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Abstract: In this work ,we introduce the definitions of some types of ~ N-functions
namely N-irresolute, strongly N-closed and N-perfect, and investigate the properties
of composition, restrictions and product of each type. Also, we give the relation

among them.

Introduction: One of the very important concepts in a topological spaces is the
concept of functions. There are several types of function related to types of open set in
a topological spaces [2],[5],[7]. Al-Omari , A. and Noorani M.S.M in [1] introduce
the definition of N-open set and they introduce several concepts related to N-open set
; in particular they introduced N-continuity as a generalization of continuity . Also
they give the concept of N-closed function. In this work , we use the concept of
N-open set to construct some types of N-functions namely, N-irresolute, strongly
N-closed and N-perfect. Several results and concepts related to them shall be
introduced.

Throughout this paper , we use R, @,Z,Z_,Z, and W to denote the set of real

numbers ,the set of rational numbers, the set of integers, the set of even integers, the
set of odd integers and the set of natural numbers respectively. For a subset A of a

topological space (X,T) , the closure of A and the interior of A will be denoted by
Cl(A) and Int(A) respectively. Also, we write T | Lo denote the relative topology

on A. For a nonempty set X ,T.,T;,; and T - Will denote respectively , the

gr

discrete topology on X, the indiscrete topology on X and the cofinite topology on X
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We use T, to denote the usual topology on R and Ty, to denote the final segment
topology on N i.e. Ty, contain N,¢ and every set {n,n+1,..} where n any

positive integer.
1. N-open sets and its properties

In this section, we recall the definition of N-open set and investigate more
properties of it.

1.1 Definition [1]: A subset A of topological space X is said to be N-open if for

every x € A there exists an open subset U, = X containing x such that U/, — A'is a

finite set. The complement of a N-open subset is said to be N-closed. The family of all

N-open sets of a topological space (X,T) is denoted by T".

1.2 Remark [1]:

I.  Every open set is N-open set.
ii.  Every closed set is N-closed set.

The converse of (i,ii) is not true as the following example shows: let X = M, T=Tgp,.
The set 4 ={1,5,6,7,...} is an N-open set, but it is not open and E = {5,6} is an

N-closed set, but it is not closed.

The following results are given in [1].
1.3 Proposition

i. TVisatopology on X.

ii.  The intersection of an open set and an N-open set is an N-open set.

iii. A subset A of a topological space X is an N-open set if and only if for every
x € A there exit an open set U, containing X and a finite subset C such that

U,—CCA.

1.4 Remark: It is clear that T = T, but the converse is not true as the following

example shows let X be finite set and T=Ti,q then TN =Tcand T¥ € T.



1.5 Remark : As a consequence of proposition (1.3,iii) , the family

BY(T) ={U —C:U € T and C finite set} form a basis for the topology T".

It is well known that a topological space (X,T) is T;-space , if and only if every

finite set in X is closed [3],[4].
Now , we put a condition on a topological space (X,T) to obtain T = T".

1.6 Proposition: Let (¥,T) be a topological space .Then the following are

equivalent :

i. (X,T)is T;-space.
i. T=T\
Proof: i= ii, it is sufficient to prove that BY(T) S T. Let U — C € B¥(T) where

UeT and C finite set, since (X,T) is Ti-space then C is closed and

U—C=UN(X—C)eT. Therefore B¥(T) S T.

ii= | let C be a finite set then X — ¢ € T¥ = T. Therefore C is closed and then

(X, T)is T;.
1.7 Definition [1]: let (X, T) be a topological space and A € X , then:

I. ~ The union of all N-open sets of X contained in A is called the N-interior of A
and denoted by Inty (A).

ii.  The intersection of all N-closed sets containing A is called N-closure of A and
denoted by C1,(A)

1.8 Remark: It is clear that Int(A4) = Int,(A)and Cl,(A) S CI(4) , but the

converse is not true in general as the following example shows :

Let
X={123},and T =T,,, and A = {1} then Int(4) = ¢ ,Int, (4) = {1},

L

cl,(4) = {1} and CI(A) = X



1.9 Proposition: Let (X, T)be a topological space and A be non-empty subset of

Xthen (T| )Y eT1¥|, .

Proof: Let B (T|,)¥and x € B then there exist v € T'|, and finite set C < A4
such that x € V—C S Bgsince v eT|, , then V=UNA, where UET since

U-cer¥,(U—-c)ynAer¥| ,andhence BTV |,
111 . H N N
1.10 Proposition [1]: If A is N-open subset of X , then 7% | < (| ).

1.11 Remark: If B is N-closed set in ( A ’T|A:] then it is not necessary be

N-closed set in (X,T) as the following example shows: let ¥ = Z and A =Z, and

T=T,.then B =1Z_is N-closed setin A but not N-closed set in X .

1.12 Proposition: Let (X, T)be a topological space and A be N-closed set in X . If

B is N-closed setin (A, T | W) then B is N-closed set in (X,T) .

Proof: Clear
1.13 Remark:

I.  We use Tprq to denote the product topology on X X ¥ of a topological spaces
(X,T)and (Y,o)and the family of all N-open sets in X X ¥ is denoted by
T;;'::-ri'

Il.  We use Tn.prod to denote the product topology on X X ¥ of a topological space

(X, 7"} and (¥,e™)

1.14 Remark

i.  The product of two non-empty N-open sets is not necessary be N-open set as

the following example shows: let X=N and T =T, and let
A={03,456,..}and B=N then 4 and B are N-open sets. But 4 X B is
not an N-open set since M x M only an open set contain (0,0) € A XB but

B x W — A4 xB be infinite set.



ii.  The product of two non-empty N-closed sets is not necessary be N-closed set

as the following example shows: let X =Z and T =1{¢,Z Z,} then
A=Z_and B = Z are N-closed sets. But A x B is not an N-closed set .

iii.  Itis clear that T, < Ty_,,.,, but the converse is not true as the following

(a

example shows: let X =¥ =Nand T= o=T,, then TV =" =T_ . and

(N—{1}) x (N—{2}) € Ty_ppoe DUt (N—{1}) x (N— {2]) € T, -

1.15 Proposition : let (X, T) and (¥, &) be topological spaces, then:

i. If Ais N-open (N-closed) setin (X,T) and (X,T) is T;-space then 4 X ¥ is
N-open (N-closed) in (X X ¥, T,,.4).
ii. If B is N-open (N-closed) in(¥,z) and (¥,o) is Ti-space then X X B is

N-open (N-closed) in (X X ¥,T,,.4).

Proof:

i. Let A be N- open set in(X,T) . Since (X,T) is Ti-space then T¥ =T
(proposition 1.6) so A is an open set in(X,T) and then A X ¥ is open in
(X X ¥,T,,,4) and consequently A X ¥ is N-open.

ii.  Similar way to proof in (i).

1.16 Proposition : Let (X,T) and (Y, &) be a topological spaces and let A and B

are non-empty subset of X and ¥ respectively, then:

i. If A X B be N-open set in (X X ¥, T,,,) then A and B are N-open sets in (X,T)

and (Y, a) respectively.

ii. If Ax B be N-closed set in (X X ¥,T,,,.) then A and B are N-closed sets in

(X.T) and (Y, o) respectively.

Proof :



i. Letx& Athen (x,¥v) € Ax B for some ¥ € B. Since 4 X E be an N-open
set in [X XY, T?,md) then there exist a basic open set U X V' containing
(x,¥) in (X X Y,T,,,s) such that (U xV)— (Ax B) be a finite set, but
(UxV)—(AxB)=[(U—-4) xV] U[U x (V—B)] therefore (U —4) XV

be a finite set and so U — A be finite thus A is N-open set in (X, T).
In similar way B is N-open set in (¥, ).

ii. Let xeX—A then (xv)eE(X—A4) xY¥Y for y€Y¥Y and then
(£, V) E((X—A)XY)U(XX(Y—B))=XXY—AXBE ,since AXBis
N-closed then X X ¥ — A X B is N-open setin (X X ¥, T,,.) and then there
exist a basic open set U/ X V containing (x,y) in [X XY, Twmi) such that

(UXV)—(XXY—-AXB) be finite set. But

(UXV)—(XXY—-AXB)=(UXV)N(AXB)=(UnA)x(VNnE)=
U—-(X—A)XV-(Y—B) .
Therefore U — (X — A) be a finite set and then X — A is N-open set in (X, T)

and hence A is N-closed set in (X, T) .
In similar way B is N-closed set in (¥, o) .

2. N-irresolute function

In this section , we recall the definition of N-continuous function and introduce the

definition of N-irresolute and investigate some properties of them.

2.1 Definition [1]: A function f from a topological space (X, T) into a topological
space (¥,a) is said to be N-continuous if f~*(4) is an N-open set in X for every

openset AinY.

Note that a function f:(X,T) — (¥,o) is an N-continuous if and only if

f: (X, T") = (¥,o) is continuous.

Now we introduce the following definition :



2.2 Definition : A function f from a topological space (X,T) into a topological

space (¥, o) is said to be N-irresolute function if £7*(A4) is an N-open set in (X,T)

for every N-openset Ain (¥, o).

Note that a function f:(X.T)— (Y.o) is an N-irresolute if and only if

f: (X, T™) = (¥,a™) is continuous.

2.3 Examples:

The constant function is N-irresolute

Let X =Y = finite set, T = T, 5,0 = T4, and f: (X,T) = (¥, o) be identity
function then f is N-irresolute.

let ¥x=R,Y¥Y={v.»w},T=T,,0=T4. and f: (X, T) = (Y,o) be a

function defined by f(x) = {}: ;{:’E;Q_H then f is not N-irresolute since

£7({v,}) = @ is not N-open in R.

2.4 Remark:

Every continuous function is N- continuous, but the converse is not true in
general as the following example shows: let X = {x,,x,} , ¥ = {v.¥»},
T="T,: c=4¢Y. {1} and f: (X, T) = (Y,o) be a function defined by
flx;)=wv,,i =12 then f is N- continuous and N-irresolute but it is not

continuous.
Every N-irresolute is N- continuous, but the converse is not true in general as

the following example shows: let X =R, ¥ = {y;,%,}, T =T,, ¢ = T, and

f:(X,T) = (¥, o) be a function defined by f(x) = {;; g =2 thenfisan

N- continuous and continuous but it is not N-irresolute.
The concept of continuous and N-irresolute are independent as shown in

examples in (i) and (ii) above.

2.5 Proposition: let f: (X,T) = (¥, o) be a function then:-



i.  f is N- continuous if and only if f~*(A4) is N-closed set in (X, T), for every
closed set A'in (¥, a).
ii. f is N-irresolute if and only if f~2(A4) is N-closed set in(X,T), for every

N-closed set Ain (Y, o) .

Proof: clear

We can put conditions either on the function f or on the topological spaces to obtain
relation between continuous and N- continuous and N-irresolute as the following

propositions shows :

2.6 Propositions: let f: (X,T) — (Y, o) be injective continuous function then f is

an N-irresolute.

Proof:- let A be N-open subset of (¥,a) and x € f*(4) then f(x) € A and there
exist an open set V in (¥,o) such that V-A be finite set, since f is continuous then
FY(V) is an open set in(X, T) and since f is injective then f~(V — A) be finite but
FUV —A4) = FHV) = F71(4) thus F7H(V) — £71(4) be finite set and f~2(V) is

N-open set in(X, T).

2.7 Propositions : let f: (X,T) — (¥,o) be a function for which the topological

space (X, T) is Ty-space then the following are equivalent:-

i. f iscontinuous.

ii. T is N- continuous.

Proof:- i=ii clear.

ii=i let A be an open subset in (¥, ) then £ ~*(4) is N-open subset in(X, T)
(f is N-continuous) so ¥x € f~1(4) there exsit open subset U containing X in
(X, T)and finite set C such that U — € € f~*(A4) since (X, T) is Ty-space, so C
is closed in (X,T)and then X-C is open in(X,T) therefore
xEU—-C=Un(X—-C)<S f1(A4) hence f~1(4) is open in (X, T) and then

f is continuous.



2.8 Proposition: let f: (X,T) = (Y, o) be a function for which (Y,T) is T;-space
then the following are equivalent :

i. T is N-irresolute.

ii.  fis N- continuous.

Proof: Similar to proof in proposition 2.7.

2.9 Proposition: let f: (X,T) = (¥,o) be N- continuous (N-irresolute) function

and let A € X then f | L (AT |Aj — (¥,a) is N-continuous (N-irresolute).
Proof: clear

2.10 Remark : The composition of two N- continuous functions not necessary be a

N- continuous function as the following example shows:

Let X =2, Y= {y, ¥}, W={w,wy}, T=T,,0 =Ty, u=1{¢W,{w]} and

f:(X,T)—=(Y,e) be function defined by f(x]={j:: :ﬁ;f” and

g:(¥,0) = (W,u) be function defined by g(v,)=w,,i =12 then f and g are
N- continuous function. But g = f is not N- continuous since (g = f) *({w,}) = Z, is

not N-open in X.

2.11 Proposition : let f: (X,T) = (¥,o) and g: (V,e) = (W,p) are functions

then:
i. If fis N- continuous and g is continuous then g = f is N- continuous.
ii.  If fis N-irresolute and g is N-continuous then g = f is N- continuous.
iii. If f and g are N- continuous and (¥,g) is T, —space then ge=f is
N- continuous.
Proof:



i.  Let A be open in(W,ux) then g~ (4) is open in(¥, ) and then f (g~ *(4) )
is N-open in(X,T) (f is N- continuous) so (g = f)~*(4) = fF (g™ (4)) is
N-open set in(X,T) so g = f is N- continuous.

ii. Let A be open in (W,u) then g *(A4) is an N-open set in(¥,a) since f is
N-irresolute f~*(g™*(4)) = (g=f)~*(4) is N-open set in (¥, T) hence
g = f is N- continuous.

iii. Since (Y,o) is T, —space and g is N- continuous so g is continuous

(proposition 2.7) and by (i) g = f is N- continuous.

2.12 Proposition: The composition of two N-irresolute functions is N- irresolute

function.

Proof: clear

2.13 Remark : The product of two N- continuous function is not necessary be

N- continuous function as the following example shows:

Let X, =Y, =N, T, =T, ,0, =T, ,i =12 and f;:(X,T;) = (¥, 0,) be identity
function then £, is N- continuous. But £; X fo: (X X X5, Tprpa) = (V) X Y5, 0,54 i
not N-continuous , since {12} XN is a closed set in¥,x¥, |, but

(fy X f2)"1({1,2} X N) is not N-closed set in X, x X, .

2.14 Proposition: Let f:(X,T) — (¥,,0,),i =12 be a function such that
fi X for (X, X X3, Tppog) = (Y X Y3,0,,,4) be N-continuous function then f; is

N-continuous i = 1,2.

Proof: To prove that f;: (X,,T;) — (¥;,0;) be N-continuous, let V' be an open set in
(¥,.0,) then V X ¥ is an open set in(¥; X Y3, 4,,,4) , since f; X f; is N-continuous,
then (fx£) MV XY)=£(V)xf () =Ff"1(V)xX, isanopensetin

(%, X X,,T,,,4) . Hence £, * (v) is N-open set in(X,,T,) (proposition 1.16,i).

In similar way f:(X,, T,) = (¥,,o5) is N-continuous.
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2.15 Remark : The product of two N- irresolute function is not necessary

N- irresolute function as shown in example in remark (2.13).

2.16 Proposition: let f:(X.T,) = (¥.,0.),i =12 be a function such that
fi % for (X X X3, Typoa) = (V) X Vy,0,,,4 ) be N-irresolute and (¥;, o;) be T -space

then f,:(X,,T.) = (¥..q,) is N-irresolute i = 1,2,
Proof: Similar to proof of proposition (2.14).
3. Strongly N-closed function

In this section, we recall the definition of N-closed function and introduce a new
type of N-function namely strongly N-closed function and investigate the properties

of them.

3.1 Definition [1] : A function f: (X,T) — (Y.o) is called N-closed function if

f(A) is N-closed subset of Y for every closed subset A of X.

Note that a function f:(X,T)—= (¥,o) is an N-closed if and only if

f:(X.T) = (Y, a")is closed.
3.2 Examples:

i. Let X=Y = finite set and T =0 =T, then the identity function
f:(X.T) = (¥,0) is N-closed.
ii. Let X=Y=Z T=T,,,c={¢ILZ.]} then function f:(X,T) = (V, o)

L

defined by f(x) = 2x,¥x € Z is not N-closed.

3.3 Remark : Every closed function is N-closed but the converse is not true in

general as the following example shows:

Let X = {xy,%,,%3}, Y ={v, m} T ={0.X.{x3}}, e =T,y and f:(X,T) = (Y,0)
be a function defined as follows : f(x,) = f(x,) = ;. f(x3) = ¥, then f is N-closed

function but it is not closed.
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3.4 Remark: The composition of two N-closed function is not necessary be N-closed
function, so we put a conditions either on function or on a topological spaces to obtain

the result as shown in the following proposition.

3.5 Proposition: let f: (X,T) = (¥,o) and g: (Y, o) — (W, u) are functions , then:

i. If fisclosed and gis N-closed then g = f is N- closed.

ii. If fand g are N-closed and (Y, o) is Tq-space then g = f is N- closed.

Proof:

i. let A be closed set in (X,T) then f(A4) is closed set in(Y¥,s) and then
g(f(4)) = (g £)(A4) is N- closed set in (W, ).

ii. let A be closed set in (X,T) then f(4) is N-closed in(Y¥, o), since(Y,a) is
Ti-space then f(A) is closed in (¥,o) (proposition 1.6 ). And then

g(f(4) = (g=f)(A)is N-closed setin(W,u).

3.6 Remark : If f:(x,T) — (Y,o) be N-closed function and 4 € X then it is not
necessary f|A: (A, T|4)— (¥,a) be N-closed as the following example shows:
X=Y=Z, T={¢,2,2—{1,2}},0=T,; , A=Z, and f:(X,T) = (Y,o) be

identity function then f is N-closed function but f|A: (AT|s)— (Y,o) is not

N-closed.
3.7 Proposition : Let f:(X,T) — (¥,o) be N-closed function and A be closed

subset of (X, T) then £ | ,: (A,T|4) — (¥, o) is N-closed.

Proof: since A is closed set in (X,T) then the inclusion function

[4: (AT 4)— (X,T) is closed function and since f is N-closed then

fl = foig(ATy) — (Y,0)is N-closed (proposition 3.5,i).

3.8 Proposition : let f: (X,T) — (¥, o) be a bijective function then the following

are equivalent :
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i.  fis N-closed.

i. f % (¥,0) = (X, T) is N-continuous.

Proof: since f bijective function then (f~1)~(4) = f(A4) for all A € X.This

complete proof.

3.9 Remark : The product of two N-closed function is not necessary be N-closed

function as the following example shows:
X =Y, =N.T;, = Top .0y = Ty 1 = 1.2 and f:(X,T) = (Y, 0),i=12 are

identity functions then f; is N-closed function. But f; X f, is not N-closed function.

3.10 Proposition : let f;:(X,,T.) = (¥, 0,),i =1,2 be a functions such that
fiX for (X, X Xy, Ty 00) = (Y, X ¥y, 0,,,4) be N-closed function then f; is

N-closed function , i = 1,2 .

Proof : To prove fi: (X,,T;) = (¥;,0,) is N-closed, let A be closed set in (X,,T,)
then 4 X X, is closed set in(X; X X,,T,,04) , 50 (fy X fo)(A X X,) = £,(4) X £, (X,)
is N-closed set in(¥; XYy, 0,.,:) . so fi(4) is N-closed set in (Yy.0;)

(proposition 1.16,ii) so f; is N-closed function.

In similar way f; is N-closed function.

Now, we introduce the definition of strongly N-closed function

3.11 Definition : A function f: (X,T) — (¥, ) is called strongly N-closed function

if f£(4) is N-closed setin (¥,a) , for every N-closed set A in (X, T).

Note that a function f:(X.T)— (Y,o) is strongly N-closed if and only if

F: (X, Ty = (¥, 6™ is closed.
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3.12 Examples:

i LetX={xyx5....x,}, Y={v,v, ..y}, T=e=T,,, and
f:(X.T) = (¥, o) be a function defined by f(x;) = v, ¥i=12,..,n then f
is strongly N-closed.

ii. LetX=Y=Z 6 T={¢ZZ,}and c=T,,,and f:(X,T)—= (¥,o) bea

function defined by f(x) = 2x ,¥x € Z then f is not strongly N-closed.

3.13 Remark: It is clear that every strongly N-closed function is N-closed but the

converse is not true in general.

3.14 Proposition[1]: let f: (X,T) — (Y¥,o) be open function, then the image of

N-open set of X is N- open set of Y.

3.15 Proposition: let f:(X,T) = (Y,o) be bijective open function then f is

strongly N-closed.

Proof: Let A be N-closed set in (X,T) then X—A4 is N-open set in

(X,T), so f(Xx—A4) is N-open set in(¥,o) (proposition 3.14) but
f(X—A) =Y — f(A),(f is bijective ) so ¥ — f(4) is N-open set in(¥,&) and

then £(4) is N-closed set in (¥, &).
3.16 Proposition:Let f: (X, T) — (¥,o) andg: (Y, o) = (W, i) are functions, then:

i. If fand gare strongly N-closed then g = f is strongly N-closed.
ii. If fisclosed, (X,T) is T;-space and g is strongly N-closed, then g = f is
strongly N-closed.
iii. If fisstrongly N-closed and g is closed and (Y, o) is T;-space then g = f is

strongly N-closed.
Proof: (i) Clear

(i) and (iii) by using proposition (1.6) and (i).
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3.17 Remark: If f:(X,T) — (Y,o) be strongly N-closed function and A € X then
it is not necessary f|A: (A, T|4)— (¥,o) be strongly N-closed as the following
example shows:

Let X=Y=Z, T=0=T,,,,A=EZ,and f: (X,T) — (Y, o) be identity function
then f is strongly N-closed function but f | s is not strongly N-closed since Z, is not

N-closed in Z .

3.18 Proposition: Let f: (X,T) = (¥, o) be strongly N-closed function and A be

N-closed setin (X,T) then f | : (AT ,) — (¥, ) is strongly N-closed.

Proof: since A is N-closed set in (X,T) then the inclusion function
I: (AT o) — (X, T) is strongly N-closed (by using proposition 1.12) so

fl, = fois(AT),)— (¥,0) isstrongly N-closed (proposition 3.16,i)

3.19 Remark: The product of two strongly N-closed functions is not necessary

strongly N-closed function as the following example shows:

Let X, =Y, =N ,T.

4

=T,o5 0 = Tpip» AN fi: (X,,T,) = (¥,,0.),i = 1,2 are identity

function then f; is strongly N-closed. But f; x f is not strongly N-closed function.

3.20 Proposition : let  f:(X,T.) = (¥,0),i=12 be a function if
fi X for (Xy X X3, Tppog) = (Yy X Y3,0,,,4) is strongly N-closed function and

(X.,T.) is T1-space then f; is N-closed function , i = 1,2 .

Proof: To prove fi:(X;,T;) — (¥,0,) be strongly N-closed function, let A be
N-closed set in (X,,T;) then AxX, is N- closed set in(X; XX, T, q4)
( propostion1.15), so  (fi X LA x X,) = f(4) X f,(X,) is N-closed set in
(Y, X ¥y, 0,,,4) , 50 f1(4) is N-closed set in (¥y,0,) (proposition 1.16,ii) so f; is

strongly N-closed function.

In similar way £ is strongly N-closed function.

4. N-perfect function
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In this section, we introduce the definition of N-perfect function and investigate the
properties of it. Also we give the relation between N-perfect and perfect , and

N-perfect and compact functions.

4.1 Definition [4] : A function f:(X,T) = (¥,o) is called perfect if it is

continuous closed surjection and each fiber f~*(y) is compact, ¥y €Y.
Now we introduce a generalized definition of the previous definition.
4.2 Definition: A surjection function f: (X, T) = (¥,&) is called N-perfect if:

i f is N- continuous function;
ii. f is N- closed function;
iii. The fibers of f are compact.(ie. f~*(y) is

compact, ¥y €eY)

4.3 Examples:

i LetX={xg,...x, ¥ ={v, e, vy b T =Ty 0 =T, andf: (X,T) = (V. o)
be a function defined as follows : f(x;)=v,.¥i=12,..,n then f is

N-perfect.
ii. LetX=¥Y=R,T=0c=T,,andf:(X,T)— (Y,o) be a function defined by

f(x) = 0,¥x € X then f is not N-perfect since £ ~*({0}) = R is not compact.

4.4 Remark :

i.  Every perfect function is N-perfect but the converse is not true as the

following example shows:

Let X = {xy, 25,25, Y =¥, V0, ¥}, T=T,y .0 = {cﬁ, ¥, {yi]-}, and
f:(X.T)— (Y,o) be a function defined by : f(x;) =y, ¥i=1,2,3 then f is N-

perfect function but not perfect since f is not continuous.

ii.  From definition 4.2 every N-perfect is N-closed but the converse is not true.

The function f in example (4.3,ii) is N-closed but not N-perfect.
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4.5 Remark: If f: (X,T) — (Y, o) be N-perfect and A € X then it is not necessary
f|A: (A, T|4) — (¥,o) is N-perfect since the restriction of N-closed functions not

necessary N-closed.

4.6 Proposition: Let f: (X,T) = (¥, o) be N-perfect and A be closed set in (X,T)

then £ | ,: (A, T|,) — (¥, o) is N-perfect.

Proof: f | s is N-continuous((propositions 2.9) and N-closed (propositions 3.7).Now,
let v € ¥ then £~2(¥) is compact in (X, T) so £ ~*(¥) n A is compact in (X,T) since
Ais closed in (X, T) and therefore (f | )7 = FM(y) n A s compact in(A, T )

Hence £, is N-perfect.

4.7 Remark : A composition of two N-perfect function is not necessary N-perfect
function, as the following example shows:

Let X=Z Y={.v.}, W={w,w,}, T=T,,0=T,:, £=Ts; and
f:(X,T) = (Y,6) be function defined by flx)= {i :: :’:j: and
g:(¥,0) = (W,u) be function defined by g(v;)=w,i=12 then f and g are

N- perfect function. But g = f is not N- perfect since g = f is not N-continuous.

4.8 Proposition : let f: (X,T) = (¥,o) and g:(¥,o) = (W,pu) are functions ,

then;
i. If f isinjective perfect and g is N-perfect then g = f is N- perfect.
ii. If f issurjective continuous, g is N- continuous and g = f is N- perfect then g
is N-perfect.
iii. If fis N- continuous, g is injective continuous, and g = f is N- perfect then
f is N-perfect.
Proof:

i. (a) since f is injective continuous and is N- continuous then g=f is

N- continuous (proposition 2.11,i).
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(b) Since f is closed and g is N-closed then g = f is N-closed (proposition
3.5,i).

(c) Letw € W , since g is N-perfect then g~* (w) is compact in(Y, &) since f
is perfect then f (g *(w)) is compact in (X, T). Thus
(gef) Y (w)=Ff"g *(w)) is compact in (X,T) and from (a) , (b)
and (c) we have g = f is N- perfect.

ii. (a) Let F be a closed set in (¥, ), then f~*(F) is closed in (X, T) since f is
continuous and then (g e f)(f *(F)) is N- closed in (X,T) (geof is
N- perfect). But g(F) = (g f)(f*(F)) since f is surjective .Hence g(F)is
N-closed in (W, ). Thus g is N-closed function.

(b) Let wEW , since gof is N-perfect  then
(gof) Hw)=Fg *(w)) iscompact in (X,T). Now since f is
continuous then F(f *(g~*(w) ) is compact (¥,c). But f is surjective
then F(f (g~ *(w)) = g7*(w) iscompactin (¥,o) so gis N- perfect.

iii.  Similar to proof (ii).

4.9 Remark : The product of two N-perfect functions is not necessary be N-perfect

function as the following example shows:

Let X, =Y, =N,T, =T, ,0, =T, and f;:(X,T;) = (¥;,0,) be identity function

C

then f, is N-perfect functioni = 1,2. But f; X f; is not N-perfect function since

fi X f5 is not N- continuous.

4.10 Proposition : let f;:(%,,T,) = (¥,0,),i =12 are functions such that
fi X for (X X X3, Tproa) = (V) X Y¥y,0,,,4 ) is N-perfect function then £; is N-perfect

function.
Proof : To prove that f;: (X,,T,) = (¥;,0;) is N-perfect:

() Since f; * f5 is N- continuous then f; is N- continuous (proposition 2.14).

(b) Since f; X f5 is N- closed then f; is N- closed (proposition 3.10).
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(c)let wy, €¥, then (vi.v,) €Y, XY, for each v, €Y, and
(A XA owy) = f1_1(}’1] X fz_lt}’zj is compact in [Xl X XZFTprﬂﬂ') SO

£, (v,) is compact in (X,,T,).

From (a),(b) and (c) f; is N-perfect and in similar way we can prove f; is

N-perfect.

4.11 Definition[6] : A function f: (X,T) — (¥, ) is called compact if £F~1(4) is

compact in X for each compact set AinY.

4.12 Theorem[1]:For any topological space X, the following are

equivalent:
(i) X is compact;
(if)Every N-open cover of X has afinite subcover.

4.13 Theorem[1]: If a function f: (X.T) — (Y,o) is N-closed surjection such

that £~ () is compact relative to X and ¥ is compact ,then X is compact

4.14 Proposition: Let f: (X,T) — (Y, o) be N-perfect function, then f is compact

function.

Proof: By using theorem 4.12 and theorem 4.13 .

4.15 Remark: The converse of proposition (4.14) is not true in general as the

following example shows:

letX=Y=Z , T={¢,ZZ,},and 6 =T,, ,and f:(X,T)— (¥,o) be identity

function then f is compact function but f is not N-perfect since f is not N-closed.
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