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Abstract: In this work ,we introduce the definitions of some types of     N-functions 

namely N-irresolute, strongly N-closed and N-perfect, and investigate the properties 

of composition, restrictions and product of each type. Also, we give the relation 

among them. 

Introduction: One of the very important concepts in a topological spaces is the 

concept of functions. There are several types of function related to types of open set in 

a topological spaces [2],[5],[7]. Al-Omari , A. and Noorani M.S.M in [1] introduce 

the definition of N-open set and they introduce several concepts related to N-open set 

; in particular they introduced N-continuity as a generalization of continuity . Also 

they give the concept of N-closed function. In this work , we use the concept of         

N-open set to construct some types of N-functions namely, N-irresolute, strongly      

N-closed and N-perfect. Several results and concepts related to them shall be 

introduced. 

   Throughout this paper , we use  to denote the set of real 

numbers ,the set of rational numbers, the set of integers, the set of even integers, the 

set of odd integers and the set of natural numbers respectively. For a subset A of a 

topological space  , the closure of A and the interior of A will be denoted by 

 and   respectively. Also, we write to denote the relative topology 

on A. For a nonempty set  will denote respectively , the 

discrete topology on ,  the indiscrete topology on  and the cofinite topology on  
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.We use  to denote the usual topology on  to denote the final segment 

topology on  i.e.   and every set  where n any 

positive integer. 

1. N-open sets and its properties 

   In this section, we recall the definition of N-open set and investigate more 

properties of it. 

1.1 Definition [1]: A subset A of topological space  is said to be N-open if for 

every   there exists an open subset  containing x such that  – A is a 

finite set. The complement of a N-open subset is said to be N-closed. The family of all 

N-open sets of a topological space ( ,T) is denoted by T
N
. 

1.2 Remark [1]:  

i. Every open set is N-open set. 

ii. Every closed set is N-closed set. 

   The converse of (i,ii) is not true as the following example shows: let , T=Tfin. 

The set  is an N-open set, but it is not open and } is an      

N-closed set, but it is not closed. 

   The following results are given in [1]. 

1.3 Proposition 

i. T
N
 is a topology on  

ii. The intersection of an open set and an N-open set is an N-open set. 

iii. A subset A of a topological space  is an N-open set if and only if  for every 

  there exit an open set  containing  and a finite subset C such that 

. 

1.4 Remark: It is clear that , but the converse is not true as the following 

example shows let  be finite set and T=Tind then T
N
 = Tdisc and . 
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1.5 Remark : As a consequence of proposition (1.3,iii) , the family              

 form a basis for the topology T
N
.  

   It is well known that a topological space ( ,T) is T1-space , if and only if every 

finite set in  is closed [3],[4]. 

   Now , we put a condition on a topological space ( ,T) to obtain T = T
N
. 

1.6 Proposition: Let ( ,T) be a topological space .Then the following are 

equivalent : 

i. ( ,T) is T1-space. 

ii. T = T
N
. 

Proof:    i  ii, it is sufficient to prove that . Let  where 

 and C finite set, since ( ,T) is T1-space then C is closed and                          

. Therefore . 

ii  I  let C be a finite set then . Therefore C is closed and then    

( ,T) is T1. 

1.7 Definition [1]: let  be a topological space and  , then: 

i. The union of all N-open sets of contained in A is called the N-interior of A 

and denoted by IntN (A). 

ii. The intersection of all N-closed sets containing A is called N-closure of A and 

denoted by   

1.8 Remark: It is clear that  , but the 

converse is not true in general as the following example shows : 

   

Let

 .  
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1.9 Proposition: Let be a topological space and A be non-empty subset of 

then   . 

Proof: Let and  then there exist   and finite set  

such that ,since  , then , where  since 

 , and hence  

1.10 Proposition [1]: If A is N-open subset of  , then  . 

1.11  Remark: If  B is N-closed set in ( A ,  then it is not necessary be          

N-closed set in  as the following example shows: let  and  

 then  is   N-closed set in A but not N-closed set in  . 

1.12 Proposition: Let be a topological space and A be N-closed set in . If 

B is N-closed set in ( A , then B is N-closed set in    . 

Proof: Clear 

1.13 Remark:  

i. We use Tprod to denote the product topology on of a topological spaces 

and and the family of all N-open sets in  is denoted by 

. 

ii. We use TN-prod to denote the product topology on  of a topological space 

 and  

1.14 Remark 

i. The product of two non-empty N-open sets is not necessary be N-open set as 

the following example shows: let  and  and let                      

  then are N-open sets. But  is 

not an N-open set since  only an open set contain B but 

B  be infinite set. 
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ii. The product of  two non-empty  N-closed sets is not necessary be N-closed set 

as the following example shows: let  and   then             

and  are N-closed sets. But    is not an N-closed set . 

iii. It is clear that  but the converse is not true as the following 

example shows: let  and  then  and 

 but  . 

 

 

1.15 Proposition : let   and  be topological spaces, then: 

i. If  is N-open (N-closed)  set in   and   is T1-space then  is 

N-open (N-closed) in . 

ii. If  is N-open (N-closed) in   and  is T1-space then  is         

N-open (N-closed) in . 

Proof:  

i. Let  be N- open set in   Since  is T1-space then  

(proposition 1.6) so  is an open set in  and then   is open in 

 and consequently  is N-open.  

ii. Similar way to proof in (i). 

1.16 Proposition : Let   and  be a topological spaces and let A and B 

are non-empty subset of  respectively, then: 

   i. If  be N-open set in   then A and B are N-open sets in    

and  respectively. 

  ii. If  be N-closed set in then A and B are N-closed sets in  

 and  respectively. 

Proof :   
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i. Let  then   for some . Since  be an N-open 

set in  then there exist a basic open set  containing 

  such that  be a finite set, but 

 therefore  

be a finite set and so  be finite thus A is N-open set in . 

   In similar way B is N-open set in  . 

ii. Let then  for  and then                

  , since   is 

N-closed then     is N-open set in  and then there 

exist a basic open set  containing   such that                              

 be finite set. But 

Therefore  be a finite set and then  is N-open set in  

and hence A is N-closed set in   . 

   In similar way B is N-closed set in   . 

2. N-irresolute function 

   In this section , we recall the definition of N-continuous function and introduce the 

definition of  N-irresolute and investigate some properties of them. 

2.1 Definition [1]: A function f  from a topological space  into  a topological 

space  is said to be N-continuous if   is an N-open set in X for every 

open set A in Y.  

   Note that a function  is an N-continuous if and only if 

 is continuous. 

   Now we introduce the following definition : 
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2.2 Definition : A function f  from a topological space  into a topological 

space  is said to be N-irresolute function if  is an N-open set in  

for every   N-open set A in . 

  Note that a function  is an N-irresolute if and only if    

 is continuous. 

2.3 Examples:  

i. The constant function is N-irresolute  

ii. Let ,  and  be identity 

function then f is N-irresolute. 

iii. Let  ,  ,  ,  and  be a 

function defined by  then f is not N-irresolute since 

 is not N-open in . 

 

2.4 Remark: 

i. Every continuous function is N- continuous, but the converse is not true in 

general as the following example shows: let  , , 

,  and  be a function defined by 

 then f is  N- continuous and N-irresolute but it is not 

continuous. 

ii. Every N-irresolute  is N- continuous, but the converse is not true in general as 

the following example shows: let  , , ,  and 

 be a function defined by  then f is an 

N- continuous and continuous but it is not N-irresolute. 

iii. The concept of continuous and N-irresolute are independent as shown in 

examples in (i) and (ii) above. 

2.5 Proposition: let  be a function then:- 
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i.  f  is N- continuous if and only if  is N-closed set in , for every 

closed set A in . 

ii. f  is N-irresolute if and only if   is N-closed set in , for every     

N-closed set A in  . 

Proof: clear 

   We can put conditions either on the function f or on the topological spaces to obtain 

relation between continuous and N- continuous and N-irresolute as the following 

propositions shows : 

2.6 Propositions: let  be injective continuous function then f is 

an N-irresolute. 

Proof:- let A be N-open subset of  and  then  and there 

exist an open set V in  such that V-A be finite set, since f is continuous then 

 is an open set in  and since f is injective then  be finite but    

 thus  be finite set and  is 

N-open set in . 

2.7 Propositions : let  be a function for which the topological 

space  is T1-space then the following are equivalent:-  

i. f  is continuous. 

ii. f  is N- continuous. 

Proof:- i ii clear. 

ii i let A be an open subset in  then  is N-open subset in  

(f is N-continuous) so  there exsit open subset U containing x in 

and finite set C such that  since  is T1-space, so C 

is closed in and then X-C is open in  therefore 

 hence  is open in  and then 

f is continuous. 
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2.8 Proposition: let  be a function for which (Y,T) is T1-space 

then the following are equivalent : 

i. f  is N-irresolute. 

ii. f is N- continuous. 

Proof: Similar to proof in proposition 2.7. 

2.9 Proposition: let  be N- continuous (N-irresolute) function 

and let  then  is N-continuous (N-irresolute). 

Proof: clear 

2.10 Remark : The composition of two N- continuous functions not necessary be a 

N- continuous function as the following example shows: 

Let , , , ,  and   

 be function defined by  and                

 be function defined by  then f and g are       

N- continuous function. But  is not N- continuous since  is 

not N-open in . 

 

2.11 Proposition : let  and  are  functions 

then: 

i. If  f is N- continuous and g is continuous then  is  N- continuous. 

ii. If  f is N-irresolute and g is N-continuous then  is N- continuous. 

iii. If  f and g are N- continuous and  is T1 –space then  is                   

N- continuous. 

Proof: 
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i. Let A be open in   then  is open in  and then  

is  N-open in  (f is N- continuous) so   is 

N-open set in   so  is  N- continuous. 

ii. Let A be open in  then  is an N-open set in  since f is       

N-irresolute   is N-open set in  hence 

 is  N- continuous. 

iii. Since  is T1 –space and g is N- continuous so g is continuous 

(proposition 2.7) and by (i)  is N- continuous. 

2.12 Proposition: The composition of two N-irresolute functions is N- irresolute 

function. 

Proof: clear 

2.13 Remark : The product of two N- continuous function is not necessary be           

N- continuous function as the following example shows: 

Let  and  be identity 

function then  is N- continuous. But  is 

not N-continuous , since  is a closed set in  ,  but                           

  is  not N-closed set in  . 

2.14 Proposition: Let  be a function such that             

 be N-continuous function then  is       

N-continuous . 

Proof: To prove that  be N-continuous, let V be an open set in 

 then  is an open set in  , since  is N-continuous, 

then     is an open set in 

 . Hence  is N-open set in   (proposition 1.16,i). 

   In similar way  is N-continuous. 
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2.15 Remark : The product of two N- irresolute function is not necessary                  

N- irresolute function as shown in example in remark (2.13). 

2.16 Proposition: let   be a function such that 

 be N-irresolute and  be T1 -space 

then   is N-irresolute . 

Proof: Similar to proof of proposition (2.14). 

3. Strongly N-closed function  

   In this section, we recall the definition of N-closed function and introduce a new 

type of N-function namely strongly N-closed function and investigate the properties 

of them. 

3.1 Definition [1] : A function  is called N-closed function if 

 is N-closed subset of Y for every closed subset A of  . 

  Note that a function  is an N-closed if and only if             

 is closed. 

3.2 Examples:   

i. Let  = finite set  and  then the identity function 

 is N-closed. 

ii. Let ,  ,  then function  

defined by  is not N-closed. 

3.3 Remark : Every closed function is N-closed but the converse is not true in 

general as the following example shows: 

Let  and  

be a function defined as follows :  then f is N-closed 

function but it is not closed. 
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3.4 Remark: The composition of two N-closed function is not necessary be N-closed 

function, so we put a conditions either on function or on a topological spaces to obtain 

the result as shown in the following proposition. 

 

3.5 Proposition: let  and  are functions , then: 

i. If  f  is closed and g is N-closed then   is  N- closed. 

ii. If  f and g are N-closed and  is T1-space then  is N- closed. 

Proof:  

i. let A be closed set in  then  is closed set in  and then            

 is N- closed set in . 

ii. let A be closed set in   then  is N-closed in , since  is    

T1-space then  is closed in  (proposition 1.6 ). And then   

 is   N- closed set in . 

3.6 Remark : If  be N-closed function and  then it is not 

necessary  be N-closed as the following example shows: 

 ,   ,  and  be 

identity function then f is N-closed function but  is not          

N-closed. 

3.7 Proposition : Let  be N-closed function and A be closed 

subset of  then  is N-closed. 

Proof: since A is closed set in    then the inclusion function          

 is closed function and since f is N-closed then                   

 is   N-closed (proposition 3.5,i). 

3.8 Proposition : let  be a bijective function then the following 

are equivalent : 
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i.  is N-closed. 

ii.   is N-continuous. 

Proof:  since  bijective function then  for all .This 

complete proof. 

3.9 Remark : The product of two N-closed function is not necessary be N-closed 

function as the following example shows: 

 and  are 

identity functions then   is N-closed function. But  is not N-closed function. 

3.10 Proposition : let   be a functions such that 

 be N-closed function then  is             

N-closed function ,  . 

Proof : To prove  is N-closed, let A be closed set in  

then  is closed set in  , so    

is N-closed set in  . so  is N-closed set in         

(proposition 1.16,ii) so   is N-closed function. 

   In similar way  is N-closed function. 

 

   Now, we introduce the definition of strongly N-closed function  

3.11 Definition : A function  is called strongly N-closed function 

if    is N-closed set in  , for every N-closed set A in . 

  Note that a function  is strongly N-closed if and only if    

 is closed. 
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3.12 Examples:  

i. Let and  

 be a function defined by   then  

is strongly N-closed. 

ii. Let  ,   , and  be a 

function defined by   then  is not strongly N-closed. 

3.13 Remark: It is clear that every strongly N-closed function is N-closed but the 

converse is not true in general. 

3.14 Proposition[1]: let  be open function, then the image of   

N-open set of  is N- open set of . 

3.15 Proposition: let  be bijective open function then  is 

strongly N-closed. 

Proof: Let A be N-closed set in  then  is N-open set in                      

, so  is N-open set in  (proposition 3.14) but                                    

 so  is N-open set in  and 

then  is N-closed set in . 

3.16 Proposition:Let  and  are functions, then: 

i. If  f and g are strongly N-closed then  is strongly N-closed. 

ii. If  f is closed,  is T1-space and g is strongly N-closed, then  is 

strongly N-closed. 

iii. If  f is strongly N-closed and g is closed and  is T1-space  then  is 

strongly N-closed. 

Proof: (i) Clear 

           (ii) and (iii) by using proposition (1.6) and (i). 
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3.17 Remark: If   be strongly N-closed function and   then 

it is not necessary  be strongly  N-closed as the following 

example shows: 

Let   ,   ,  and  be identity function 

then f is strongly N-closed function but  is not strongly N-closed since  is not 

N-closed in  . 

3.18  Proposition: Let  be strongly N-closed function and  A be 

N-closed set in   then  is strongly N-closed. 

Proof: since A is N-closed set in   then the inclusion function     

 is strongly N-closed (by using proposition 1.12) so         

 is strongly N-closed (proposition 3.16,i) 

3.19 Remark: The product of two strongly N-closed functions is not necessary 

strongly N-closed function as the following example shows:  

Let  and  are identity 

function then  is strongly N-closed. But  is not strongly N-closed function. 

3.20 Proposition : let   be a function if                   

 is strongly N-closed function and 

 is T1-space then  is N-closed function ,  . 

Proof: To prove  be strongly N-closed function, let A be          

N-closed set in   then  is N- closed set in                        

( propostion1.15), so      is N-closed set in 

 , so   is  N-closed set in  (proposition 1.16,ii) so  is 

strongly N-closed function. 

   In similar way  is strongly N-closed function. 

4. N-perfect function  
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   In this section, we introduce the definition of N-perfect function and investigate the 

properties of it. Also we give the relation between  N-perfect and perfect , and            

N-perfect and compact functions. 

4.1 Definition [4] : A function  is called perfect if it is 

continuous closed surjection  and each fiber   is compact ,    . 

   Now we introduce a generalized definition of the previous definition. 

4.2 Definition: A surjection function  is called N-perfect  if: 

i.  is N- continuous function; 

ii.  is N- closed function; 

iii. The fibers of  are compact.(i.e.   is 

compact ,    .) 

4.3 Examples: 

i. Let  and  

be a function defined as follows :  then f is             

N-perfect. 

ii. Let ,  ,   be a function defined by 

 then f is not N-perfect since   is not compact. 

4.4 Remark :  

i. Every perfect function is N-perfect but the converse is not true as the 

following example shows: 

Let and

 be a function defined by :   then f is N-

perfect function but not perfect since f is not continuous. 

ii. From definition 4.2 every N-perfect is N-closed but the converse is not true. 

The function f  in example (4.3,ii) is N-closed but not N-perfect. 
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4.5 Remark: If  be N-perfect and  then it is not necessary 

 is N-perfect since the restriction of N-closed functions not 

necessary N-closed. 

4.6 Proposition: Let  be N-perfect and A be closed set in   

then  is N-perfect. 

Proof:   is N-continuous((propositions 2.9) and N-closed (propositions 3.7).Now, 

let  then  is compact in  so  is compact in  since 

A is closed   in and therefore  is compact in  

.Hence  is N-perfect. 

4.7 Remark : A composition of two N-perfect function is not necessary N-perfect 

function, as the following example shows: 

Let , , , ,  and   

 be function defined by  and               

 be function defined by  then f and g are        

N- perfect function. But  is not N- perfect since   is not N-continuous.  

4.8 Proposition : let  and  are functions , 

then; 

i. If  f  is injective perfect and g is N-perfect then  is  N- perfect. 

ii. If  f  is surjective continuous, g is N- continuous and  is  N- perfect then g 

is N-perfect. 

iii. If  f is N- continuous, g is injective continuous, and  is  N- perfect then     

f  is N-perfect. 

Proof:  

i. (a) since f is injective continuous and  is N- continuous then  is               

N- continuous (proposition 2.11,i). 
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(b) Since f is closed and g is N-closed then   is N-closed (proposition 

3.5,i). 

(c) Let  , since g is N-perfect then  is compact in  since f 

is perfect  then  is compact in . Thus 

  is compact in   and from (a) , (b) 

and (c) we have   is N- perfect. 

ii. (a) Let F be a closed set in , then  is closed in   since f is 

continuous and then   is N- closed in   is            

N- perfect). But    since f is surjective .Hence is 

N-closed in . Thus g is N-closed function. 

(b)  Let  , since   is N-perfect then 

   is compact in  . Now since f is 

continuous then  is compact . But f is surjective 

then    is compact in  so  g is N- perfect. 

iii. Similar to proof (ii). 

4.9 Remark : The product of two N-perfect functions is not necessary be N-perfect 

function as the following example shows: 

Let  and  be identity function 

then  is N-perfect function . But  is not N-perfect function since 

 is not N- continuous. 

4.10 Proposition : let   are functions such that            

 is N-perfect function then  is N-perfect 

function. 

Proof : To prove that  is N-perfect: 

(a) Since  is N- continuous then  is N- continuous (proposition 2.14). 

(b) Since  is N- closed then  is N- closed (proposition 3.10). 
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(c) let  then  for each  and     

  is compact in  so 

 is compact in . 

From (a),(b) and (c)  is N-perfect and in similar way we can prove  is           

N-perfect. 

4.11 Definition[6] : A function  is called compact if   is 

compact in   for each compact set A in Y. 

4.12 Theorem[1]:For any topological space , the following are 

equivalent: 

(i)  is compact; 

(ii)Every N-open cover of    has afinite  subcover. 

4.13 Theorem[1]:  If  a function   is N-closed surjection such 

that  is compact relative to  and  is compact ,then  is compact 

4.14 Proposition: Let  be N-perfect function, then  is compact 

function. 

Proof:  By using theorem 4.12 and theorem 4.13 . 

4.15 Remark: The converse of proposition (4.14) is not true in general as the 

following example shows: 

Let  ,   , and   be identity 

function then  is compact function but  is not N-perfect since  is not N-closed. 

References: 

[1]Al-Omari ,A. and Noorani, M.S.M, ”New Characterization of Compact Spaces” 

proceeding of the 5
th

 Asian Mathematical conference,Malasia,2009.pp53-60. 



21 
 

[2]Al-Omari,A., Noiri,T. and Noorani,M.S.M “ Characterization of strongly compact 

spaces” International Journal of Mathematics and Mathematical science” vol.2009, 

Article ID 573038,9 pages. 

[3]Bourbaki N. "Elements of Mathematics: General topology” chapters 1-4 , springer-

Verlag Berlin,2
nd

 edition,1989. 

[4]Dugundji,J.”Topology”,Allyn and Bacon,Boston,Inc., 1966. 

[5]Farero, G.L ”Strongly α-irresolute function”, Indian J.pure 

Appl.Math.18,1987,pp.146-151. 

[6]Halfar,E.”Compact mapping” Amer.math.soci,No.1,1957,pp.828-830. 

[7] Reilly I.L and Vamanmurthy M.K ”On α-continuous in topological spaces” 

Acta.Math.Hung.uns(1-2),1985,pp.27-32. 

 N -ألأنماط  من الذوال حول بعض

 د.ستار حميذ حمزة الجنابي

 جامعت القادسيت

 كليت التربيت

 قسم الرياضياث

 sattar_math@yahoo.com  -البريذ الالكتروني :

 

 :الخلاصت

الدالح        أسميناها N-في عملنا هذا قدمنا تعاريف لثعض الأنماط  من الدوال 

.وأعطينا خصائص التزكية والقصز  N-تقىج  و التامح  N-والمغلقح N-المنحلح 

 والضزب لهذه الدوال وكذلك العلاقح تينهم.

mailto:sattar_math@yahoo.com

