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Abstract

The main goal of this work is to create special type of proper functions namely , strongly

N-proper functions .Also give some properties and equivalent statements of this concept .

Introduction

One of the very important concepts in a topology is the concept of functions .There are
several types of functions in this work , we study an important class of functions namely ,
strongly N-proper functions . Proper function was introduced by Bourbaki.

AL-Omari , A . and Noorani , M.S.M in [2] defined an N-open set .

This work consists of three sections .Section one includes the fundamental concepts in
general topology and proves some results which we think that , we will be needed in the next
sections .In section two we review some basic definitions ,examples and propositions about some
functions which are  needed in section three .Section three introduces the definition of strongly
N-proper function and proves some results on this subject .

Finally , a word “space” in this work means a topological space .
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1. Basic concepts

1.1 Definition[2] :A subset A of space X is said to be an N-open if for every xA there exists
an open subset  in X contains  x such that Ux-A is  a finite set. The complement of an N-open set
is said to be an N-closed set . The family of all N-open subsets of a space (X,T) is denoted by TN

1.2 Remark[2] : Every open (closed) set  is an N-open(N-closed) set .
The converse is not true in general as the following example shows :

Let X any set contains more than one point and T be indiscrete topology on X , let Xx
.Then }{xX  is an N-open set in X but not an open and }{x is an N-closed set in X but not a
closed set .

1.3 Theorem [2]: Let ),( TX be a space . Then ),( NTX is a topological space .

1.4 Definition[2]: Let X be a space and XA . The intersection of all N-closed sets of
X containing A is called the N-closure of A and is denoted by

N
A .

1.5 Proposition :Let ),( TX be a space and XBA , .Then :

i.
N

A is an N-closed set .
ii. A is an N-closed set if and only if

N
AA  .

iii.
N

Ax if and only if for every an N-open set U containing AUx , .

iv. AA
N
 .

Proof :Clear .

1.6 Remark : The product of two non empty N-open sets is not necessary be an N-open set as
the following example shows :

Let N be the set of all positive integer numbers , T be final segment topology i.e
},{ NT   { NnU n : } such that ,...}1,{  nnUn and let },4,3,2,0{ A then A and

N are N-open sets . But NA not an N-open set since NN  only open set contain
NA)0,0( but NANN  be infinite set .

1.7 Proposition: Let X and Y be spaces and let A , B are non empty subsets of X and Y
(respectively) such that BA is an N-open set in YX  .Then A and B are N-open sets in X
and Y (respectively) .

Proof : Let Ax .Then BAyx ),( for some By and since BA is an N-open set in
YX  then there exist basic open set 21 UU  containing ),( yx in YX  such that



3

)()( 21 BAUU  be a finite set , but    )()()()( 212121 BUUUAUBAUU   ,
therefore 21 )( UAU  is a finite set , and AU 1 is a finite set , thus A is an N-open set  in X .

In similar way we can prove that B is an N-open set in Y .

Also the product of two non empty N-closed sets is not necessary be an N-closed set as the
following example shows:

1.8 Example: Let Z be the set of integer  numbers , Ze be the set of even integer numbers
and },,{ ZeZT  be a topology on Z .Then }1{ and Z are N-closed sets . But Z}1{ is not an
N-closed set .

1.9 proposition: Let X and Y be spaces and let A , B are non empty subsets of X and Y
(respectively) such that BA be an N-closed set in YX  then A and B are N-closed sets in
X and Y (respectively) .

Proof : To prove A is an N-closed set in X , must prove cA is an N-open set , let cAx , then

YAyx c ),( for some Yy hence  )()(),( cc BXYAyx  cBA )(  , since cBA )(  is an

N-open set , hence there exist basic open set 21 UU  containing ),( yx in YX  such that
cBAUU )()( 21  is a finite set . But )()()()( 2121 BAUUBAUU c   )( 1 AU  

)( 2 BU  )()( 21
cc BUAU  , hence )( 1

cAU  is a finite set . Thus A is an N-closed set .

In similar way we can prove that B is an N-closed set in Y .

1.10 Definition: Let Y be a subspace of a space X . A subset B of Y is said to be an N-open
set in Y if for each By there exist an open set U in Y containing y such that BU  is a finite
set .

1.11 Proposition : Let X be a space , XY  and if B is an  N-open set in X then YB is
an N-open set in Y .

Proof : Let YBx  then Bx , since B is  an N-open set in X , then there exist an  open set
U contain x such that U-B is a finite set . Hence YBYU   is a finite set .Thus YB is an
N-open in Y .

1.12 Proposition: Let X be a space and Y be an N-open set of X , if A is an N-open set in Y
then A is an N-open in X .

Proof: Let xA ,since A is N-open in Y then there exist open set W in Y contain x such that
W-A is a finite set , since W an open set in Y then YUW  ( where  U an open set in X ) by
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theorem (1.3) then YU  is an N-open in X, hence for each x YU  there exist an open set xV

in X such that )( YUVx  is a finite set , thus AVx  is a finite. Therefore A is an N-open in X .

1.13 Remark: If Y is not an N-open in X ,then proposition (1.12) is not true in general as the
following example shows :

Let R be the set of real numbers , U be usual topology on R and let }2,1{Y then }1{ is an
N-open in a subspace Y . But }1{ not an N-open in R .

1.14 proposition: Let X be a space and Y be an N-closed set of X . If A is an N-closed set in
Y , then A is an N-closed set in X .
Proof : To show that AX  is an N-open set in X , let AXx  then either YXx  or

AYx  , if YXx  , since Y is an N-closed set in X then YX  is an N-open set in X ,
hence there exist an open set U in X contain x such that )( YXU  be a finite set and since

YA then AXYX  ,hence )( AXU  is finite set .Thus AX  is an N-open set in X .

Now if AYx  , since )( AY  is an N-open set in Y then there exist an open set in Y
V such that )( AYV  be a finite set. Hence YWV  (W is an open set in X ) and

)( AYYW  AYW  be a finite set ,since YA thus AW  be a finite set .Therefore
)( AXW  be a finite set .

1.15 Definition [9]: A net in a set X is a function XD: where D is directed set .The
point )(d is usually denoted by d .

1.16 Theorem [9]:Let X be a space and A be a subset of X , Xx . Then Ax if and only if
there is a net in A which converges to x.

1.17 Definition: Let X be a space and B is any subset of X. N- neighborhood of B is any
subset of X contains an N- open set containing B . N- neighborhoods of a subset {x} consisting
of single point are also called N- neighborhoods of the point x. The collection of all N-
neighborhoods of the subset B of X is denoted by )(BNN .In particular, the collection of all N-
neighborhoods of x is denoted by )(xNN .
1.18 Definition: let   Ddd  be a net in a space X, Xx .Then   Ddd  N-converges to x. if

  Ddd  is eventually in every N-neighborhood of x (written xN
d  ). The point x is called

N-limit point of   Ddd 

1.19 Definition :Let   Ddd  be a net in a space X , Xx .Then   Ddd  is  said to have x as

an N-cluster point if   Ddd  is frequently in every an N-neighborhood of x . (written x
N

d  ).
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1.20 Proposition: Let (X,T) be a space , Xx and XA ,Then
N

Ax if and only if there

is a net   Ddd  in A such that x
N

d  .

Proof :Let
N

Ax then AU  NTU  , Ux .Notice that  ),(xNN is a directed set .

such that for all )(, 21 xNUU N , 21 UU  if and only if 21 UU  . Since for all )(xNU N ,

AU  . Then we can define a net XxNN )(: as follows AUU u   )( ,

)(xNU N . Now to prove that x
N

u  , let )(xNB N and let )(xNU N then )(xNUB N .

Since UUB  , then UUB  , BUBUB UB    )( . Hence x
N

d  .

Conversely: suppose that there is a net   Ddd  in A such that x
N

d  , and let NTU  Ux ,

since x
N

d  then   Ddd  is frequently in U. Thus AU  NTU  Ux . Hence
N

Ax .

1.21 Definition :A space X is called N-compact if every N-open cover of X has a finite sub
cover .

1.22 Proposition[2]:A space X is a compact if and only if every N-open cover of X has a
finite sub cover .

1.23 Theorem  [ 2]: Let X any space then X is a compact if and only if every proper N-closed
set is a compact with respect to X .

2- Certain Types Of N- functions

2.1 Definition: Let YXf : be a function from a space X into a spaceY .Then  :

i. f  is called an N-continuous function if )(1 Af  is an N-open set in X for every open set A in
Y .[2]

ii. f is called an N-irresolute  function if )(1 Af  is an N-open set in X for every N- open set
A in Y .

2.2 Example: Let f  be a function of a space (X,T) into a space ),( TY  then :

i. The constant function is an N-continuous (N-irresolute) function .
ii. If X is discrete space then f is an N-continuous (N-irresolute) function .
iii. If X is finite set and T any topology on X then f is an N-continuous .



6

2.3 Example: Let U be usual topology on R (set of real numbers) and T be discrete topology

on Y={1,2} then the function YRf : defined by







 cQifx
Qifx

xf
2
1

)( is not an N-continuous.

Since })1({1f is not an N-open set in R .

2.4 Remark:
i. Every continuous function is an N-continuous function .
ii. Every N-irresolute function is an N-continuous function .

The converse of (i,ii) is not true in general as the following examples show :

Let X={a ,b} ,Y ={c ,d}, T be indiscrete topology on X and }}{,,{ cYT  be a topology on
Y . Then the function YXf : defined by f(a)=c , f(b)=d is an N-continuous , but not a
continuous.

Notice that in example (2.3) if T indiscrete topology on Y then f is an N-continuous but f is not
an N-irresolute .

2.5 proposition[ 2]: Let YXf : be one to one , continuous function from  a space X into a
space Y then )(1 Af  is an N-open set in X for every N- open set A in Y .

2.6 Proposition : Let YXf : be an N-continuous function and XA then the restriction
function YAf A : is an N-continuous .

Proof: Let B is an open set in Y , since f is an N –continuous then )(1 Bf  is an N-open set in

X , by proposition (1.11) ABf )(1 is an N-open set in A , but ABfBf A )())(( 11   hence
1))(( Bf A is an N-open in A . Thus YAf A : is an N-continuous.

A composition of two N-continuous functions is not necessary be an N-continuous function
as the following example shows :

2.7 Example : Let Z be set of integer numbers , Y={1,2} ,W={3,6} .Let T andT  are indiscrete
topologies on Z and Y (respectively ) .If }}3{,,{ WT  is a topology on W then the functions

YZf : defined by








eZifz2

Zifz1
)z(f  and WYg : defined by g(1)=3 , g(2)=6 are N-

continuous functions . But fg  is not an N-continuous function .Since }3{)( 1fg  not  an N-
open set in X .

2.8 Proposition : Let X ,Y and Z be spaces , Let YXf : and ZYg : be functions .
Then :
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i. If f and g are N-irresolute functions then fg  is an N-irresolute function .

ii. If f is an N-irresolute and g is an N-continuous  then fg  is an N-continuous  .

Proof: Obvious .

2.9 Remark :The product of two N-continuous functions is not necessary be an N- continuous
function as the following example shows:

Let N be the set of positive integer numbers and T be final segment topology on N , let

be the co-finite topology on  N .Then identity functions ),(),(: NTNfi  2,1i are N-

continuous functions , but 21 ff  is not an N-continuous function ,since NN  })2,1{( be an

open set in NN  . But ()( 1
21
 ff )}2,1{ NN  is not an N-open set .

2.10 Proposition: Let iii YXf : , i=1,2 be functions such that 212121 : YYXXff  be
an N-continuous function then if are N-continuous .
Proof : Let 212121 : YYXXff  be an N-continuous .To prove 111 : YXf  is an N-
continuous . Let V is an open set in 1Y , then 2YV  is an open set in 21 YY  , since 21 ff  is an

N-continuous then )()()()( 2
1

2
1

21
1

21 YfVfYVff   is an  N-open set in 21 XX  . Hence

)(1
1 Vf  is an N-open subset in 1X therefore 111 : YXf  is an N-continuous .

In similar way we can prove that 222 : YXf  is an N-continuous .

2.11 Proposition :Let YXf : be an N-irresolute function . The image of any compact set
A in X is a compact subset of Y .

Proof: Let }:{ V be open cover of )(Af then }:{ V be N-open cover of )(Af .

Since f is an N-irresolute then }:)({ 1 
 Vf is N-open cover of A , but A is a compact set in

X then by proposition (1.22) A has finite sub cover ,i.e )}({
1

1
n

i
iVfA



  hence )()(
1


n

i
iVAf



  .

Therefore )(Af is a compact set in Y .

2.12 Definition :Let f be a function from a space X into a space Y .Then :

i. f is called an N-closed(an N-open) function if )(Af is an N-closed(an N-open) set in Y for
every closed(open) set A in X . [2]

ii. f is called strongly N-closed(strongly N-open) function if )(Af is an N-closed( N-open) set
in Y for every N-closed(N-open) set A in X.

We denoted for brief strongly N-closed(strongly N-open) function by (St-N-closed) (St-N-
open) respectively .
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2.13 Example:

i. A constant function is N-closed (St-N-closed) function .
ii. Let YXf : is a function from a space X into a space Y such that  Y   be a finite set then  f

is an N-closed (St-N-closed ) function .
iii. Let ),(),(: TZTZf  be function defined by zzf 2)(  for all Zz , },,{ ZeZT  be a

topology on Z and T  be indiscrete topology on Z then f is not a St- N-closed  function .

2.14 Remark :Every closed(open) function is an N-closed (N-open ) function .

The converse is not true in general as the following example shows :

2.15 Example: Let X={1,2,3},Y={4,5} , }}3{,,{ XT  be a topology on X and  be
indiscrete topology on Y. Then a function YXf : defined by f(1)=f(2)=4 , f(3)=5 is an N-

closed (N-open) function . But f is not closed (open) function .

2.16 Proposition :Let X ,Y and Z be spaces .If YXf : and ZYg : are a St-N-closed
function then ZXfg : is a St-N-closed function .

Proof: Clear.

2.17 proposition[ 2] : L et YXf : be an open function then f is a St-N-open function .

2.18 Proposition Let YXf : be open , bijective  function then f is a St-N-closed function .

Proof : Let YXf : be open , bijective  function and let A be an N-closed set in X then cA is

an N-open in X and  by proposition(2.17) )( cAf is an N-open set in Y,  since f  is bijective then
cc AfAf ))(()(  . Thus cAf ))(( is an N-open set , therefore  f(A) is an N-closed set in Y .

3-Strongly N-proper functions

3.1 Definition: Let f be a function of  a space X into a space Y , f is said to be Strongly N-
proper function (St-N- proper) if :

i f is an N- continuous function .
ii The function ZYZXIf Z  : be a St-N-closed for every space Z .
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3.2 Example: Let X={1,2,3}, Y={2,4,6} , let T be indiscrete and T ={  ,Y,{4}} are
topologies  on X , Y (respectively) then the function YXf : defined  as xxf =)(

Xx is a St-N-proper function since

i. YXf : is an N- continuous function .

ii. A function ZYZXIf Z  : is a St-N-closed for every space Z , since ZIf  is open
and bijective  function then by proposition (2.18) ZIf  is a St-N-closed function .

The following example shows not every function is a St- N-proper.

3.3 Example: Let Z be the set of integer numbers and eZ be set of even integer numbers , let
T={ ,Z, eZ } be a topology on Z and T  be indiscrete topology on Z then identity function

),(),(: TZTZf  is not a St- N-proper function . Since if (Z, T  ) be indiscrete space then
ZZZZIf Z  : is not a St- N-closed  function , since ZZ  is an N- closed set in ZZ  .

But ZIf  ( ZZ  ) is not a St- N-closed set in ZZ  .

3.4 proposition : Every St - N-proper function is a St- N-closed .
Proof : Let YXf : be a St-N-proper .Then The function ZYZXIf Z  : be a St- N-

closed for every space Z . Let Z={p} then YpYpXXf
h

If
M

p     }{}{: is a St- N-closed
function .Where }{: pXXM  is homeomorphism from X into }{pX  and YpYh  }{: is
homeomorphism from }{pY  into Y .Since MIfhf p  )(  and the function MIfh p  )( 

is an N-closed by proposition (2.18) and proposition (2. 16) . Hence f is a St-N-closed .

The converse of last  proposition is not true in general as the following example shows :

3.5 Example Let ),(),(: URURf  be function defined by 0)( xf for all Rx then f is
a St- N-closed . But RRRIf R  }0{: is not a St- N-closed function where U be usual
topology on R , since if A= }1:),{( xyyx then A is an N- closed set in RR . Let V be an N-
open set contain (0,0) . Then  }))0{-(}0({ RV  and  by proposition (1.5 iii)

N
R }))0{(}0({)0,0(  . But })0{(}0{))((  RAIf R . Thus

N
R AIf ))(()0,0(  and since

}))0{(}0({)0,0(  R then ))(()0,0( AIf R . Hence ))(( AIf R is not an N-closed set in
RR× . Thus RRRIf R  }0{: is not a St- N-closed function , and hence f is not a St- N-

proper function .

The product of two St- N-proper functions is not necessary be a St- N-proper as the following
example shows :
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3.6 Example: Let ),(),(: TNTNfi  be identity functions where i=1,2 , T be final segment
topology on N and T  be co-finite topology on N then if are N-continuous functions and Zi If 
for every space Z are St- N-closed functions by using proposition (2.18) . Hence if are St-N-
proper functions .But product of if is not a St- N-proper function since the product of if is not an
N-continuous .
3.7 Proposition [4]: Let }{: wpXf  be a function on a space X . If  f is a proper then X
is a compact space . where w is any point which does not belong to X .

Simple verification shows that this result remain valid when }{: wpXf  is a St-N-
proper .

3.8 Proposition : Let X and Y be spaces and YXf : be an N-irresolute  function and X a
compact space  .Then the following statement are equivalent :
i. f is a St- N-proper function .
ii. f is a St- N-closed function and }{1 yf  is a compact for each Yy .
iii. If Ddd )( is a net in X and Yy is an N-cluster point of )( df  then there is an N-cluster

point Xx of Ddd )( such that f(x)=y .
Proof :

)()( iii  Let YXf : be a St- N-proper function . Then by proposition (3.4) f is a St-N-
closed function . Now , let Yy then }{y is an N-closed set in Y , since YXf : be an N-

irresolute  then }{1 yf  is an N-closed set in X and since X is a compact then by proposition

(1.23) }{1 yf  is a compact in X .

)()( iiiii  Let Ddd )( be a net in X and Yy be an N-cluster point of a net Ddd )χ(f  in Y .

Claim  )(1 yf , if  )(1 yf then cXfyXfy ))((()(  since X is an N-closed set in

X . Then f(X) is an N-closed set in Y .Thus cXf ))((( is an N-open set in Y . Therefore )( df 

is frequently in cXf ))((( . But )()( Xff d  , Dd  then cXfXf ))((()(  , and this is

a contradiction . Thus  )(1 yf . Now , suppose that the statement (iii) is not true .That means ,

for all )(1 yfx  there exist  an N-open xU in X contains x such that )( d is not frequently in

xU . Notice that 
)(

1

1

}{)(
yfx

xyf


  . Therefore the family )}({ 1 yfxU x
 is N- open cover of

)(1 yf  . But )(1 yf  is a compact set , thus by proposition (1.22) there exist nxx ,,1  such that


n

i
xiUyf

1

1 )(


  , 










 
cn

i
xiUyf 

1

1 )( 










 
n

i

c
xiUyf

1

1 )( . But ii )( is not frequently in



11

xiU ni ,,1 . Thus )( d is not frequently in 
n

i
xiU

1

. But 
n

i
xiU

1

is an N-open set in X , then


n

i

c
xiU

1

is an N- closed set in X . Thus )(
1


n

i

c
xiUf



is an N-closed set inY .

Claim )(
1


n

i

c
xiUfy



 ,  if )(
1


n

i

c
xiUfy



 then there exist 
n

i

c
xiUx

1

 such that f(x)=y , thus


n

i
xiUx

1

 . But )(1 yfx  therefore )(1 yf  is not a subset of 
n

i
xiU

1

and this a contradiction .

Hence there is an N –open set A in Y such that Ay and 


)(
1


n

i

c
xiUfA




 )(()(
1

11 
n

i

c
xiUffAf then 

n

i
xi

n

i

c
xi UAfUAf

1

1

1

1 )()()(






   . But )( df  is

frequently in A , then )( d is frequently in )(1 Af  and then )( d is frequently in 
n

i
xiU

1

. This

is contradiction .Thus )(1 yfx  and x
N

d  and f(x)=y .

)()( iiii  Let Z be any space . To prove that ZYZXIf Z  : is a St- N-closed function .
Let F be an N- closed set in ZX  . To prove that )(FIf Z is an N-closed set in ZY  . Let

N
Z FIfzy )(),(  . Then by proposition (1.20) there exist a net Dddd ZY )},{( in ))(( FIf Z such

that ),(),( zyZY
N

dd  . Then whereZIfZY ddzdd ),)((),(  Dddd Z )},{( is a net in F . Thus

( ),())(),( zyZIf
N

dZd  . Hence yf
N

d )( and zZ
N

d  . Then there is Xx such that x
N

d 

and f(x)=y . Hence ),(),( zxZ
N

dd  and Dddd Z )},{( is a net in F . Thus by proposition (1.20)
N

Fzx ),( since
N

FF  then   ),(),(),( zxIfzyFzx Z , hence   )(),( FIfzy Z thus

  ))(()( FIfFIf Z
N

Z  . Hence ))(( FIf Z is an N-closed set in ZY  , hence
ZYZXIf Z  : is a St- N-closed function .Thus YXf : is a St- N-proper .

3.9 Remark: A composition of two  St- N-proper functions is not necessary be a St - N-
proper function . Since the composition of two N-continuous functions is not necessary be an N-
continuous function  .

3.10 Proposition : Let X ,Y and Z be spaces , let YXf : and ZYg : be St-N-proper
functions such that YXf : is an N-irresolute . Then ZXfg : is a St-N-proper function .
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Proof :

i. Since f is an N-irresolute and g is an N-continuous then by proposition (2.8 ii) fg  is an N-
continuous.

ii. Let 1Z any space .Since f is a St-N-proper then 11:
1

ZYZXIf Z  is a St-N-closed  .

Similarly  , since g is a St-N-proper then 11:
1

ZZZYIg Z  is a St-N-closed . Thus  by

proposition (2.16) the function 11:)()(
11

ZZZXIfIg ZZ   is a St-N-closed .  But

)()()(
111 ZZZ IfIgIfg   , hence 11:)(

1
ZZZXIfg Z  is a St-N-closed .Thus

ZXfg : is a St-N-proper function .

3.11 Proposition: Let X ,Y and Z be spaces , Let YXf : , ZYg : be N-irresolute
functions , such that X is a compact space and ZXfg : is a St-N-proper  function .Then :

i. If f is  onto then g is a St- N-proper function .

ii. If g is one to one  then f is a St- N-proper function .

Proof:

i. Let F be an N-closed  subset of Y, since f is an N- irresolute then )(1 Ff  is an N-closed  in X.

Since fg  is a St-N-proper function then fg  is an N-closed function , hence ))(( 1 Fffg 

is an N-closed in Z . But f is onto then )())(( 1 FgFffg  . Hence )(Fg is an N-closed in Z .
Thus g is a St- N-closed function . Now , let Zz , since fg  is a St- N-proper function and X

is compact , then by proposition (3.8) the set }))({(})({)( 111 zgfzfg   is a compact set in X.

Since f is an N-irresolute and onto then by proposition (2.11) })({}))({(( 111 zgzgff   is a
compact in Y. Clear that YXf )( is a compact  . So by proposition (3.8) the function g is a St-
N-proper function .

ii. To prove f is a St-N-closed function . Let F be an N- closed set of X .Then ))(( Ffg  is an
N-closed set in Z . Since ZYg : is an N- irresolute and one to one function then

)())(((1 FfFfgg  is an N-closed  in Y. Hence the function YXf : is a St-N-closed .Now ,
Let Yy then Zyg )( , Let )(1 ygz  . Since ZXfg : is a St-N-proper , X is a compact
space and  g one to one function then  the set }{))(()()( 1

1
11

1
1 yfzgfzfg   is a compact

in X .Therefore by proposition (3.8) the function YXf : is a St-N-proper .
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