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Abstract
We study the generalization of properties of starlike and convexity for the hyper-

geometric function F (a, b; c; z) =
∞∑

n=0
((a)n(b)n/(c)n(1)n)zn defined by Ruscheweyh

derivative through putting conditions on a, b, c, to ensure that zF (a, b; c; z) will be
in various subclasses of starlike and convex functions. We also obtain some results
in this paper.
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1. Introduction
Let S be the class of fucntions of the form

f(z) = z +

∞∑
n=2

anzn (1.1)

which are analytic and univalent in the unit disk U = {z ∈ C : |z| < 1}. A function f ∈ S
is said to be starlike of order α(0 ≤ α < 1) if and only if

Re

{
zf ′(z)

f(z)

}
> α, (z ∈ U). (1.2)

Denote the class of all starlike functions of order α in U by S∗(α). A functon f ∈ S is
said to be convex function of order α if and only if

Re

{
1 +

zf ′′(z)

f ′(z)

}
> α, (0 ≤ α < 1, z ∈ U). (1.3)
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Denote the class of all convex functions of order α in U by C(α).
Let T be subclass of functions f in S of the form

f(z) = z −
∞∑

n=2

anzn, (an ≥ 0) (1.4)

which are analytic and univalent in the unit disk U . This paper deals with the gen-
eralization of starlike and convexity properties for hypergeometric functions defined by
Ruscheweyh derivative. H. Silverman [4] has studied starlike and cinvexity properties for
hypergeometric function. Also E. S. Aqlan [1] has studied the generalization of starlike and

convexity properties for hypergeometric functions defined by F (a, b; c; z) =
∞∑

n=0

(a)n(b)n
(c)n

· zn

n!

where a, b, c ∈ C with c �= 0,−1,−2, · · · .
Definition 1.1 : Let S∗(α, β, E , λ) be a class of starlike functions of order α and type β
defined by Ruscheweyh derivative that satisfies∣∣∣∣∣∣

z(Dλf(z))′
Dλf(z)

− 1

2E
[

z(Dλf(z))′
Dλf(z)

− α
]
−

[
z(Dλf(z))′

Dλf(z)
− 1

]
∣∣∣∣∣∣ < β (1.5)

where 0 < β ≤ 1, 1
2
≤ E ≤ 1, 0 ≤ α < 1

2E , λ > −1 and z ∈ U . For E = β = 1 and λ = 0
we get a particular case which we denote by starlike of order α. This has been studied in
detail by S. R. Kulkarni [2].
Definition 1.2 : Let C(α, β, E , λ) be a class of convex functions of order α and type β
defined by Ruscheweyh derivative that satisfies∣∣∣∣∣∣

z(Dλf(z))′′
(Dλf(z))′

2E
(
1 − α + z(Dλf(z))′′

(Dλf(z))′

)
− z(Dλf(z))′′

(Dλf(z))′

∣∣∣∣∣∣ < β (1.6)

where 0 < β ≤ 1, 1
2
≤ E ≤ 1, 0 ≤ α < 1

2E , λ > −1 and z ∈ U . For E = β = 1 and λ = 0,
we get a particular case which we denote by convex function of order α.
Definition 1.3 : Let a, b, c ∈ C with c �= 0,−1,−2, · · · . The Gaussian hypergeometric
function 2F1(a, b; c; z) is defined by

2F1(a, b; c; z) =
∞∑

n=0

(a)n(b)n

(c)n

· zn

n!
(1.7)

where (λ)n is the pochhammer symbol defined, in terms of the Gamma function, by

(λ)n =
Γ(λ + n)

Γ(λ)
=

{
1 (n = 0)
λ(λ + 1) · · · (λ + n − 1) (n ∈ IN)

(1.8)

Definition 1.4 [3], [7] : The Ruscheweyh derivative of order λ is denoted by Dλf and
is defined as following: If

f(z) = z +

∞∑
n=2

anzn,



Starlike and convexity properties for hypergeometric functions 105

then

Dλf(z) =
z

(1 − z)λ+1
∗ f(z) = z +

∞∑
n=2

Bn(λ)anzn, λ > −1, z ∈ U (1.9)

where

Bn(λ) =
(λ + 1)(λ + 2) · · · (λ + n − 1)

(n − 1)!
. (1.10)

2. Main Results
Theorem 2.1 : Let f(z) be a function defined by

f(z) = z −
∞∑

n=2

anzn, (an ≥ 0)

is in S∗(α, β, E , λ) if and only if

∞∑
n=2

[(n − 1)(1 − β) + 2Eβ(n − α)]Bn(λ)an ≤ 2Eβ(1 − α) (2.1)

where 0 < β ≤ 1, 0 ≤ α < 1
2E , 1

2
≤ E ≤ 1, λ > −1, n ≥ 2, n ∈ IN and Bn(λ) is given by

(1.10).
Proof : For |z| = 1, we have

|z(Dλf(z))′ − (Dλf(z))| − β|2E [z(Dλf(z))′ − αDλf(z)] − [z(Dλf(z))′ − Dλf(z)]|

= | −
∞∑

n=2

(n − 1)Bn(λ)anzn| − β|2E(1 − α)z −
∞∑

n=2

(2E(n − α) − (n − 1))Bn(λ)anzn|

≤
∞∑

n=2

(n − 1)Bn(λ)an − 2Eβ(1 − α) +
∞∑

n=2

(2Eβ(n − α) − β(n − 1))Bn(λ)an

=

∞∑
n=2

[(n − 1)(1 − β) + 2Eβ(n − α)]Bn(λ)an − 2Eβ(1 − α)

≤ 0 by hypothesis.

Thus by Maximum Modulus theorem f ∈ S∗(α, β, E , λ).
Conversely, suppose that∣∣∣∣∣∣

z(Dλf(z))′
Dλf(z)

− 1

2E
[

z(Dλf(z))′
Dλf(z)

− α
]
−

[
z(Dλf(z))′

Dλf(z)
− 1

]
∣∣∣∣∣∣

=

∣∣∣∣ z(Dλf(z))′ − Dλf(z)

2E(z(Dλf(z))′ − α(Dλf(z))) − (z(Dλf(z))′ − Dλf(z))

∣∣∣∣

=

∣∣∣∣∣∣∣∣
−

∞∑
n=2

(n − 1)Bn(λ)anzn−1

2E((1 − α) +
∞∑

n=2

(α − n)Bn(λ)anzn−1) +
∞∑

n=2

(n − 1)Bn(λ)anzn−1

∣∣∣∣∣∣∣∣
< β.
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Since |Re{z}| < |z| for all z, we have

Re

⎧⎪⎪⎨
⎪⎪⎩

∞∑
n=2

(n − 1)Bn(λ)anzn−1

2E((1 − α) +
∞∑

n=2

(α − n)Bn(λ)anzn−1) +
∞∑

n=2

(n − 1)Bn(λ)anzn−1

⎫⎪⎪⎬
⎪⎪⎭

< β (2.2)

we can choose value of z on the real axis so that Dλf(z) is real.
Let z → 1−, through real values, so we can write (2.2) as

∞∑
n=2

[(n − 1)(1 − β) + 2Eβ(n − α)]Bn(λ)an ≤ 2Eβ(1 − α)

Remark : For λ = 0, we get the particular case which is introduced by Kulkarni [2].
Theorem 2.2 : A sufficient condition for a function

f(z) = z +
∞∑

n=2

anzn, (an ≥ 0),

to be in S∗(α, β, E , λ) is that

∞∑
n=2

[(n − 1) − β(n − 1 + 2αE − 2nE)]Bn(λ)an ≤ 2Eβ(1− α) (2.3)

where 0 < β ≤ 1, 0 ≤ α < 1
2E , 1

2
≤ E ≤ 1, λ > −1, n ≥ 2, n ∈ IN and Bn(λ) is given by

(1.10).
Proof : In the same line of Theorem 2.1.
Theorem 2.3 : Let f(z) be defined by (1.4), then f(z) is in the class C(α, β, E , λ) if and
only if

∞∑
n=2

n[(n − 1)(1 − β + 2Eβ) + 2Eβ(1 − α)]Bn(λ)an ≤ 2Eβ(1 − α) (2.4)

where λ > −1, 0 < β ≤ 1, 1
2
≤ E ≤ 1, 0 ≤ α < 1

2E and Bn(λ) is given by (1.10).
Proof : For |z| = 1, we have

|z(Dλf(z))′′| − β|2E [(1− α)(Dλf(z))′ + z(Dλf(z))′′] − z(Dλf(z))′′|

=

∣∣∣∣∣−
∞∑

n=2

n(n − 1)Bn(λ)anzn−1

∣∣∣∣∣ − β

∣∣∣∣∣2E(1 − α) −
∞∑

n=2

[2En(n − α) − n(n − 1)]Bn(λ)anzn−1

∣∣∣∣∣
≤

∞∑
n=2

n(n − 1)Bn(λ)an − 2Eβ(1 − α) + β

∞∑
n=2

n[2E(n − α) − (n − 1)]Bn(λ)an

=

∞∑
n=2

n[(n − 1)(1 − β + 2Eβ) + 2Eβ(1 − α)]Bn(λ)an − 2Eβ(1 − α)

≤ 0 by hypothesis.
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Thus by Maximum Modulus Theorem f ∈ C(α, β, E , λ).

Conversely, assume that

∣∣∣∣∣∣
z(Dλf(z))′′
(Dλf(z))′

2E
(
(1 − α) + z(Dλf(z))′′

(Dλf(z))′

)
− z(Dλf(z))′′

(Dλf(z))′

∣∣∣∣∣∣
=

∣∣∣∣ z(Dλf(z))′′

2E(1 − α)(Dλf(z))′ + 2Ez(Dλf(z))′′ − (Dλf(z))′′

∣∣∣∣

=

∣∣∣∣∣∣∣∣
−

∞∑
n=2

n(n − 1)Bn(λ)anzn−1

2E(1 − α)(1 −
∞∑

n=2

nBn(λ)anzn−1) +
∞∑

n=2

n(n − 1)[1 − 2E ]Bn(λ)anzn−1

∣∣∣∣∣∣∣∣
< β.

Since |Re(z)| < |z| for all z, we have

Re

⎧⎪⎪⎨
⎪⎪⎩

∞∑
n=2

n(n − 1)Bn(λ)anzn−1

2E(1 − α)(1 −
∞∑

n=2

nBn(λ)anzn−1) +
∞∑

n=2

n(n − 1)[1 − 2E ]Bn(λ)anzn−1

⎫⎪⎪⎬
⎪⎪⎭

< β. (2.5)

We can choose the value of z on the real axis so that (Dλf(z))′ is real.

Let z → 1−, through real values, so we can write (2.5) as

∞∑
n=2

n[(n − 1)(1 − β + 2Eβ) + 2Eβ(1− α)]Bn(λ)an ≤ 2Eβ(1− α).

Theorem 2.4 : Let f(z) be defined by (1.1), then a sufficient condition for f(z) to be in
C(α, β, E , λ) is that

∞∑
n=2

n[(n − 1)(1 + 2Eβ − β) + 2Eβ(1− α)]Bn(λ)an ≤ 2Eβ(1− α).

Proof : In the same line of Theorem 2.3.

Remark : For λ = 0 and E = β = 1, we get the particular case which is introduced by
Silverman [4].

Theorem 2.5 : Let a, b, c and α, β, E , λ satisfy the following condition such that
T1(a, b, c, α, β, E , λ) ≤ 2Eβ(1− α). a, b > 0, c > a + b + 1, β ∈ (0, 1], 0 ≤ α < 1

2E , 1
2
≤ E ≤

1, λ > −1 and

T1(a, b, c, α, β, E , λ) =

∞∑
n=2

[(n − 1)(1 − β + 2Eβ) + 2Eβ(1 − α)]Bn(λ)
(a)n−1(b)n−1

(c)n−1(1)n−1
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where

Γ(c)

Γ(λ)Γ(a)Γ(b)

∞∑
n=2

[
(n − 1)(1 − β + 2Eβ)

2Eβ(1− α)
+ 1

]
Γ(λ + n)Γ(a + n − 1)Γ(b + n − 1)

Γ(c + n − 1)[(n − 1)!]2
≤ 1

(2.6)
then zF (a, b; c; z) ∈ S∗(α, β, E , λ).
Proof :Clearly zF (a, b; c; z) has the series representation of the form (1.1) where an =
(a)n−1(b)n−1

(c)n−1(1)n−1
, hence we have

zF (a, b; c; z) = z +

∞∑
n=2

(a)n−1(b)n−1

(c)n−1(1)n−1
zn.

Hence it suffices to prove that

∞∑
n=2

[(n − 1)(1 − β) + 2Eβ(n − α)]Bn(λ)an ≤ 2Eβ(1 − α) (by using Theorem 2.2).

It is easy to see that

∞∑
n=2

[(n − 1)(1 − β) + 2Eβ(n − α)]Bn(λ)an

=
∞∑

n=2

[(n − 1)(1 − β) + 2Eβ(n − α)]Bn(λ)
(a)n−1(b)n−1

(c)n−1(1)n−1

=
∞∑

n=1

[n(1 − β) + 2Eβ(n + 1 − α)]Bn+1(λ)
(a)n(b)n

(c)n(1)n

=
∞∑

n=1

[n(1 − β + 2Eβ) + 2Eβ(1− α)]Bn+1(λ)
(a)n(b)n

(c)n(1)n

=

∞∑
n=2

[(n − 1)(1 − β + 2Eβ) + 2Eβ(1 − α)]Bn(λ)
(a)n−1(b)n−1

(c)n−1(1)n−1
.

By using hypothesis of the theorem we obtain the required result. Hence, we have (2.6)
and hence zF (a, b; c; z) ∈ S∗(α, β, E , λ).

For β = E = 1, we get the next corollary.
Corollary 2.6 : Let a, b, c and α, λ satisfy the following condition such that T1(a, b, c, α, 1, 1, λ) ≤
2(1 − α). a, b > 0, c > a + b + 1, 0 ≤ α < 1, λ > −1 and

T1(a, b, c, α, β, 1, 1, λ) =

∞∑
n=2

[2(n − α)]Bn(λ)
(a)n−1(b)n−1

(c)n−1(1)n−1

where
Γ(c)

Γ(λ)Γ(a)Γ(b)

∞∑
n=2

(n − α)Γ(λ + n)Γ(a + n − 1)Γ(b + n − 1)

(1 − α)Γ(c + n − 1)[(n − 1)!]2
≤ 1.
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then zF (a, b; c; z) ∈ S∗(α, 1, 1, λ).

For α = 0 and E = 1+α
2

(that is S∗(0, β, 1+α
2

, λ)), we get

Corollary 2.7 : Let a, b, c and β, λ satisfy the following condition such that
T1(a, b, c, 0, β, 1+α

2
, λ) ≤ (1 + α)β.

a, b > 0, c > a + b + 1, β ∈ (0, 1], 0 ≤ α < 1, λ > −1 and

T1(a, b, c, 0, β,
1 + α

2
, λ) =

∞∑
n=2

[(n − 1)(1 + αβ) + (1 + αβ)]Bn(λ)
(a)n−1(b)n−1

(c)n−1(1)n−1

where

Γ(c)

Γ(λ)Γ(a)Γ(b)

∞∑
n=2

[
(n − 1)(1 + αβ)

(1 + α)β
+ 1

]
Γ(λ + n)Γ(a + n − 1)Γ(n + n − 1)

Γ(c + n − 1)[(n − 1)!]2
≤ 1.

then zF (a, b; c; z) ∈ S∗(0, β, 1+α
2

, λ).

Theorem 2.8 : Let a, b, c and α, β, E , λ satisfy the following condition such that
T2(a, b, c, α, β, E , λ) ≤ 2Eβ(1 − α).

a, b > 0, c > a + b + 1, β ∈ (0, 1], 0 ≤ α < 1
2E , 1

2
≤ E ≤ 1, λ > −1 and

T2(a, b, c, α, β, E , λ) =

∞∑
n=2

[(n − 1)2(1 + 2Eβ − β) + (n − 1)(1 − β + 2Eβ(2− α))

+2Eβ(1 − α)]Bn(λ) × (a)n−1(b)n−1

(c)n−1(1)n−1

where

Γ(c)

Γ(λ)Γ(a)Γ(b)

∞∑
n=2

[
(n − 1)2(1 + 2Eβ − β) + (n − 1)(1 − β + 2Eβ(2 − α))

2Eβ(1 − α)
+ 1

]

×Γ(λ + n)Γ(a + n − 1)Γ(b + n − 1)

Γ(c + n − 1)[(n − 1)!]2
≤ 1 (2.7)

then zF (a, b; c; z) ∈ C(α, β, E , λ).

Proof :Clearly zF (a, b; c; z) has the series representation of the form (1.1) where an =
(a)n−1(b)n−1

(c)n−1(1)n−1
, hence it suffices to prove that

∞∑
n=2

n[(n−1)(1+2Eβ −β)+2Eβ(1−α)]Bn(λ)an ≤ 2Eβ(1−α) (by using Theorem 2.4).
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It is easy to see that

∞∑
n=2

n[(n − 1)(1 + 2Eβ − β) + 2Eβ(1− α)]Bn(λ)an

=
∞∑

n=2

n[(n − 1)(1 + 2Eβ − β) + 2Eβ(1 − α)]Bn(λ)
(a)n−1(b)n−1

(c)n−1(1)n−1

=

∞∑
n=0

(n + 2)[(n + 1)(1 + 2Eβ − β) + 2Eβ(1− α)]Bn+2(λ)
(a)n+1(b)n+1

(c)n+1(1)n+1

=

∞∑
n=0

[(n + 1)2(1 + 2Eβ − β) + (n + 1)(2Eβ(1 − α) + 1 + 2Eβ − β)

+2Eβ(1 − α)]Bn+2(λ) × (a)n+1(b)n+1

(c)n+1(1)n+1

=
∞∑

n=2

[(n − 1)2(1 + 2Eβ − β) + (n − 1)(1 − β + 2Eβ(2− α)) + 2Eβ(1− α)]Bn(λ)

×(a)n−1(b)n−1

(c)n−1(1)n−1
.

By using hypothesis of the theorem we obtain the required result. Hence, we have (2.7)
and hence zF (a, b; c; z) ∈ C(α, β, E , λ).

For β = E = 1, we get the next corollary.
Corollary 2.9 : Let a, b, c and α, λ satisfy the following condition such that
T2(a, b, c, α, 1, 1, λ) ≤ 2(1 − α). a, b > 0, c > a + b + 1, 0 ≤ α < 1, λ > −1 and

T2(a, b, c, α, 1, 1, λ) =
∞∑

n=2

2[(n − 1)2 + (n − 1)(2 − α) + (1 − α)]Bn(λ)
(a)n−1(b)n−1

(c)n−1(1)n−1

where

Γ(c)

Γ(λ)Γ(a)Γ(b)

∞∑
n=2

[
(n − 1)((n − 1) + (2 − α))

(1 − α)
+ 1

]
Γ(λ + n)(a + n − 1)Γ(b + n − 1)

Γ(c + n − 1)[(n − 1)!]2
≤ 1.

then zF (a, b; c; z) ∈ C(α, 1, 1, λ).
For α = 0 and E = 1+α

2
(that is c(0, β, 1+α

2
, λ)), we get

Corolary 2.10 : Let a, b, c and β, λ satisfy the following condition such that
T2(a, b, c, 0, β, 1+α

2
, λ) ≤ (1 + α)β. a, b > 0, c > a + b + 1, 0 < β ≤ 1, 0 ≤ α < 1, λ > −1

and

T2(a, b, c, 0, β,
1 + α

2
, λ) =

∞∑
n=2

[(n − 1)2(1 + αβ) + (n − 1)(1 + β + 2αβ) + (1 + α)β]Bn(λ)

×(a)n−1(b)n−1

(c)n−1(1)n−1
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where

Γ(c)

Γ(λ)Γ(a)Γ(b)

∞∑
n=2

[
(n − 1)[(n − 1)(1 + αβ) + (1 + β + 2αβ)

(1 + α)β
+ 1

]

×Γ(λ + n)Γ(a + n − 1)Γ(b + n − 1)

Γ(c + n − 1)[(n − 1)!]2
≤ 1.

then zF (a, b; c; z) ∈ C(0, β, 1+α
2

, λ).
Theorem 2.11 : Let a, b, c and α, β, E , λ satisfy the following condition such that
T3(a, b, c, α, β, E , λ) ≤ 2Eβ

∣∣ c
ab

∣∣ (1 − α). a, b > −1, c > 0, ab < 0, β ∈ (0, 1], 0 ≤ α <
1
2E , 1

2
≤ E ≤ 1, λ > −1 and

T3(a, b, c, α, β, E , λ) =

∞∑
n=2

[(n − 1)(1 − β + 2Eβ) + 2Eβ(1 − α)]Bn(λ)
(a + 1)n−2(b + 1)n−2

(c + 1)n−2(1)n−1

where∣∣∣∣ab

c

∣∣∣∣ Γ(c + 1)

Γ(λ)Γ(a + 1)Γ(b + 1)

∞∑
n=2

[
(n − 1)(1 − β + 2Eβ)

2Eβ(1 − α)
+ 1

]

×Γ(λ + n)Γ(a + n − 1)Γ(b + n − 1)

Γ(c + n − 1)[(n − 1)!]2
≤ 1. (2.8)

then zF (a, b; c; z) ∈ S∗(α, β, E , λ).
Proof : From (1.7) and as ab < 0, we get

zF (a, b; c; z) = z −
∣∣∣∣ab

c

∣∣∣∣
∞∑

n=2

(a + 1)n−2(b + 1)n−2

(c + 1)n−2(1)n−1
zn.

From Theorem 2.1, we have to show that

∞∑
n=2

[(n − 1 − β(n − 1) − 2Eβ(α − n))]Bn(λ)
(a + 1)n−2(b + 1)n−2

(c + 1)n−2(1)n−1
≤ 2Eβ

∣∣∣ c

ab

∣∣∣ (1 − α).

It is easy to see that

∞∑
n=2

[(n − 1 − β(n − 1) − 2Eβ(α − n))]Bn(λ)
(a + 1)n−2(b + 1)n−2

(c + 1)n−2(1)n−1

=
∞∑

n=0

[(n + 2)(1 − β + 2βE) − 1 + β − 2Eβα]Bn+2(λ)
(a + 1)n(b + 1)n

(c + 1)n(1)n+1

=
∞∑

n=0

[(n + 1)(1 − β + 2Eβ) + 2Eβ(1− α)]Bn+2(λ)
(a + 1)n(b + 1)n

(c + 1)n(1)n+1

=

∞∑
n=2

[(n − 1)(1 − β + 2Eβ) + 2Eβ(1 − α)]Bn(λ)
(a + 1)n−2(b + 1)n−2

(c + 1)n−2(1)n−1
.
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By using hypothesis of the theorem we obtain the required result. Hence, we have (2.8)
and hence zF (a, b; c; z) ∈ S∗(α, β, E , λ).

For α = 0 and E = 1+α
2

, we get

Corollary 2.12 : Let a, b, c and β, λ satisfy the following condition such that
T3(a, b, c, 0, β, 1+α

2
, λ) ≤ | c

ab
|(1 + α)β. a, b > −1, c > 0, ab < 0, 0 < β ≤ 1, 0 ≤ α < 1, λ >

−1 and

T3(a, b, c, 0, β,
1 + α

2
, λ) =

∞∑
n=2

[(n − 1)(1 + αβ) + (1 + α)β]Bn(λ)
(a + 1)n−2(b + 1)n−2

(c + 1)n−2(1)n−1

where

∣∣∣∣ab

c

∣∣∣∣ Γ(c + 1)

Γ(λ)Γ(a + 1)Γ(b + 1)

∞∑
n=2

[
(n − 1)(1 + αβ)

(1 + α)β
+ 1

]
Γ(λ + n)Γ(a + n − 1)Γ(b + n − 1)

Γ(c + n − 1)[(n − 1)!]2
≤ 1.

then zF (a, b; c; z) ∈ S∗(0, β, 1+α
2

, λ).

Theorem 2.13 : Let a, b, c and α, β, E , λ satisfy the following condition such that
T4(a, b, c, α, β, E , λ) ≤ 2Eβ c

ab
(1 − α). a, b > −1, c > 0, ab < 0, β ∈ (0, 1], 0 ≤ α < 1

2E , 1
2
≤

E ≤ 1, λ > −1 and

T4(a, b, c, α, β, E , λ) =
∞∑

n=2

[(n − 1)2(1 + 2Eβ − β) + (n − 1)(1 − β + 2Eβ(2− α))

+2E(1 − α)]Bn(λ)
(a + 1)n−2(b + 1)n−2

(c + 1)n−2(1)n−1

where

|ab|
c

Γ(c + 1)

Γ(λ)Γ(a + 1)Γ(b + 1)

∞∑
n=2

[
(n − 1)2(1 + 2Eβ − β) + (n − 1)(1 − β + 2Eβ(2− α)

2Eβ(2− α)
+ 1

]

×Γ(λ + n)Γ(a + n − 1)Γ(b + n − 1)

Γ(c + n − 1)[(n − 1)!]2
≤ 1 (2.9)

then zF (a, b; c; z) ∈ C(α, β, E , λ).

Proof : By using (1.7) and Theorem 2.3, we must show that

∞∑
n=2

n[(n − 1)(1 + 2Eβ − β) + 2Eβ(1 − α)]Bn(λ)
(a + 1)n−2(b + 1)n−2

(c + 1)n−2(1)n−1

≤ 2
c

|ab|Eβ(1 − α).
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It is easy to see that
∞∑

n=2

n[(n − 1)(1 + 2Eβ − β) + 2Eβ(1− α)]Bn(λ)
(a + 1)n−2(b + 1)n−2

(c + 1)n−2(1)n−1

=
∞∑

n=0

[(n + 1)2(1 + 2Eβ − β) + (n + 1)(1 − β + 2Eβ(2 − α)) + 2Eβ(1− α)]Bn+2(λ) ×

×(a + 1)n(b + 1)n

(c + 1)n(1)n+1

=

∞∑
n=2

[(n − 1)2(1 + 2Eβ − β) + (n − 1)(1 − β + 2Eβ(2− α)) + 2Eβ(1− α)]Bn(λ)

×(a + 1)n−2(b + 1)n−2

(c + 1)n−2(1)n−1
.

By using hypothesis of the theorem we obtain the required result. Hence we have (2.9)
and hence zF (a, b; c; z) ∈ C(α, β, E , λ).

For E = β = 1, we get
Corollary 2.14 : Let a, b, c and α, λ satisfy the following condition such that
T4(a, b, c, α, 1, 1, λ) ≤ 2 c

|ab|(1 − α). a, b > −1, c > 0, ab < 0, 0 ≤ α < 1, λ > −1 and

T4(a, b, c, α, 1, 1, λ) =

∞∑
n=2

2[(n− 1)2 + (n− 1)(2−α) + (1−α)]Bn(λ)
(a + 1)n−2(b + 1)n−2

(c + 1)n−2(1)n−1

where

|ab|
c

Γ(c + 1)

Γ(λ)Γ(a + 1)Γ(b + 1)

∞∑
n=2

[
(n − 1)(n − α + 1)

(1 − α)
+ 1

]
Γ(λ + n)Γ(a + n − 1)Γ(b + n − 1)

Γ(c + n − 1)[(n − 1)!]2
≤ 1.

then zF (a, b; c; z) ∈ C(α, 1, 1, λ).
For α = 0 and E = 1+α

2
, we get

Corollary 2.15 : Let a, b, c and β, λ satisfy the following condition such that
T4(a, b, c, 0, β, 1+α

2
, λ) ≤ c

|ab|(1 + α)β. a, b > −1, c > 0, ab < 0, 0 < β ≤ 1, 0 ≤ α < 1, λ >
−1 and

T4(a, b, c, 0, β,
1 + α

2
, λ) =

∞∑
n=2

2[(n − 1)2(1 + αβ) + (n − 1)(1 + β + 2αβ) + (1 + α)β]Bn(λ) ×

×(a + 1)n−2(b + 1)n−2

(c + 1)n−2(1)n−1

where

|ab|
c

Γ(c + 1)

Γ(λ)Γ(a + 1)Γ(b + 1)

∞∑
n=2

[
(n − 1)((n − 1)(1 + αβ) + (1 + β + 2αβ))

(1 + α)β
+ 1

]

×Γ(λ + n)Γ(a + n − 1)Γ(b + n − 1)

Γ(c + n − 1)[(n − 1)!]2
≤ 1.
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then zF (a, b; c; z) ∈ C(0, β, 1+α
2

, λ).
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