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Abstract

In this paper ,we introduce the concept of symmetric left bi- (o, 7 )- derivation on gamma rings

and study this concept on completely prime Gamma ring also we study it if acts as homomorphism and
we show that if D nonzero Jordan left bi-( o, o )derivation on 2-torsion free completely prime gamma
ring M then M is commutative or D be left bi-(o , o) derivation .
Key words: Gamma ring, Prime ring, Derivation ,Left derivation .
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1-Introduction

Throughout this paper ,M will represent an associativeI"- ring and Z will be its
center. Let R be a ring and let x,yeR the commutator xy-yx will be denoted by
[x,y],we will also use the identities[xy,z]=x[y,z]+[x,z]y and [X,yz]=y[X,z]+[X,y]z .Let
A be anon empty subset of R then a map .R—R is said to be commuting
(resp.,Centralizing ) on A if [f(x),x]=0(resp .,[f(X),x] €Z) for all xe A. We recall that
R is semi-prime if a Ra=0 implies that a=0 and R is prime if a R b=0 implies that a=0
or b=0.it is easy to see that every prime ring be semi-prime but the converse is not
true.

An additive map d: R—>R is called a derivation(resp.left derivation) if
d(xy)=d(x)y+xd(y)(resp d(xy)=xd(y)+yd(x)) for all x,yeR. A bi-derivation mean that
a bi-additive map D:RxR — R(D is additive in both arguments) which satisfy the
relations
D(xy,z)=D(x,2)y+xD(y,z)

D(x,yz)=D(x,y)z+yD(x,z) V X,y €R.

Let D be symmetric that is D(X,y)=D(y,x) V X,y €R. the map T:R— R defined by
T(X)=D(x,x) Vx eR is called the trace of D. Many paper study the concept of
symmetric bi-derivation such as the paper of [Mohammed Ashraf 1999],[ Vukman. J
1989 ],[ Vukman.J 1990 ].In [Breaser 2004, Theorem3.5] prove that ,if R is a non-
commutative 2-torsion free prime ring and D:Rx R — R is a symmetric bi-derivation
then D=0.

Let R be a ring then the bi-additive map D:RxR — R is called a left bi-derivation if
D(xy,z)=x D(y,z)+y D(x,z) and D(x,yz)=y D(x,z) +z D(X,y) V X,y,z €R.

We should mentioned the reader that the notion of left bi-derivation was introduced
by authors in [Nagy and others 2010,Definition 3.1]and see that a prime ring of
characteristic = 2,3that admit anon-zero Jordan left bi-derivation is commutative also
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iIf R is semi prime ring every bi-left derivation be an ordinary bi-derivationthat maps
from R into its center.
Let M and I" be additive abelian groups, M is called aI" -ring if for any X,y,z

€Mand a, g € I the following conditions are satisfied
x ay<eM
Q(x+y) a z=x @ 2ty a z

X(a + B)z=Xx a z+X f 2

Xa (Ytz)=X a y+X a z
@ ay) pz=xalyp2)
The notion of T" -ring was introduced by [Nabusawa, 1964 ] and generalized by
[Barnes, 1966], many properties of I" -ring were obtained by many research such as
Ceven, 2002. Let A,B be subsets of a T"-ring M and A be a subset of I" we denote

AAB the subset of M consisting of all finite sum of the form Zaiﬁ,,biwhere

a €A,b eB and 4 eI'.A right ideal(resp.,left ideal) of aI"-ring M is an additive

subgroup lof M such that ITMCI(resp.,MI'I<1) . If | is a right and left ideal
inM,then we say that | is an ideal .M is called a 2-torsion free if 2x=0 implies x=0, for
all xe M.AT -ringM is called prime if aI" M T b=0 implies a=0 or b=0 and M is called
completely prime if a T'"b=0 implies a=0 or b=0(a,b €M),Since a T b T'a I'b
cal'M TI'b, then every completely prime I"-ring is prime. AT -ring M is called
semi-prime if al’ MT"a=0 implies a=0and M is called completely semi-prime if a
I"a=0 implies a=0(a<€ M)

In this paper ,we give a new definition which is the definition of Symmetric bi-left
(o,7) derivation on TI'-ring and study this concept on completely prime T"-ring in
section Two and in section three we study this concept if it is acts as left or right

homomorphism also we introduce the concept of Jordan left bi- (o, o) derivation on
I -ring and study it on completely prime T"-ring .

2-Symmetric left bi -( o,z )derivation on completely prime 1 -rings.

In this section, we introduce the definition of symmetric left bi -(o,7) derivation
on gamma rings as follows
Definition 2.1:-

An additive mapping D: M xM — M is called a symmetric left bi (o, 7) -derivation

if there exist 0,7 :M — M such that
D(xa y,2)= 7 (X) a D(y,2)+ o (y) a D(x,2)
And
D(x,ya z2)= 7 (y) a D(X,2)+ o (z) a D(X,y) VX,y,zeM
Lemma 2.2:-
Let M be a2-torsion free completely primeI”- ring and | a non-zero left (or right
ideal of M).Let D: MxM —M be symmetric left bi -(o,7)-derivation

c,7:M —->M | o ()=, and d the trace of D .Suppose that d(x)=0 V x 1. Then d=0
and so D=0.

Proof:-Since we have d(x)=0 Vx el.............. (2.1)

By replacing x by x+y and use (1)

We get 2D(x,y)=0 V x,y €l

Since M is 2-torsion free,

Weget D(X,y)=0 VXy el.......c.oooiiiiiinn... (2.2)

Replace y by ry, re M
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D(x,r y)=0

7(r) a D(X,y)+ o (y) a D(x,r)=0

By (2.2),we get

o (y) a D(x,n)=0

o(l) aDXx,N=0Vxyel, VreM
Since 10 and o is automorphism theno (1) = 0 and since M is completely primeT -
ring then
D(X,r)=0.............. (2.3)

Replace x by xa r

D(xa r,r)=0

D(xa =7 (X) a D(r,r) + o (r) a D(x,r)=0

By (2.3),we get

7 (X) a D(r,r)=0

Since M is completely prime T"-ring
Then either 7 (x)=0 or d(r)=0

Since I=0andz is automorphism thenz (1) 0 is an ideal of M

Thend (r) =0
diN=0 Vr eM

Now replace rby r+s ,s eM
d(r+s)=d( r )+d(s)+2D(r,s)
And since d(r)=0 Vr eM

Then2D(r,s)=0

Since M is 2-torsion free ,we get

D(r,s)=0 V r,se M .which is D=0.

Theorem 2.3 :-Let M be a 2-torsion free completely primeT" - ring and | a non-zero
(non-commutitive )ideal of M and Let D: M xM — M be symmetric left bi - (o, 7)-

derivation ,o,7:M — M o ()= 7 (I)=I, and d the trace of D .

If [x,d(x)],=0 Vx el Then D=0.

Proof:-

Since [x,d(X)] ,=0 Vx el.................. (24)

Linearizing x by x+ y ,to get

Xa dX)+xa d(y)+2x a D(X,y)+y a d(X)+y a d(y)+2y o D(x,y)-d(X) a x-d(X) « y-d(y)
a x-d(y) a y-2D(x,y) a x-2D(x,y) a y=0

Then

[x,d(y)] . +[y.d(x)] , +2[x,D(x,Y)] , +2[y.D(x.y)] ,=0............ (2.5)
Replace x by —x in ( 2.5 ) to get

-x,dy)1 , -Iy.d(x)] , +2[x,D(x,y)] , -2[y.D(x,y)] ,=0 ............ (2.6)

By comparing (2.5) and (2.6),to get

4[x,D(x.y)] , =0

Since M is 2-torsion free

DXDOGY)] =0 (2.7)
Replace y by y S z,

[x.D(xyB2)] ,=0

[x, 7 (y) BD(x,2)*+ o (z) fD(XY)] ,=0

[, 7(y) BD(x.2)] , *[X,0(2) BD(XY)] ,=0
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[x, 7] . BDX2)t 7(y) B [XxDXx2)] ,+ [xo@)] , BDEY)+ o(z) B
[x.Dx.y)I , =0

Then by (2.7 ),we get

[x, (W] , BDX2)* [x,0(2)] , BD(xy)=0

By replacing z by y and use the fact o (1)=T(I)=I,we get

2[x, o ()] , AD(xy)=0

Since R is 2-torsion free ,

[x, o (W] . AD(xy)=0

Since M is completely primeI”-ring, then we get

Either [x, o (y)] , =0 or D(x,y)=0

If [x, o(y)] ,=0 then [xy] ,=0Vx)y el then | is commutative which is

contradiction with I is non-commutative then D(X,y)=0V X,y 1 and so D=0 on M.
by proof of [lemma 2.2 ]

Theorem2.4 :- Let M be a 2-torsion free and 3-torsion free primeI" - ring and Let
D: MxM — M be symmetric left bi - (o, 7) -derivation

c,7:M—>M | 0(x)= v (x) and d the trace of D .if [x, d(x)] , €Z(R) VX

€ M. Then D=0.
Proof:-
Since we have [X, d(X)] , €Z(M) VX eM.......cooovinininn (2.8)

Replace x by x+y

[d(x),y] , +[d(y).x] , +2[D(x,y).X] , +2[D(x,y),y] , €Z(M)........... (2.9)
Replace x by —x ,to get

[d(x),y] , -[d(y).x] , +2[D(x,y).X] ,-2[D(X,y),y]l , €Z(M).............. (2.10)
By comparing (2.9) and (2.10)

2[d(x),y]+4[D(x,y).x] € Z(M)

Since R is 2-torsion free,

[d(X).y] ., +2[D(x.y).X] , €Z(M)

Replace y by x g x,to get

[d(x), xfx], +2[D(x, X B X).X] , €Z(M)

Since D is a symmetric left bi - (o, 7) - derivation

Then

[d(x), xgX] , +2[c (x) BD(xX)+ 7 (X) FD(XX).X] , €Z(M)
[dX)xBX] , +2[c (X) Bd(X)t 7 () Bd(X).X] , €Z(M)

[d(x), xgX] , +2[0 (x) pd(X).X] ,+2 [z (x) d(X).x] , €Z(M)

[dO).x] . Ax+xp [d(X)X] ,+2[0 (x),X] , Bd(x)+20 (x) B [d(x).X] , +2[7 (x).X]
. BAX)+27(x) B [d(X).X] , €Z(M)

Since [d(x),x] , €Z(M)and O (x)= 7 (x)=X

2x B [d(x).x] , +4[0 (x).x] , Bd(x)+4 0 (x) f [d(X)X] , €Z(M)

Then 2x g [d(x),x] , +4[0 (X) pd(x),X] , €Z(M)

If 0 (x)=x then

6X 4 [d(X)X] , €ZM).euereiiiiiiiii (2.11)

Since M is 2-torsion and 3-torsion free ,then by (2. 11 ) and (2.8),we get
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[xyl, B [d(x).x] , =0

If xg Z(M) then [x,y] , #0

Since M is completely prime T"-ring, then
[d(x),x] , =0 and so by [ Theorem 2.3 ]

We get d=0 which leads to D=0.

3-Symmetric Left Bl- (o,7)-Derivation acts as homomorphism.
Definition3.1 :-Let M be aI"- ring and | a non-zero left (resp.right )ideal of M. we
shall say that a mapping D: MxM — M acts as a left (resp.right )a (o,7)-
homomorphism on | if (D(r ¢ X)y)= 0(XX) a D(x)y) and D(Xray)= 0 (r)
a D(X,y))(resp.D(xa r,y)=D(x,y) a a 7 (r) and D(X,ya r)=D(x,y) a z (r) VXx,y el
andr e M.

Let S be aset,L (S) (resp.r (S)) will denote the left (resp.right) annihilator of S.
Theorem3.2 :-Let M be aring and | a non —zero left (resp.right )ideal of R. such that
r (1)=0 (resp. L (I)=0).Let D: M xM — M be a symmetric left bi -(o,7) derivation
if D acts as a left (resp. right)-homomorphism on I then D=0.

Proof:- Suppose that | is a left ideal such that L (I)=0 and D acts as a left
homomorphism on I then
0 (r) a D(X,y)=D(ra x.y)
= 7(x) a D(ry)t 0 (r) a D(x)y)

Then T(X) a D(r,y)=0 VXx)y elandr eM, a eT.
Then D(r,y) € r (1)=0
Then D(r,y)=0 Vy elandr e M.
0=D(sa x,r)= 7 (X) a D(s,r)+ 0 (s) a D(x,r)=0
Then 7 (X)D(s,r)=0v x elandr,s eM.
And since 7 is automorphism then 7 (x) is an ideal
Then D(s,r) € r (1)=0
Then D(s,r)=0 V s,re M,and so D=0.
And by the same way for the right ideal and right homomorphism.

We should mentioned the reader that the above theorem be true for anyT - ring M
then it is easy to see that it is true for primeI” - ring and semi-primeI"- ring .

4- Jordan Left Bi-(o,0 )Derivation on Gamma Ring
Definition4.1_:- Let M be a I"-ring then the bi-additive mapping D: M xM — M is

called a Jordan left bi-(o , 7 ) derivation if there exist o ,7 : M—M

D(xa x,y)= 7 (X)  D(X,y)+ o (X) a D(X,y)
and

Dx,yay)= 7 (y) a D(X,y)+ o (y) a D(x,y) VXx,ye M.
It is easy to see that every left bi-(o,7) derivation be Jordan left bi-(o,7)
derivation but the converse is not true. In this section we study this problem.

Lemma 4.2:- Let M be a TI'-ring, D: MxM — Mbe a Jordan left bi-(c,0)
derivation then the following statements hold:
()Dxa ztza x,y)=2 o (X)a D(z ,y)+ 20 (2)a D(xy)
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Especially if M is 2-torsion free and xayBz=xfya z, for all x,y,ze M and
a,p el then
(i) Dxpzax,y)= o (Ya o(x) Dz y)+3c (X)a o () BDKX .y)- o (2)B
o (x)a D(x.y)
(i) Dx az pwtw az gxy)=o (X)a o (W) SD(z y)tc (W)a o (x) fD(z y)+
30 (X) @ o (2) BD(W y)+30 (W) @ o (z) BD(Xx.y)- o (2) po (W) aD(x.y)-
o (2) o (x) aDw.y)
(V) [0 (), 0 ()], BDKxazy)=0c (x) alo (X), o ()], B Dyt o (2) B
[0 (x), o (2)], @ D(x.y)
V) [0 (x), 0 (2], Bo (X) a Dxy)=o (x) a[o (x), o (2], B DX.y)
Proof :-(i)Since D is a Jordan left bi-(o, o ) derivation then

D(xa x,y)=20 (X) a D(x)y) ,for all x,ye Mand ¢ eT,............... (4.1)
by linearizing (4.1),we get

D(Xa z+tzax,y)=2 ¢ X)a D(z,y)+20 (2)a D(xy)....(4.2)

(ii)In (4.2) replace z by xpgz+zpx , peT.

W=D(Xa (Xfz+zpX) +(X B z+Z S X) a X,Y)

=20 X)aD(xpz+tzpx,y)+2 o (XL z+z B X)a D(X,y)

=20 (N)a (20 (x) Dz Y)+20 (z) DX Y))+2 o (XBztz B X)a D(X,Y)
=40 (X)a o (x) BD(z .Y)*t 60 (X)a o (2) BD(x y))+

+20 (2) B o(x)aD(x.y)

On the other hand,

W=DXa (Xfz+zX) +(X S z+Z S X) a X,Y)

=D(Xa XBz+2Xfza X +Z X a X.y)

=D((xa X)fz+zp (X aX),y)+2D(X S za X,y)

=2 0 (Xa X) fD(z.y)+20 (z) pD(Xa x,y)+2D(X Bz X.y)

=20 (X)a o (x) BD(z.y)t4c (2) B o (X) a Dxy)*+ 2D(x S za X,y)
By comparing these two expression of W ,we get

2D(xpzaxy)=2c (X)a o(x) BD(z.y)t6o (X)a o (2) D(X,y)-
20 (2)p o(x)aD(x.y)

And since M is 2-torsion free ,then
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DxBzax ,y)= o X)ao(x) Dz y)t3c (X)a o (2)BD(X y)- o (2)p
oc(X)aD(X,y) ......... (4.3)

(iii) by linearizing (4.3) on x ,we get

Y=D((x+w) a z B (xtw)).y)

=o (xtw)a o (xtw) SD(z y)+30 (xtW)a o (z) f D(xtw y)

-0 (2) B o (x+w)a D(x+w y)

=0 (X) @ o () B D y)t o W) aoc (W) gDz y)*+

o (X)ao (w) DY)+t o (W) a o (X) SD(z.y)*

30 (x) ao (z) BD(x y)t30 (X) a o (z) pD(w y)+3c (W) a o (z) fD(x
Y)+3c (W) a o (z) fDW y)- 6 (2) po (X) aD(x,y)- o (2) B o (W) aD(x
Y)-0 (2) po (x) aDw.y)- o (2) fo (W) aDWw,y)

On the other hand

Y=D((x+w) a z § (x+w)),y)

=D(X oz fX,y)*tD(X az pw+w a z BXY)+D(wW a z S w,y)

By comparing these two expression of Y ,we get

Dx az pwtw az fxy)= o (X) a o (W) fD(z.y)+ o (W) @ o () SD(z.y)+
30 (x) a o (z) BD(W y)t30 (W) @ o (z) BD(x,y)- 6 (2) B o (W) aD(x.y)-
0 @2) o (X)aDW,Y)eveiiianininnn (44)

(iv)Now replace w by xa zin (4.4)

Y=DX az g(xaz)+(xaz) az pxy)=oc (X) a 0 (Xxaz) fD(z,y)+ ¢ (X 2)
a o (X) Dz y)+30 (X) @ o (z) fD(xaz y)+30 (xaz) a ¢ (2) BD(X.y)- 0
(2) po (xaz) aD(x y)- o (z) Bo (X) aD(xaz,y)

On the other hand

Y=D((X az) f(xaz)+txa(zaz)pBX,y)

=2 0 (Xaz) p Dxazy)t o X)a c X) p Dzazy)+t3d o (X) a o (z axz)
B DXxy)-o (zpz)a o (x)a Dx.y)

=20 X)a o (2) fDxaz,y)t2c X)a o X) B o (z2) a D(z,y)+3 0 (X) &
c@)a o (2 BDXxyY-o(@po@)aoc((x)aDbkxy)

By comparing these two expression of Y ,we get
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[c X), 0 (2)], pD(Xazy)-o (z2) a o X) a o (2) a D(X,y)+ o (X) a o (2)
a o (X)BDzYy-ocX)aoX)po@abzyto@pol@aocx

a D(x,y)=0

Then

[0 (X), 0 (@)], BDxazy)= 0 (x) alo (), o ()], B Dz .y)+ o (2) B [o
(X), 0 (2)], @ D(X,y).eeeeenennnnn (4.5)

(V)Now replace z by x+z in (4.5)

[0 (X). 0 (x+2)], BD(Xa(x+2)y)= o (X) a[o (X), o (x+2)], B D(x+z y)+ o
(x+2) B [0 (X), o (x+2)], a D(x.y)

=0 (X)a[o(x), 0o @)], BDXYto (X alo(X),o (@], aDzyto
x) g [0 (x). 0 @], @ DXyt o (2 f o (X). 0 (D], « DKX.y)

On the other hand

Y=[o (), o (9], B Dxax.y)+[o (x), o (2)], p Dixaz.y)

=2[o (X), 0 @], p o (X) a Dx.y)*+ [0 (x), 0 (2)], B D(xazy)

=0 (X)a[o(x),0 @], BDXYtoXaloX,o(@], gDzyto
x) B [o (x). 0 (@], @ DY)t o (2) plo (X) 0 (D], « DKX.y)

By (4.5 )and by comparing these two expression of Y ,we get

2[c (%), 0 (@], # o (X)a DY)+ o (x)al[o (x), o (], Dz .Y+ o (2)
plo (x), o (9], aDx.y)= o0 (x) a[o (X), o (2)], # DXx.y)+ o (x) alo
x), o @1, BDE .Y+ o (X) Blo (X), o (D], a DX .Y+ o () flo (X). o
(@)1, a D(x.y).

2[o (x), 0 (2], po (X) a DIxy)=20 (x) a[o (x), o ()], B D(x.y)

Since M is 2-torsion free

[0 (%), 0 @], o (X)aDKXy=0 (x)alo (x), o (2], B Dx.y).......(4.6)
Theorem4.3:-Let M be a 2-torsin free completely prime I'-ring and let D:
M xM — M be a Jordan left bi-(o, o0 ) derivation then either M is commutative or

D is a left bi-(o , o) derivation

Proof:-from (4.6),we have
[0 (X), 0 ()], Bo (x)a DXxy=c (x)alo (x), o (2)], B DX.y)

By replacing x by x+z ,we get

1961



Journal of Babylon University/Pure and Applied Sciences/ No.(7)/ Vol.(24): 2016

[0 (x+2),0 (D], o (x+2)aD(x+z y)=0 (x+2) a[o (x+2), o (2)], B D(x+z

Y)
Then

W=[g (x), o (2)], Bo (X) a Dx.y)t[o (), o (D], o (2) a DX y)t[o
x), o @], Bo (X) aDzy)t[o (x), 0 (2)], po (2) D(z.y)

On the other hand

W=c (x) a[o (x), o ()], # Dx.y)+ o (x) alo (x), o (2)], D@z Y+ o
@) alo (x), 0 (2], BDXY)* o (2)alo (X), 0 (2], BDz.Y)

By comparing these two expression of W ,we get

[c ). 0 @], Bo(2) a Dx.y)t[o (x), o ()], o (x)aDz.y)

=0 () a[o (x), 0 (2)], BD@E Yt o (2) a[o (X). o ()], B D(x.y)

from (4.6 ),we get

[0 (X). o @], B(D(xaz.y)- o (x) aD(z.y)- ¢ () « D(x.y))=0

Since M is completely prime gamma ring, then

Either [o (X), o (2)] ,=0 or D(x z \y)- o (X) @ D(zy)- o (z) a D(x,y)=0

If[o (X), o (2)],=0then M is commutative(since o is automorphism) and if
Dxaz \y)- o (X) aD(z y)- ¢ (2) a D(x ,y)=0 then D is a left bi-(c,0)
derivation.
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