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A GENERALIZATION OF A CLASS OF p-VALENT HARMONIC
FUNCTIONS INVOLVING A GENERALIZED RUSCHEWEYH

TYPE OPERATOR

WAGGAS GALIB ATSHAN1 AND RAFID HABIB BUTI2

Abstract. We introduce a generalization of a class of p-valent functions involv-

ing a generalized Ruscheweyh type operator of the form f = h + g. We give

next a characterization of this class by the means of coefficients and some of its

properties concerning distorsion bounds, extreme points, convex combination.

1. Introduction

A continuous function f = u + iv is a complex valued harmonic function in a
complex domain C if both u and v are real harmonic in C. In any simply - connected
domain D ⊂ C we can write f = h + g, where h and g are analytic in D. We call h
the analytic part and g the co-analytic part of f .

A necessary and sufficient condition for f to be locally univalent and sense - pre-
serving in D is that |h′(z)| > |g′(z)| in D.

Assume H = {f : f = h + g}, f is harmonic univalent and sense - preserving in
open unit disk U = {z : |z| < 1}. So f = h + g ∈ H is normalized by f(0) = h(0) =
fz(0) = 1 = 0.

Ahuja and Jahangiri [1] defined the class H(p) (p ∈ N = {1, 2, 3, · · · }) consisting
of all p-valent harmonic functions f = h+ g that are sense - preserving, and h, g are
of the form:

h(z) = zp +
∞∑

n=p+1

anz
n, g(z) =

∞∑
n=p

bnz
n, |bp| < 1. (1)

Let R(p) denote the subclass of H(p) consisting of functions f = h+ g, where h and
g are given by

h(z) = zp −
∞∑

n=p+1

|an|zn, g(z) = −
∞∑
n=p

|bn|zn, |bp| < 1. (2)

2000 Mathematics Subject Classification. 30C45.
Key words and phrases. Harmonic function, Ruscheweyh type operator, Distortion bounds, Ex-

treme points, Convex combinations.
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198 WAGGAS GALIB ATSHAN1 AND RAFID HABIB BUTI2

We introduce here a class Hkλ(p, α, β,m) of harmonic functions of the form (1) that
satisfy the inequality :

Re

{
(1− β)

Dk+p−1
λ f(z)

zp
+ β(1−m)

(Dk+p−1
λ f(z))′

pzp−1
+ βm

(Dk+p−1
λ f(z))′′

p(p− 1)zp−2

}
≥ α

p
,

(3)
where 0 ≤ α < p, p ∈ N = {1, 2, · · · }, β ≥ 0, λ ≥ 0, k ∈ N0, 0 ≤ m ≤ 1 and

Dk+p−1
λ f(z) = Dk+p−1

λ h(z) +Dk+p−1
λ g(z). (4)

The operator Dk+p−1
λ denotes the generalized Ruscheweyh derivative operator intro-

duced in [2]. For h and g given by (1), we obtain

Dk+p−1
λ h(z) = zp +

∞∑
n=p+1

(1 + λ(n− p))C(k, n, p)anzn, (5)

Dk+p−1
λ g(z) =

∞∑
n=p

(1 + λ(n− p))C(k, n, p)bnzn, (6)

where

λ ≥ 0, p ∈ N, k > −p and C(k, n, p) =
(
n+ k − 1
k + p− 1

)
. (7)

We deem it worthwhile to point here the relevance of the class Hkλ(p, α, β,m) with
those classes which have been studied recently. Indeed, we observe that:

: (i) H0
0(1, α, 1, 0) ≡ NH(α) (Ahuja and Jahangiri [1]);

: (ii) Hkλ(p, α, 1, 0) ≡ Hkλ(p, α) (Al Shaqsi and Darus [2]);
: (iii) Hkλ(1, 0, 1, 0) ≡ Hkλ (Darus and Al Shaqsi [5]);
: (iv) H0

0(1, 0, 1, 0) ≡ S∗H Silverman[7];
: (v) H0

λ(1, 0, 1, 0) ≡ HP (0) (Yalcin and Öztürk [8]);
: (vi) Hkλ(p, α, β, 0) ≡ Hkλ(p, α, β) (Atshan et al.[3]).

Also, we note that the analytic part of the class Hk0(p, α, 1, 0) was introduced and
studied by Goel and Sohi [6].

We further denote by Rkλ(p, α, β,m) the subclass of Hkλ(p, α, β,m) that satisfies the
relation:

Rkλ(p, α, β,m) = R(p) ∩Hkλ(p, α, β,m). (8)

2. Coefficient Bounds

Here, we obtain the sufficient condition for f = h+g to be in the classHkλ(p, α, β,m).

Theorem 2.1. Let f = h+ g (h and g being given by (1)). If∑∞
n=p+1

[
nβ(p+m(n−p)−1)

p−1 + p(1− β)
]

(1 + λ(n− p))C(k, n, p)|an|

+
∑∞
n=p

[
nβ(p+m(n−p)−1)

p−1 + p(1− β)
]

(1 + λ(n− p))C(k, n, p)|bn| ≤ p− α, (9)
where λ ≥ 0, β ≥ 0, 0 ≤ α < p, p ∈ N, 0 ≤ m ≤ 1 and k ∈ N0, then f is harmonic
p-valent sense-preserving in U and f ∈ Hkλ(p, α, β,m).
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Proof. Let

w(z) = (1− β)
Dk+p−1
λ f(z)

zp
+ β(1−m)

(Dk+p−1
λ f(z))′

pzp−1
+ βm

(Dk+p−1
λ f(z))′′

p(p− 1)zp−2
.

To prove that Re{w} ≥ α
p , it is sufficient to show equivalently that |p−α+ pw(z)| ≥

|p+ α− pw(z)|. Substituting for w(z) and making use of (4) to (6), and resorting to
simple calculations, we find that

|p− α+ pw(z)| ≥ 2p− α−
∞∑

n=p+1

[
nβ(p+m(n− p)− 1)

p− 1
+ p(1− β)

]

(1 + λ(n− p))C(k, n, p)|an||zn−p| −
∞∑
n=p

[
nβ(p+m(n− p)− 1)

p− 1
+ p(1− β)

]
(1 + λ(n− p))C(k, n, p)|bn||zn−p| (10)

and

|p+ α− pw(z)| ≤ α+
∞∑
n=p

[
nβ(p+m(n− p)− 1)

p− 1
+ p(1− β)

]

(1 + λ(n− p))C(k, n, p)|an||zn−p|+
∞∑
n=p

[
nβ(p+m(n− p)− 1)

p− 1
+ p(1− β)

]
(1 + λ(n− p))C(k, n, p)|bn||zn−p| (11)

where C(k, n, p) is given by (7). Evidently, (10) and (11) in conjunction with (9)
yields

|p− α+ pw(z)| − |p+ α− pw(z)| ≥ 0.

The harmonic functions

f(z) = zp +
∞∑

n=p+1

xn[
nβ(p+m(n−p)−1)

p−1 + p(1− β)
]

(1 + λ(n− p))C(k, n, p)
zn

+
∞∑
n=p

yn[
nβ(p+m(n−p)−1)

p−1 + p(1− β)
]

(1 + λ(n− p))C(k, n, p)
(z)n (12)

∞∑
n=p+1

|xn|+
∞∑
n=p
|yn| = p− α show that the coefficient bound given by (9) is sharp.
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The functions of the form (12) are in Hkλ(p, α, β,m) because in view of (9), we infer
that

∞∑
n=p+1

[
nβ(p+m(n− p)− 1)

p− 1
+ p(1− β)

]
(1 + λ(n− p))C(k, n, p)|an|

+
∞∑
n=p

[
nβ(p+m(n− p)− 1)

p− 1
+ p(1− β)

]
(1 + λ(n− p))C(k, n, p)|bn|

=
∞∑

n=p+1

|xn|+
∞∑
n=p

|yn| = p− α.

�

The restriction imposed in Theorem 2.1 on the moduli of the coefficients of f = h+g
implies that for arbitrary rotation of the coefficients of f , the resulting functions would
still be harmonic p-valent and f ∈ Hkλ(p, α, β,m).

The following theorem shows the condition (9) is also necessary for function f to
belong to Rkλ(p, α, β,m).

Theorem 2.2. Let f = h+g with h and g are given by (2). Then f ∈ Rkλ(p, α, β,m)
if and only if∑∞
n=p+1

[
nβ(p+m(n−p)−1)

p−1 + p(1− β)
]

(1 + λ(n− p))C(k, n, p)|an|

+
∑∞
n=p

[
nβ(p+m(n−p)−1)

p−1 + p(1− β)
]

(1 + λ(n− p))C(k, n, p)|bn| ≤ p− α, (13)
where λ ≥ 0, β ≥ 0, 0 ≤ α < p, p ∈ N, 0 ≤ m ≤ 1 and k ∈ N0.

Proof. By noting thatRkλ(p, α, β,m) ⊂ Hkλ(p, α, β,m), the sufficiency part of Theorem
2.2 follows at once from Theorem 2.1. To prove the necessary part, let us assume that
f ∈ Rkλ(p, α, β,m). Using (3), we get

Re

{
(1− β)

(
Dk+p−1
λ h(z) +Dk+p−1

λ g(z)
zp

)
+ β(1−m)(

(Dk+p−1
λ h(z))′ + (Dk+p−1

λ g(z))′

pzp−1

)
+ βm

(
(Dk+p−1

λ h(z))′′ + (Dk+p−1
λ g(z))′′

p(p− 1)zp−2

)}

= Re

{
1−

∞∑
n=p+1

[
nβ(p+m(n− p)− 1)

p(p− 1)
+ (1− β)

]

(1 + λ(n− p))C(k, n, p)|an|zn−p −
∞∑
n=p

[
nβ(p+m(n− p)− 1)

p(p− 1)
+ (1− β)

]
(1 + λ(n− p))C(k, n, p)|bn|(z)n−p

}
≥ α

p
.
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If we choose z to be real and let z → 1−, we obtain

1−
∞∑

n=p+1

[
nβ(p+m(n− p)− 1)

p(p− 1)
+ (1− β)

]
(1 + λ(n− p))C(k, n, p)|an|

−
∞∑
n=p

[
nβ(p+m(n− p)− 1)

p(p− 1)
+ (1− β)

]
(1 + λ(n− p))C(k, n, p)|bn| ≥

α

p
.

Hence

∞∑
n=p+1

[
nβ(p+m(n− p)− 1)

p− 1
+ p(1− β)

]
(1 + λ(n− p))C(k, n, p)|an|

+
∞∑
n=p

[
nβ(p+m(n− p)− 1)

p− 1
+ p(1− β)

]
(1 + λ(n− p))C(k, n, p)|bn| ≤ p− α,

which completes the proof of Theorem 2.2. �

3. Distortion Bounds and Extreme Points

Here, we obtain the distortion bounds for functions belonging to the classRkλ(p, α, β,m)
and also provide extreme points for the class Rkλ(p, α, β,m).

Theorem 3.1. Let f ∈ Rkλ(p, α, β,m) for λ ≥ 0, β ≥ 0, 0 ≤ α < p, p ∈ N, 0 ≤ m ≤
1, k ∈ N0 and |z| = r < 1. Then

|f(z)| ≤ (1 + |bp|)rp +
(p− α)− p|bp|[

(p+1)β(p+m−1)
p−1 + p(1− β)

]
(1 + λ)(p+ k)

rp+1, (14)

and

|f(z)| ≥ (1− |bp|)rp −
(p− α)− p|bp|[

(p+1)β(p+m−1)
p−1 + p(1− β)

]
(1 + λ)(p+ k)

rp+1. (15)

Proof. We only prove the first inequality (14). The proof for the second inequality
(15) is similar, and is hence omitted.
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Assume f ∈ Rkλ(p, α, β,m). Using (1) and (9) of Theorem 2.1, we find that

|f(z)| ≤ (1 + |bp|)rp +
∞∑

n=p+1

(|an|+ |bn|)rn

≤ (1 + |bp|)rp + rp+1
∞∑

n=p+1

(|an|+ |bn|)

= (1 + |bp|)rp +
1[

(p+1)β(p+m−1)
p−1 + p(1− β)

]
(1 + λ)(p+ k)

∞∑
n=p+1

[
(p+ 1)β(p+m− 1)

p− 1
+ p(1− β)

]
(1 + λ)(p+ k)(|an|+ |bn|)rp+1

≤ (1 + |bp|)rp +
1[

(p+1)β(p+m−1)
p−1 + p(1− β)

]
(1 + λ)(p+ k)

∞∑
n=p+1

[
nβ(p+m(n− p)− 1)

p− 1
+ p(1− β)

]
(1 + λ(n− p))C(k, n, p)(|an|+ |bn|)rp+1

≤ (1 + |bp|)rp +
1[

(p+1)β(p+m−1)
p−1 + p(1− β)

]
(1 + λ)(p+ k)

[(p− α)− p|bp|]rp+1.

�

The bounds given in Theorem 3.1 (for the functions f = h+g of the form (2)) also
hold for functions of the form (1) if the coefficient condition (9) is satisfied.

The functions

f(z) = zp + |bp|(z)p +
(p− α)− p|bp|[

(p+1)β(p+m−1)
p−1 + p(1− β)

]
(1 + λ)(p+ k)

(z)p+1 (16)

and

f(z) = zp − |bp|(z)p −
(p− α)− p|bp|[

(p+1)β(p+m−1)
p−1 + p(1− β)

]
(1 + λ)(p+ k)

(z)p+1 (17)

for |bp| < 1 show that the bounds given by Theorem 3.1 are sharp.
The covering result given below in Corollary 3.2 follows from the inequality (15)

of Theorem 3.1.

Corollary 3.2. Let f ∈ Rkλ(p, α, β,m). Thenw : |w| < (1− |bp|)−
(p− α)− p|bp|[

(p+1)β(p+m−1)
p−1 + p(1− β)

]
(1 + λ)(p+ k)

 ⊂ f(U). (18)

The next theorem gives the extreme points of the closed convex hulls of Rkλ(p, α, β,m),
denoted by Rkλ(p, α, β,m).
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Theorem 3.3. f ∈ clco Rkλ(p, α, β,m) if and only if

f(z) =
∞∑
n=p

(σnhn + εngn) (19)

where z ∈ U, hp(z) = zp,

hn(z) = zp − p− α[
nβ(p+m(n−p)−1)

p−1 + p(1− β)
]

(1 + λ(n− p))C(k, n, p)
zn, (20)

(n = p+ 1, p+ 2, · · · )

gn(z) = zp − p− α[
nβ(p+m(n−p)−1)

p−1 + p(1− β)
]

(1 + λ(n− p))C(k, n, p)
(z)n, (21)

(n = p, p+ 1, · · · ) and
∞∑
n=p

(σn + εn) = 1 (σn ≥ 0, εn ≥ 0).

In particular, the extreme points of Rkλ(p, α, β,m) are {hn} and {gn}.

Proof. Suppose f is of the form (19). Using (20) and (21), we get

f(z) =
∞∑
n=p

(σnhn + εngn)

=
∞∑
n=p

(σn + εn)zp

−
∞∑

n=p+1

p− α[
nβ(p+m(n−p)−1)

p−1 + p(1− β)
]

(1 + λ(n− p))C(k, n, p)
σnz

n

−
∞∑
n=p

p− α[
nβ(p+m(n−p)−1)

p−1 + p(1− β)
]

(1 + λ(n− p))C(k, n, p)
εn(z)n

= zp −
∞∑

n=p+1

p− α[
nβ(p+m(n−p)−1)

p−1 + p(1− β)
]

(1 + λ(n− p))C(k, n, p)
σnz

n

−
∞∑
n=p

p− α[
nβ(p+m(n−p)−1)

p−1 + p(1− β)
]

(1 + λ(n− p))C(k, n, p)
εn(z)n.
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Then

∞∑
n=p+1

[
nβ(p+m(n− p)− 1)

p− 1
+ p(1− β)

]
(1 + λ(n− p))C(k, n, p)

p− α[
nβ(p+m(n−p)−1)

p−1 + p(1− β)
]

(1 + λ(n− p))C(k, n, p)
σn

+
∞∑
n=p

[
nβ(p+m(n− p)− 1)

p− 1
+ p(1− β)

]
(1 + λ(n− p))C(k, n, p)

p− α[
nβ(p+m(n−p)−1)

p−1 + p(1− β)
]

(1 + λ(n− p))C(k, n, p)
εn

= (p− α)

( ∞∑
n=p

(σn + εn)− σp

)
= (p− α)(1− σp) ≤ p− α,

which implies that f ∈ Rkλ(p, α, β,m).
Conversely, assume that f ∈ Rkλ(p, α, β,m). Putting

σn =

[
nβ(p+m(n−p)−1)

p−1 + p(1− β)
]

(1 + λ(n− p))C(k, n, p)

p− α
|an|, (n = p+1, p+2, · · · ),

εn =

[
nβ(p+m(n−p)−1)

p−1 + p(1− β)
]

(1 + λ(n− p))C(k, n, p)

p− α
|bn|, (n = p, p+1, p+2, · · · ),

we get

f(z) =
∞∑
n=p

(σnhn + εngn),

and this completes the proof of Theorem 3.3. �

4. Convex Combination

In the following theorem, we determine the convex combination properties of the
members of Rkλ(p, α, β,m).

Theorem 4.1. The class Rkλ(p, α, β,m) is closed under convex combination.

Proof. Suppose fi ∈ Rkλ(p, α, β,m)(i = 1, 2, 3, · · · ), are defined by

fi(z) = zp −
∞∑

n=p+1

|an,i|zn −
∞∑
n=p

|bn,i|(z)n.
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From (13), we have
∞∑

n=p+1

[
nβ(p+m(n− p)− 1)

p− 1
+ p(1− β)

]
(1 + λ(n− p))C(k, n, p)|an,i|

+
∞∑
n=p

[
nβ(p+m(n− p)− 1)

p− 1
+ p(1− β)

]
(1 + λ(n− p))C(k, n, p)|bn,i|

≤ p− α. (22)

For
∞∑
i=1

σi = 1, 0 ≤ σi ≤ 1, we can write the convex combination of fi as

∞∑
i=1

σifi(z) = zp −
∞∑

n=p+1

[ ∞∑
i=1

σi|an,i|

]
zn −

∞∑
n=p

[ ∞∑
i=1

σi|bn,i|

]
(z)n,

from (22) we have∑∞
n=p+1

[
nβ(p+m(n−p)−1)

p−1 + p(1− β)
]

(1 + λ(n− p))C(k, n, p) (
∑∞
i=1 σi|an,i|)

+
∑∞
n=p

[
nβ(p+m(n−p)−1)

p−1 + p(1− β)
]

(1 + λ(n− p))C(k, n, p) (
∑∞
i=1 σi|bn,i|)

=
∑∞
i=1 σi

{∑∞
n=p+1

[
nβ(p+m(n−p)−1)

p−1 + p(1− β)
]

(1 + λ(n− p))C(k, n, p)|an,i|

+
∑∞
n=p

[
nβ(p+m(n−p)−1)

p−1 + p(1− β)
]

(1 + λ(n− p))C(k, n, p)|bn,i|
}

≤
∑∞
i=1 σi(p− α) = p− α.

Then
∞∑
i=1

σifi(z) ∈ Rkλ(p, α, β,m). �

Theorem 4.2. The class Rkλ(p, α, β,m) is a convex set.

Proof. Let f1, f2 be the arbitrary elements of Rkλ(p, α, β,m). Then for every
t (0 < t < 1), we show that (1− t)f1 + tf2 ∈ Rkλ(p, α, β,m), thus we have

(1−t)f1(z)+tf2(z) = zp−
∞∑

n=p+1

[(1−t)|an,1|+t|an,2|]zn−
∞∑
n=p

[(1−t)|bn,1|+t|bn,2|](z)n

and∑∞
n=p+1

[
nβ(p+m(n−p)−1)

p−1 + p(1− β)
]

(1 + λ(n− p))C(k, n, p)[(1− t)|an,1|+ t|an,2|]

+
∑∞
n=p

[
nβ(p+m(n−p)−1)

p−1 + p(1− β)
]

(1 + λ(n− p))C(k, n, p)[(1− t)|bn,1|+ t|bn,2|]

= (1− t)
[∑∞

n=p+1

[
nβ(p+m(n−p)−1)

p−1 + p(1− β)
]

(1 + λ(n− p))

C(k, n, p)|an,1|+
∑∞
n=p

[
nβ(p+m(n−p)−1)

p−1 + p(1− β)
]

(1 + λ(n− p))C(k, n, p)|bn,1|]
+t
[∑∞

n=p+1

[
nβ(p+m(n−p)−1)

p−1 + p(1− β)
]

(1 + λ(n− p))C(k, n, p)|an,2|

+
∑∞
n=p+1

[
nβ(p+m(n−p)−1)

p−1 + p(1− β)
]

(1 + λ(n− p))C(k, n, p)|bn,2|
]

≤ (1− t)(p− α) + t(p− α) = p− α. �
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