper we prove this problem when M
is 2-torsion free completely prime T -ring.Now we shall prove the following
Lemmas which are necessarily to prove our main result in this paper.

Lemma 1.3:-Let M be a 2-torsion freeI" -ring and let T:M — M be an additive
mapping which satisfies T(ax a)=T(a)  a,(resp., T(@xa)=a a T(a)) forallacM
and a e I' ,then the following statement holds for all a,p,ceMand «, g T,
Q) T(@aabtb aa)=T(a) ab+T(b) a a
(resp.,, T(@ab+b aad)=a a T(b)+b o T(a))
(i)  Especially if M is 2-torsion free and aa b fc=a g b« c for all a,b,ce M
and o, f e I'then
T(aabpa)=T(a) abpa(resp., T(aacbpa)=a abp T(a))
(i) T(@aabpctcabpa)=T(a) abpc+T(c) abpa.
(resp., T@abpctcabpa)=a ab S T(c)+c abpT(a)

Proof:-(i) Since T(ax a)=T(a) e«aforallacMand a T,....... (1)
Replace a by a+b in (1),we get



T@abt+b aa)=T(a) ab+T(D) A d.ceeeeiiiieiieiiiiiiiiiiiininnn 2)
(ii) by replacingb bya gbtb pa, g e I'
W=T(ac (a gb+b pa)+(a gb+b pa) aa)
=T(a) a(a pbtb pa)+T(a pb+th pa) aa
=T(@) a(a phb)+T(a) a (b pa)+(T(a) p b+T(b) B a) aa
=T(@) a(a pb)+T(@) a (b pa)+T(a) p baatT(b) g aca
Sinceaa b fc=apbacthen
W=T(a) a(a gb)+2T(a) ¢ (b pa)+T(b) f axa
On the other hand
W=T(@aa(a pgbtb pa)+(a pgb+tb pa) aa)
=T(aax(a pb)taa (b pa)+(a pgb) aa+(b pa) aa
=(acapbtbpaca)+t2T(aabpa)
By comparing these two expression of W, we get
2T(aabpa)=2T(a) ab pa
Since M is 2-torsion free ,then
T@abpa)=T@) ab La..iiceiiiiiiieiiiiiianninnnn. 3)
(iii)In (3) replace a by a+c,to get
T@aabpctcabpa)=T(a) abpc+T(c) abpa.................. “4)
Theorem 1.4:- Let M be a 2-torsion free completely primeI” -ring which satisfy the
condition xay fz=xyazforallxy,zeM ,a, I, and let T:M — M be an
additive mapping which satisfies T(aa a)=T(a) « a ,for allacM and « < I' ,then
T@ab)=T(@) ab, foralla,beMand a I"or M is commutativeI -ring.
Proof:-By [Lemma 1.3,iii] ,we have
T@aabpctcabpa)=T(a) abpc+T(c) abpa
Replacecbyaab
W=T(aabpg(aab)t(aab)abpa)
=T(@) abp aab+T(aab) abpa
On the other hand
W=T((aab) g (aab)taa (bab)sa)
=T(aab)paab+T(@ababpa
By comparing these two expression of W, we get
T@@aab)p(@aab-b x a)+T(@)ab g (baxa-a a b)=0
T@aab)p(@aab-baa)-T@ab g (aab-b ¢ a)=0
(Tlaab)-T(@)ab)p@ab-b a a)=0..cccceeveviennnnnn (5)
Since M is completely prime T"-ring ,then
either T(aa b)- T(@)ab=0oraab-b « a=0
if T(@a b)- T(a) x b=0then T(aa b)=T(a)a b
andifaa b-b « a=0forall a, beM and a < I" then M is commutativeI” -ring
Theorem 1.5:- Let M be a 2-torsion free completely primeI" -ring which satisfy the
condition xay fz=xfyaz forall x,yzeM ,a, feI',andand let T:M — M be
an additive mapping which satisfies T(ax a)=a « T(a)for allac M and
a eI then T(aab)=a a T(b) forallapbeM and o  I"or M is commutativeI -
ring.
Pr_c?of:- From[Lemma 1.3,iii],we have for all a,b,ceMand ¢, g T,
T(@a ab pctc ab pa)=a ab gT(c)+c ab B T(@............... (6)



In (6) replace cby b « a, then
W=T(a ab g(b aa)+(b aa) ab pa)

zaabpTb aa)tb aa gb aT(a)
on the other hand
W=T@a(b pgb)aa+b xa) a(b ga))

zaabpbaT(@)+baapT(baa)
by comparing these two expression of W ,we get
aabp(T(baa)>baT(@)-baap(T(baa)-baT(a)=0
(@aab-baa)p(T(baa)-ba T(@)=0............ccucuveevuveenennnen. (7)
since M is completely prime T"-ring,then
either (T(ba a)-baT(a))=0 = T(baa)=ba T(a)
oraab-baa=0 = aab=baa =M is commutative T"-ring@
Corrolary 1.6:- Every Jordan centralizer of 2-torsion free completely prime I"-ring
M which satisfy the condition xay fz=x gya z for all x,y,zeM ,a, peT', isa
centralizer on M.

2-The second result

In this section we again divided the proof in few lemmas.
Lemma2.1:- Let M be a semi-primeT" -ring and D a derivation of M and a<M some
fixed element.
(1)D(x) a D(y)=0for all x,yeM, e I" implies that D=0 on M
(ilaaxx a aeZ forallx eM, a €T impliesthataeZ.
Proof:-
(i) since D(x) a D(y)=0for all x,yeM, o €T .
and D(y & X)=D(y) a x+ya D(x)
and so D(X) a D(y a x)=0,then
D(X) @ D(y) a x+ D(X) a2y a D(x)=0
since D(X) a D(y)=0,then
D(xX)aya D(x)=0 for all x,yeM, o €T
And since M be a semi-primeT -ring ,then
D(x)=0 for all xe M.
(i)define D(x)=aa x-Xx a a
it is easy to see that D is derivation on M
since D(x) eZ for all x e M,we have
D(Y) XX A D(P)eeeeeinriainannecnecsansessessnsonson (8)
Replacey by yaz in (8)
Dy az) ax=x aD(y az)
D) a zaxty aD(@) ax=x aD(y) az+x ay a D(z)
D(y) a(z a x-x a 2)=D(z2) a (X & y-y a Xx)
Now, take z=a, then it is easy to see that D(a)=0,s0
D(y) a(@ a x-x a a)=0
D(y) a D(x)=0,then from (i),we get D=0 and hence a € Z®
Lemma 2.2:- Let M be a semi-primeI" -ring and ae M some fixed element.
IfT(x)=a a x+x a a, forall xeM,a €I is a Jordan centralizer ,thena €Z
Proof:-from [definition 1.2]
TXayty ax)=T(X) ay+ya T(X)
Gives us
TXay)+T(y ax)=T(X) ay+ya T(X)
aaxaytaayoaxtxayaatya Xa a=




(aa x+tXaa) ayty a(aa X+x a a)
TaaXaytxaoaaytyocaao Xtyaxa a

Then
aayaxxaaaytxay aay aaax=0
(@aayy aa) axx a(a ay-y aa)=0forall xyeM,a eT’
Thena ay-y aa eZ and so by [Lemma 2.1,ii],we geta € Z.
Lemma 2.3:- Let M be a semi-primeI -ring ,then every Jordan centralizers of M
maps from Z into Z.
Proof:-take any ce Z and denote a=t(c)
2T(ca X)=T(ca x+xa ¢)
=T ax+xaT(c)=a ax+X aa
Then S(x)=2T(c « X) is also a Jordan centralizer ,by[ lemma 2.2],we get a € Z.
Then T(c) e Z®
Lemma 2.4:- Let M be a semi-primeI" -ring and a ,b € M two fixed elements.
Ifa ax=x abforallxeM, a e T" then a=beZ.
Proof:-Since X ab=a a x
Replace x by x ay
Xayab=aax ay
Xayab=xab ay
X a(y ab-b ay)=0,and so
(y ab-b ay)x a(y ab-b ay)=0
Since M is semi-prime T -ring, then
(y ab-b ay)=0
y ab=b ayforally eM, thenb €Z
sincea a x=x ab=b ax
it is easy to see that
(a-b) ax=0forallx eM
and(a-b) a xa (a-b)=0for all x eM
again since M is semi-prime I"-ring then a-b=0=a=beZ®
Proposition 2.5:-everyJordan centeralizerof 2-torsion free completely prime T -
ringM is a centralizer.
Proof:-Let T be a Jordan centeralizer,i.e
TXayty ax)=T(X) ay+tya T(X)=x a T(y)+T(y) aX
If we replace y by X a y+y «a X, then the left side
W=TXa (X ayty aX) +(X ay+ty aX)aX)

=T(X) a (X ayty aX)+(X ay+y ax) a T(X)

=TX) a(Xxay)+TX) ayaxtxaya TX)+y ax aT(X)
and the right side
W=x a T(X ay+y aX)+T(X ay+y aX) aX

=X aTX) aytx ay aTX)+T(X) ay ax+y a T(X) aX
Then
TX) ax aytyax a TX)-x a T(X) ay-y a T(X) ax=0
(TX) ax xa TX))ay+tya(x a T(x)- T(X) ax )=0
Then
(TX) ax xa TX))ay=ya (T(X) ax -x a T(x)) forallx,y eM, a  T.
Andso (T(x) ax -x a T(X)) €Z
then we must prove that
T(X) ax -Xx a T(x)=0
Takeanyc €Z




2T(ca X)=T(Ca x+xa C)

=T(c) a x+xa T(c)

=2T(X) ac
Using[ Lemma 2.3]and since M is 2-torsion freeT" - ring
Tcax)=T(X) ac=T(c) ax
(TX) ax-xa T(X)) ac=T(X) aXx ac-XxaT(X)ac

=T(c) axax-Xxa T(c) ax=0

then(T(X) ax-xa T(X)) aca (T(X) ax-xa T(x)) =0
since M is semi-primeT - ring ,thenT(X) a X-xa T(x) =0
2T(Xa X)=T(X a Xx+Xa X) =T(X) a x+xa T(X)

=2T(X) ax =2xa T(X)
Since M is 2-torsion free ,then
T(Xa X)=T(X) ax=xa T(x)
And so by [Theorem 1.4, Theorem1.5],we get the result.

3-JORDAN CENTRALIZERS ON SOME GAMMA RING
Theorem 3.1:- Let M be a 2-torsion freeI" -ring which satisfy the condition
xaypz=xpyazforallxy,zeM,a, f " and has a commutator right non-zero
divisor and let T:M—M be an additive mapping which satisfies
T(@aaa)=T(a) o aforallacMand a T ,then T(aab)=T(a) « b forall
abeMand ¢ eT.
Proof:- from (5),we have
(T@ab)-T(@)ab)p(@aab-b a a)=0
if we suppose that
o(ab)=T(aab)-T(@)aband[abl=aab-b a a
then é(a,b) g [a,b]=0forallapeMand o, T ............... 9)
Since M has a commutator right non-zero divisor ,then 3x,ye M, a e I" such that
if foreveryceM, pel
cB[xy]=0=c=0
by (9),we have d(x,y) £ [X,y]=0 and so d(x,3)=0.................. (10)
replace a by a+x
o(a+x,b) g [a+x,b]=0 and so by (9) and (10)
o(x,b) B [a,b]+ d(a,b) B [x,b]=0................. (11)
Now replace b by b+y
o(x,bty) g [a,bty]+ d(abty) B [x,b+y]=0
and so by (10) and (11),we get
o(x,b) g [aylt é(ay) g [xb]+d(ab) B [xyl+o(ay) B [xy]=0
o(ab) g [xyl+d(ay) g [xyl=0
by (11),we get
o(ab) g [xyl-o(xy) g [ay]=0
then
o(a,b) S [x,y]=0,and so d(a,b) =0 for alla,beMand o e T
T(@ab)=T(a)x b=T is left centralizer of M.
Theorem 3.2:- Let M be a 2-torsion free I" -ring which satisfy the condition
xaypr=xpyazforallxyzeM , a, f I and has a commutator left non-zero
divisor and let T:M—M be an additive mapping which satisfies




T(aaxa)=a a T(a) forallacMand a T ,then T(aab)=a a T(b) forall
abeMand ¢ eT.
Proof:- From[Lemma 1.3,iii],we have
T(@@a ab pctc ab pa)=a ab pT(c)+c ab B T(a............... (12)
In (12) replace cby b « a ,then
W=T(@a ab g(b aca)+(b aa) ab pa)
zaabpT(b aa)tb aa gb aT(a)
on the other hand
W=T@a(( gb)aa+ aa) a(b ga))
aabpbaT(@)+baapT(baa)
by comparing these two expression of W ,we get
aabp(T(baa)-baT(a)-baap(T(baa)-ba T(a)=0
then if we suppose B(b,a)= (T(ba a)-ba T(a))
[a,b] g B(b,a)=[a,b] #B(a,b)=0forallabeM ,a, Sl ccceviviveiiiiiiernnnnnn (13)
Since M has a commutator left non-zero divisor then3x,ye M, a € I" such that if
foreveryceM, g eI, [xy] pc=0=c=0
then by (13),we have
Xyl B B(X,Y)=0=Bx,))=0.....c.cccceeuevec... (14)
in (13) replace a by a+x
[a+x,b] g B(atx,b)=0
then by (13)
[x,y] g B(a,b)+[a,b] B B(x,b)=0..................... (15)
Now replace b by b+y
[x.bty] B B(ab+y)t[a,b+y] B B(x,b+y)=0
then by using (14) and (15),we get
[x.y] 5 B(a,b)=0
and since [x,y] is a commutator left non-zero divisor then
B(a,b)=0= T(aa b)=a«a T(b) which is mean that T is right centralizer
Corrolary3.7:- Let M be a 2-torsion freeI" -ring which satisfy the condition
xaypr=xpyazforallxyzeM, a, g eI, hasacommutator non-zero divisor
and let T:M—M be a Jordan centralizer then T is centralizerm
Acknowledgment:-the authors grateful to the referee for several suggestions that
helped to improved the final version of this paper and especially Prof.Haetinger .

References
[1]W.E.Barnes"On the T"-ring of Nabusawa",PacificJ.Math.,18(1966),411-422.

[2]Y.Ceven,"Jordan left derivations on completely prime Gamma
rings”,Fenbilimleri Dergisi(2002)cilt 23say12.
[3]W.Cortes and C.Haetinger"On Lie ideal and Jordan left centralizers of 2-

torsion free rings",URL:http://ensino.univates.br/~Chaet.
[4]1.N.Herstein"Topics in ring theory "University of Chicago press,1969.
[5]N. Nabusawa"On a generalization of the ring theory",OsakaJ.Math.,1(1964).
[6] J.Vukam"An identity related to centralizers in semi-prime rings",

Comment .Math.Univ.Carolinae,40,3(1999)447-456.



[7]B.Zalar"On centralizers of semi-prime rings" Comment.Math.Univ.Carolinae
32(1991)609-614.



